
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 






//Ce^ ^..^^'^ ^>*^'i'd^^ 





l>an>ar& (toUcae Xibrar? 

FROM 

William. H.....JShedd. 




/^ 



e^ 



3 2044 097 044 952 



-^f^ -:.,,. /^-,.' 






,\ ^: 



o ELEMENTS 



G E M E T E Y 



COIIC SECTIONS. 



BY ELIAS LOOMIS, LLD., 

PROPESSOS OP NATURAL PHILOSOPHY AND ASTBONOMT IN TALK OOLLXOB, AND ATTTnOR OF 
A ** OOUB8E OP MATHEMATICS/* 



FIFTEENTH EDITION. 



NEW YORK: 

HARPER & BROTHERS, PUBLISHERS, 
339 Sc 331 PEARL STREET, 

(FRANiELIIf SQUARE) 

1861. 







\jL)iXl«a/Y>^-' \^ iCtKc^Vv\. 



Entered, according to Act of Con'gress, in the year 1858, hy 

Elias Loomis, 
In th« Clerk's Office of the Southern District of New York. 



TO THE 



HON THEODORE FRELIN&HUYSEN, LL.D, 

CIUirCELX.011 OF THX TrNXTXBSXTY OF TBI CIIT OF NSW TOBK» 



THE FRIEND OF EDUCATION, THE PATRIOT STATESMAN, 
AND THE CHRISTIAN PHILANTHROPIST, 



Sfcfis WSnvli 



IS RBSPECTFULLY DEDICATED 



THE AUTHOR 



PREFACE. 

In the following treatise, an attempt has been maJe to combine th« 
peculiar excellencies of Euclid and Legendre. The Elements of Euclid 
have long been celebrated as furnishing the most finished specimens of 
logic ; and on this account they still retain their place in many seminaries 
of education, notwithstanding the advances which science has made in 
modem times. But the deficiencies of Euclid, particularly in Solid G^ 
ometry, are now so palpable, that few institutions are content with a 
simple translation from the original Greek. The edition of Euclid 
chiefly used in this country, is that of Professor Playfair, who has sought, 
by additions and supplements, to accommodate the Elements of Euclid 
to the present state of the mathematical sciences. But, even with these 
additions, the work is incomplete on Solids, and is very deficient on 
Spherical Geometry.* Moreover, the additions are often incongruoufi 
with the original text ; so that most of those who adhere to the use of 
Playfaur's Euclid, will admit that somethmg is still wanting to a perfect 
treatise. At most of our colleges, the work of Euclid has been super- 
seded by that of Legendre. It seems superfluous to undertake a defense 
of Legendre's Geometry, when its merits are so generally appreciated. 
No one can doubt that, in respect of comprehensiveness and scientific 
arrangement, it is a great improvement upon the Elements of Euclid. 
Nevertheless, it should ever be borne in mind that, with roost students 
in our colleges, the ultimate object is not to make profound mathemati- 
cians, but to make good reasoners on ordinary subjects. In order to 
secure this advantage, the learner should be trained, not merely to give 
the outline of a demonstration, but to state eveiy part of the argument 
with minuteness and in its natural order. Now, although the model of 
Legendre is, for the most pcurt, excellent, his demonstrations are 
often mere skeletons. They contain, indeed, the essential part of an 
argument ; but the general student does not derive from them the high - 
est benefit which may accrue from the study of Geometry as an exercise 
in reasoning. 

While, then, in the following treatise, I have, for the mo^t part, fol 
owed the arrangement of Legendre, I have aimed to give hie demonstra 
tions somewhat more of the logical method of Euclid. I have also mad« 
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some changes in arrangement. Several of Legendre's propositions hare 
been degraded to the rank of ooroDaries, while some of his corollaries 

d scholiums have been elevated to the dignity of primary propositions. 
*lis lemmas have been proscribed entirely, and most of his scholiums 
bfvre received the more appropriate title of corollary. The quadrature 
'.I the circle is developed in an order somewhat different from any thing 
[ have elsewhere seen. The propositions are all enunciated in general 
terms, with the utmost brevity which is consistent with clearness ; and, 
in order to remind the student to conclude his recitation with the enun- 
ciation of the proposition, the leading words are repeated at the close of 
each demonstration. As the time given to mathematics in our colleges 
is limited, and a variety of subjects demand attention, no attempt has 
been made to render this a complete record of all the known propositions 
of Geometry. On the contrary, nearly every thing has been excluded 
which is not essential to the student's progress through the subsequent 
parts of his mathematical course. 

Considerable attention has been given to the copstruction of the dia 
grams. I have umed to reduce them all to nearly uniform dimensions, 
and to make them tolerable approximations to the objects they were de 
signed to represent. I have made free use of dotted lines. Generally, 
•the black lines are used to represent those parts of a figure which are 
directly involved in the statement of the proposition ; while the dotted 
lines exhibit the parts which are added for the purposes of demonstration. 
In Solid Geometry the dotted lines commonly denote the parts which 
would be concealed by an opaque solid ; while in a few cases, for pecul* 
iar reasons, both of these rules have been departed from. Throughout 
Solid Geometry the figures have generally been shaded, which addition, 
it is hoped, will obviate some of the difficulties of which students frequent- 
ly complain. 

The short treatise on the Conic Sections appended to this volume is 
designed particularly for those who have not time or inclination for the 
study of Analytical Geometry. Some acquaintance with the properties 
of the Ellipse and Parabola is indispensable as a preparation for the 
study of Mechanics and Astronomy. Those who pursue the study of 
Analytical Geometry can omit this treatise on the Conic Sections if it 
should be thought desirable. It is believed, however, that some knowl- 
edge of the properties of these curves, derived from geometrical meth- 
ods, forms an excellent preparation for the Algebraical and more general 
processes of Analytical Geometry. 
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ELEMENTS OP GEOMETRY. 



BOOK I. 

GENERAL PRINCIPLES. 
Definitions, 



1. Geometry is that branch of Mathematics which treatii 
of the properties of extension and figure. 

Extension has three dimensions, length, breadth, and thick 
ness. 

.2. A line is that which has length, without breadth oi 
thickness. 

The extremities of a line are called points. A point, there- 
fore, has position, but not magnitude. 

3. A straight line is the shortest path from one point to 
another. 

4. Every line which is neither a straight line, nor compo- 
sed of straight lines, is a curved line. 

E 

Thus, AB is a straight line, ACDB is a y^ ^ 

broken line, or one composed of straight ^Zl — ^b 

lines, and AEB is a curved line. \. 7 

C D 

5. A surface is that which has length and breadth, without 
thickness. 

6. A plan^ is a surface in which any two points being ta- 
ken, the straight line which joins them lies wholly in that sur- 
face. 

7. Every surface which is neither a plane, nor composed 
of plane surfaces, is a curved surface. 

8. A solid is that which has length, breadth, and thick* 
ness, and therefore combines the three dimensions of exten- 
sion. 

9; When two straight lines meet together, their inclina- 
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tion, or opening, is called an angle. The point of meeting 
is called the vertex, and the lines are called the sides of the 
angle. 

If there is only one angle at a point, it may- 
be denoted by a letter placed at the vertex, as 
the angle at A. 

But if several angles are at one point, any one of them is 
expressed by three Tetters, of which the middle one is the let- 
ter at the vertex. 

Bi 

Thus, the angle v^hich is contained by the 
straight lines 6c, CD, is called the angle 
BCD, or DCB. 

c^ 1> 

Angles, like other quantities, may be added, subtracted, 
multiplied, or divided. Thus, the angle BCD is the sum of 
the two angles BCE, ECD ; and the angle ECD is the differ- 
ence between the two angles BCD, BCE. 

10. When a straight line, meeting another straight line 
makes the adjacent angles equal to one another, 
each of them is called a right angk, and the 
straight line which meets the other is called a 
perpendicular to it. 




11. An acute angk is one which is less than a 
right angle. 



An obtuse angle is one which :s greater 
than a right angle. 



12. Parallel straight lines are such as are 

in the same plane, and which, being produced 

ever so far both ways, do not meet. 

13. A plane figure is a plane terminated on all sides by 
lines either straight or curved. 

If the lines are straight, the space they in- 
close is called a rectilineal figure, or polygon, 
and the lines themselves, taKen together, form 
the perimeter of the polygon. 

14. The polygon of three sides is the simples of all, and is 
called a triangle ; that of four sides is called a quadrilateral ; 
that of five, a pentagon ; that of six, a hexagon^ &c. 
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15. An equilateral triangle is one which has its 
Ihree sides equal. 



An isosceles triangle is that which has only two 
sides equal. 



A scalene triangle is one which has three un- 
equal sides. 

16. A right-angled triangle is one which has 
a right angle. The side opposite the right an- 
gle is called the hypothenuse. 

An obtuse-angled triangle is one which has an obtuse an- 
gle. An acute-angled triangle is one which has three acute 
angles. 



17. Of quadrilaterals, a square is that which has 
all its sides equal, and its angles right angles. 



A rectangle is that which has all its angles right 
angles, but all its sides are not necessarily equal. 

A rhombus is that which has all its sides, 
^'qual, but its angles are not right angles. 



A parallelogram is that which has its op- / 
posite sides parallel. <_ 

A trapezoid is that which has only two sides 
parallel. 



^J 



LA 




18. The diagonal of a figure is a line 
which joins the vertices of two angles not 
adjacent to each other. * i 

Thus, AC, AD, AE are diagonals. 



19. An equilateral polygon is one which has all its sides 
equal. An equiangular polygon is one which has all its an- 
gles equal. 

20. Two polygons are mutually equilateral when they 
have all the sides of the one equal to the corresponding sides 
of the other, each to each, and arranged in the same order. 

Two polygons are mutually equiangular when they have 
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all the angles of the one equal to the corresponding anglei 
of the other, each to each, and arranged in the same order. 

In both cases, the equal sides, or the equal angles, are call- 
ed homologous sides or angles. 

21. An axiom is a self-evident truth. 

22. A theorem is a truth which becomes evident oy a train 
of reasoning called a demonstration. 

A direct demonstration proceeds from the premises by a 
regular deduction. 

An indirect demonstration shows that any supposition con- 
trary to the truth advanced, necessarily leads to an absurd- 
ity. 

23. A problem is a question proposed which requires a so 
lution, 

24. A postulate requires us to admit the possibility of an 
operation. 

25. A proposition is a general term for either a theorem, 
or a problem. 

One proposition is the c(mi>erse of another, when the con- 
clusion of the first is made the supposition in the second. 

26. A corollary is an obvious consequence, resulting from 
one or more propositions. 

27. A scholium is a remark appended to a proposition. 

28. An hypothesis is a supposition made either in the enun- 
ciation of a proposition, or in the course of a demonstration. 



Axioms. 

1. Things which are equal to the same thing are equal to 
each other. 

2. If equals are added to equals, the wholes are equal. 

3. If equals are taken from equals, Ihe remainders are 
equal. 

4. If equals are added to unequals, the wholes are unequal. 

5. If equals are taken from unequals, the remainders are 
unequal. 

6. Things which are doubles of the same thing are equal to 
each other. 

7. Things which are halves of the same thing are equal to 
each other. 

8. Magnitudes which coincide with each other, that is, 
which exactly fill the same space, are equal. 

9. The whole is greater than any of its parts. 

10. The whole is equal to the sum of all its parts. 

11. From one point to another only one straight line can 
be dra^vn. 
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12. Two straight lines, wh'ch intersect one another, can 
not both be parallel to the same straight line. 



Explanation of Signs. 

For the sake of brevity, it is convenient to employ, to soma 
extent, the signs of Algebra in Geometry. Those chiefly em 
ployed are the following : 

The sign = denotes that the quantities between wJiich it 
stands are equal ; thus, the expression A =B signifies that A 
is equal to B. '' 

The sign + is called plus, and indicates addition ; thus 
A+B represents the sum of the quantities A and B. 

The sign — is called minus, and indicates subtraction ; thus, 
A — B represents what remains after subtracting B jfrom A. 

The sign X indicates multiplication ; thus, AxB denotes 
the product of A by B. Instead of the sign X, a point is 
sometimes employed ; thus, A.B is the same as A xB. The 
same product is also sometimes represented without any in- 
termediate sign, by AB ; but this expression should not be 
employed when there is any danger of confounding it with 
the line AB. 

A parenthesis ( ) indicates that several quantities are tu 
be subjected to the same operation; thus, the expression 
Ax(B-fC — D) represents the product of A by the quantity 
B+C— D. 

The expression ^ indicates the quotient arising from divi 

ding A by B. 

A number placed before a line or a quantity is to be re 
garded as a multiplier of that line or quantity ; thus, SAB de 
notes that the line AB is taken three times ; iA denotes the 
half of A. 

The square of the line AB is denoted by AB' ; its cube by 
AB». 

The sign ^ indicates a root to be extracted ; thus, ^2 de- 
notes the square root of 2 ; \/A X B denotes the square root 
o!'the product of A and B. 

N.B. — The first six books treat only of plane figures, or fig' 
ures drawn on a plane surface. 
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PROPOSITION I. THEOREM. 



All 1 ight angles are equaJ to each other. 



D /K 



Lei the straight line CD 
be perpendicular to AB, and 
GH to EF ; then, by defini- 
tion 10, each of the angles 

ACD, BCD, EGH,FGH, will -- v ~ 

be a right angle ; and it is to ^^ 

be proved that the angle ACD is equal to the angle EGS. 

Take the four straight lines AC, CB, EG, GF, all equal to 
each other ; then will the line AB be equal to the line EF 
(Axiom 2). Let the line EF be applied to the line AB, 
so that the point E may be on A, and the point F on B ; 
then will the lines EF, AB coincide throughout ; for other- 
wise two different straight lines might be drawn from one 
point to another, which is impossible (Axiom 11). More- 
over, since the line EG is equal to the line AC, the point G 
will fall on the point C ; and the line EG, coinciding with 
AC, the line GH will coincide with CD. For, if it could 
have any other position, as CK, then, because the angle EGH 
is equal to FGH (Def. 10), the angle ACK must be equal to 
BCK, and therefore the angle ACD is less than BCK. But 
BCK is less than BCD (Axiom 9) ; much more, then, is ACD 
less than BCD, which is impossible, because the angle ACD 
(S equal to the angle BCD (Def. 10) ; therefore, GH can not 
but coincide with CD, and the angle EGH coincides with 
the angle ACD, and is equal to it (Axiom 8). Therefore, aP 
right angles are equal to each other. 



PROPOSITION II. THEOREM. 

The angles which one straight line makes w^'th anottier^upjn 
one side rf it, ^re either two right angles, or are together eqiuii 
to two right angles. 

Let the straight line AB make with CD, 
upon one side of it, the angles ABC, ABD ; 
these are either two right angles, or are to- 
gether equal to two right angles. 

For if the angle ABC is equal to ABD, - — .- 
each of them is a right angle (Def. 10) ; but ^ 
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!f not, suppose the line BE to be drawn from 
the point B, perpendicular to CD ; then will 
each of the angles CBE, DBE be* a right 
angle. Now the angle CBA is equal to the 
sum of the two angles CBE, EBA. To 
each of these equals add the angle ABD; C B D 

then the sum of the two angles CBA, ABD will be equal to 
the sum of the three angles CBE, EBA, ABD (Axiom 2). 
Again, the angle DBE is equal to the sum of the two angles 
DBa, ABE, Add to each of these equals the angle EBC; 
then will the sum of the two angles DBE, EBC be equal to 
the sum of the three angles DBA, ABE, EBC. Now things 
that are equal to the same thing are equal to each other 
(Axiom 1) ; therefore, the sum of the angles CBA, ABD is 
equal to the sum of the angles CBE, EBD. But CBE, EBD 
are two right angles ; therefore ABC, ABD are together 
equal to two right angles. Therefore, the angles which one 
^traight line, &c. 
^ t^ Corollary 1. If one of the angles ABC, ABD is a right 
^ angle, the other is also a right angle. 

Cor. 2. If the line DE is perpendicular to 
AB, conversely, AB will be perpendicular to 
DE. 

For, because DE is perpendicular to AB, 
the angle DCA must be equal to its adjacent 
angle DCB (Def 10), and each of them must E 

be a right angle. But since ACD is a right angle, its adja- 
cent angle, ACE, must also be a right angle (Cor. 1). Hence 
the angle ACE is equal to the angle ACD (rrop. L), and AB 
is perpendicular to DE. 

Cor. 3. The sum of all the angles BAC, D/ 

CAD, DAE, EAF, formed on the same / yE 

side of the line BF, is equal to two right q^ 
angles ; for their sum is equal to that of 
the two adjacent angles BAD, DAF. 



PROPOSITION III. THEOREM {Couverse of Prop. II.). 

Ify at a point in a straight line, two other straight lines, upon 
tne opposite sides of it, make the adjacent angles together equal 
to two right angles, these two straight lines are in one and the 
same straight line. 

At the point B, in the straight line AB, let the two straight 
lines BC, BD, upon the opposite sides of AB, make the adja- 
cent angles, ABC, ABD, together equal to two right angles • 



B 
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then will BD be in the same straight line 
with CB. 

For, if BD is not in the same straight 
line with CB, let BE be in the same 

straight line with it; then, because the 

straight line CBE is met by the straight ^ ^ 

line AB, the angles ABC, ABE are together equal to two 
right angles (Prop, IL). But, by hypothesis, the angles ABC, 
AJBD are together equal to two right angles ; therefore, the 
sum of the angles ABC, ABE is equal to the sum of the an- 
gles ABC, ABD. Take away the common angle ABC, and 
the remaining angle ABE, is equal (Axiom 3) to the remain- 
ing angle ASD, the less to the greater, which is impossible. 
Hence BE is not in the same straight line with BC ; and in 
like manner, it may be proved that no other can be in the same 
straight line with it but BD, Therefore, if at a point, &c. 

PRO^SWION IV, THEOREM. 

Two straight lines, which have two points common, coinciae 
with each other throughout their whole extent, and form hut one 
and the same straight line. 

Let there be two straight lines, having 
the points A and B in common ; these 
lines will coincide throughout their whole 
extent. 

It is plain that the two lines must co- 



incide between A and B, for otherwise 
there would be two straight lines between A and B, which 
is impossible (Axiom 11), Suppose, however, that, on being 
produced, these lines begin to diverge at the point C, one 
taking the direction CD, and the other CE. From the point 
C draw the line CF at rignt angles with AC ; then, since 
ACD is a straight line, the angle FCD is a right angle (Prop. 
II , Cor. 1) ; and since ACE is a straight line, the angle FCE 
is also a right angle ; therefore (Prop. I.), the angle FCE 
is equal to the angle FCD, the less to the greater, which u 
absurd. Therefore, two straight lines which have, &c. 



PROPOSITION V. THEOREM. 

If two straight lines cut one another^ the vertical or opposUm 
angles are equal, 

I et the two straigjh, lines. AB, CD, cut one another in th« 
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point E ; then will the angle AEC be equal 
to the angle BED, and the angle AED to 
the angle CEB. 

For the angles AEC, AED, which the A E^ 

straight line AE makes with the straight 
line CD, are together equal to two right 
angles (Prop. II.) ; and the angles AED, DEB, which the 
straight line DE makes with the straight line AB, are also 
together equal to two right angles ; therefore, the sum of the 
two angles AEC, AED is equal to the sum of the two angles 
AED, DEB. Take away the common angle AED, and the 
.^maining angle, AEC, is equal to the remaining angle DEB 
^Axiom 3). In the same manner, it may be proved that the 
angle AED is equal to the angle CEB. Therefore, if two 
straight lines, &c. 

Cor. 1. Hence, if two straight lines cut one another, the 
four angles formed at the point of intersection, are together 
equal to four right angles. 

Cor. 2. Hence, all the angles made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 



-^- 
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VI. THEOREM. 



If two triangles have two sides^ and the included angle of the 
tmCf equal to two sides and the included angle of the other, each 
to each, the two triangles will he equal, their third sides will be 
equal, and their other angles will be equal, each to each. 

Let ABC, DEF be two triangles, 
having the side AB equal to DE, 
and AC to DF, and also the angle 
A equal to the angle D ; then will 
the triangle ABC be equal to the 
triangle DEF. 

For, if the triangle ABC is ap- ^ ^^ 

plied to the triangle DEF, so that the point A may be on D, 
and the straight line AB upon DE, the point B will coincide 
with the point E, because AB is equal to DE ; and AB, coin- 
ciding with DE, AC will coincide with DF, because the an- 
gle A is equal to the angle D. Hence, also, the point C will 
coincide with the point F, because AC is equal to DF. But 
the point B coincides with the point E ; therefore the base 
BC will coincide with the ba^e EF (Axiom 11), and will be 
equal to it. Hence, also, the whole triangle ABC will coin- 
cide with the whole triangle DEF, and will be equal to it 

B 
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and the remaining angles of the one, will coincide with the 
remaining angles of the other, and be equal to them, viz. : the 
angle ABC to the angle DEF, and the angle ACB to the an- 
gle DFE. Therefore, if two triangles, &c. 

PROPOSITION VII. THEOREM. 

If two triangles have two angles^ arid the included side of the 
one, equal to two angles and the included side of the other, each 
to each, the two triangles will be equal, the other sides will be 
equal, each to each, and the third angle of the one to the third 
angle of the other. 

Let ABC, DEF be two 

triangles having the angle 
B equal to E, the angle C 
equal to F, and the inclu- 
ded sides BC, EF equal to _ 

each other; then will the © CE 

triangle ABC be equal to the triangle DEF. 

For, if the triangle ABC is applied to the triangle DEF, so 
that the point B may be on E, and the straight line BC upon 
EF, the point C will coincide with the point F, because BC 
is equal to EF. Also, since the angle B is equal to the an- 
gle E, the side BA will take the direction ED, and therefore 
the point A will be found somewhere in the line DE. And, 
because the angle C is equal to the angle F, the line CA will 
take the direction FD, and the point A will be found some- 
where in the line DF ; therefore, the point A, being found at 
the same time in the two straight lines DE, DF, must fall at 
their intersection, D. Hence the two triangles ABC, DEF 
coincide throughout, and are equal to each other ; also, the 
two sides AB, AC are equal to the two sides DE, DF, each 
to each, and the angle A to the angle D. Therefore, if two 
triangles, &c. 



PROPOSITION VIII. THEOREM. 

Any side of a triangle is less than the sum of the other two 

Let ABC be a triangle ; any one of its 
sides is less than the sum of the other two, 
viz. : the side AB is less than the sum of AC 
and BC ; BC is less than the sum of AB and _ 
AC ; and AC is less than the sum of AB ^ 
ondBC. 
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For the straight line AB is the shortest path between the 
points A and B (Def. 3) ; hence AB is less than the sum of 
AC and BC. For the same reason, B(;) is less than the sum 
of AB and AC ; and AC less than the sum of AB and BC 
Therefore, any two sides, &c. 



PROPOSlf^N IX. THEOREM. 

2f, from a point within a triangle^ two straight lines are 
drawn to the extremities uf either side^ their sum will be less 
han the sum of the other two sides of the triangle. 

Let the two straight lines BD, CD be 
dVawn from D, a point within the triangle 
ABC, to the extremities of the side BC ; 
then will the sum of BD and DC be less 
than the sum of BA, AC, the other two 
sides of the triangle. 

Produce BD until it meets the side AC B C 

in E ; and, because one side of a triangle is less than the sum 
of the other two (Prop. VIIL), the side CD of the triangle 
CDE is less than the sum of CE and ED. To each of these 
add DB; then will the sum of CD and BD be less than the 
sum of CE and EB. Again, because the side BE of the tri- 
angle BAE is less than the sum of BA and AE, if EC be add- 
ed to each, the sum of BE and EC will be less than the sum 
of BA and AC. But it has been proved that the sum of BD 
and DC is less than the sum of BE and EC ; much more, then, 
is the sum of BD and DC less than the sum of BA and AC, 
Therefore, if from a point, &c. 



PROPOSITION X. THEOREM. 

The angles at the base of an isosceles triangle are equal to 
one another. 

Let ABC be an isosceles triangle, of which 
the side AB is equal to AC ; then will the angle 
B be equal to the angle C. 

For, conceive the angle BAC to be bisected 
by the straight line AD ; then, in the two trian- 
gles ABD, ACD, two sides AB, AD, and the in- 
cluded angle in the one, are equal to the two B 
Bides AC, AD, and the included angle in the other ; there- 
fore (Prop. VI.), the angle B is equal to the angle C. Theie- 
£bre, the angles at the base, &c. 
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Cor. 1. Hence, also, the line BD is equal to DC, and the 
angle ADB equal to ADC ; consequently, each of these an* 
gles is a right angle (Def. 10). Therefore, the line bisecting, 
the vertical angle of an isosceles triangle bisects tlie base at 
right angles ; and, conversely, the line bisecting the base of an 
isosceles triangle at right angles bisects also the vertical angle. 

Cor. 2. Every equilateral triangle is also equiangular. 

Scholium. Any side of a triangle may be considered as 
its base^ and the opposite angle as its vertex ; but in an isos 
celes triangle, that side is usually regarded as the base, which 
is not equal to either of the others. 




PROPOSITION XI. THEoiEM {Converse of Prop. X.). 

If two angles of a triangle are equal to one another^ the op- 
vosite sides are also equal. 

Let ABC be a triangle having the angle 
ABC equal to the angle ACB; then will the 
side AB be equal to the side AC. 

For if AB is not equal to AC, one of them 
must be greater than the other. Let AB be 
the greater, and from it cut off DB equal to AC 

the less, and join CD. Then, because in the tri- ..^ ^ 

angles DBC, ACB, DB is equal to AC, and BC ^ ^ 

is common to both triangles, also, by supposition, the angle 
DBC is equal to the angle ACB ; therefore, the triangle DBC 
is equal to the triangle ACB (Prop. VL), the less to the great- 
er, which is absurd. Hence AB is not unequal to AC, that 
is, it is equal to it. Therefore, if two angles, &c. 

Cor. Hence, every equiangular triangle is also equilateral. 

PROPOSITIOJr XII. THEOREM. 

The greater side of every triangle is opposite to the greater 
angle ; and, conversely, the greater angle is opposite to the 
greater side. 

Let ABC be a triangle, having the angle ACB 
greater than the angle ABC ; then will the side 
AB be greater than the side AC. 

Draw the straight line CD, making the angle 
BCD equal to B ; then, in the triangle CDB, the 
side CD must be equal to DB (Prop. XI.). Add 
AD to each, then will the sum of AD and DC 
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be equal to the sum of AD and DB. But AC is less tnan the 
sum of AD and DC (Prop. VIII.) ; it is, therefore, less than 
AB. 

Conversely, if the side AB is greater than the side AC, then 
will the angle ACB be greater than the angle ABC. 

For if ACB is not greater than ABC, it must be either 
equal to it, or less. It is not equal, because then the side 
AB would be equal to the side AC (Prop. XL), which is con- 
trary to the supposition. Neither is it less, because then the 
side AB would be less than the side AC, according to the for- 
mer part of this proposition ; hence ACB must be greater 
than ABC. Therefore, the greater side, &c. 

PROPOSl/lON XIII. THEOREM. 

If two triangles have two sides of the one equal to two siaes 
of the other, each to each, but the included angles unequal, the 
base of that which has the greater angle,will be greater than 
the base of the other. 

Let ABC, DEF be two trian- 
gles, having two sides of the one 
equal to two sides of the other, 
<riz. : AB equal to DE, and AC to 
DF, but the angle BAC greater 
than the angle EDF; then will 
the base BC be greater than the 
base EF. 

Of the two sides DE, DF, let DE be the side which is not 
greater than the other ; and at the point D, in the straight 
line DE, make the angle EDG equal to BAC; make DG 
equal to AC or DF, and join EG, GF. 

Because, in the triangles ABC, DEG, AB is equal to DE, 
and AC to DG ; also, the angle BAC is equal to the angle 
EDG ; therefore, the base BC is equal to the base EG (Prop. 
VI.). Also, because DG is equal to DF, the angle DFG is 
equal to the angle DGF (Prop. X.). But the angle DGF is 
greater than the angle EGF; therefore the angle DFG is 
greater than EGF ; and much more is the angle EFG greater 
than the angle EGF. Now, in the triangle EFG, because 
the angle EFG is greater than EGF, and because the great- 
er side is opposite the greater angle (Prop. XIL)> the side 
EG is greater than the side EF. But EG has been proved 
equal to BC ; and hence BC is greater than EF. Therefore, 
2f two triangles, &c. 
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>aopos;TioN XIV. theorem (Conweise of Prop XIIL). 

If two triangles have two sides of the one equal 1o two sides 
of the other, each to each, but the bases unequal, the angle con^ 
taived by the sides of that which has the greater base, will be 
greater than the angle contained by the sides of the other. 

Let ABC, DEF be two triandes 
having two sides of the one equal to 
two sides of the other, viz. : AB equal 
to DE, and AC to DF, but the base 
BC greater than the base EF; then 
will the angle BAC be greater than 
the angle EDF. 

For if it is not greater, it must be 
either equal to it, or less. But the angle BAC is not equal 
to the angle EDF, because then the base BC would be equal 
to the base EF (Prop. VI.), which is contrary to the suppo- 
sition. Neither is it less, because then the base BC would be 
less than the base EF (Prop. XIIL), which is also contrary 
to the supposition ; therefore, the angle BAC is not less than 
the angle EDF, and it has been proved that it is not equal 
to it ; hence the angle BAC must be greater than the angle 
EDF. Therefore, if two triangles, &c. 




PROPOSITION XV. THEOREM. 

If two triangles have the three sides of the one equal to the 
three sides of the other, each to each, the three angles will also 
be eqical, each to each, and the triangles themselves will be 
equal 

Let ABC, DEF be two trian- 
gles having the three sides of the 
one equal to the three sides of the 
other, viz. : AB equal to DE, BC 
to EF, and AC to DF ; then will 

the three angles also be equal, ^ ^j, 

viz. : the angle A to the angle D, 

the angle B to the angle E, and the angle C to the angle F. 

For if the angle A is not equal to the angle D, it must be 
either greater or less. It is not greater, because then i\. e 
base BC would be greater than the base EF (Prop. XIII ) 
which is contrary to the hypothesis ; neither is it less, be 
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tause then the base BC would be less than the base ES 
(Prop. XIIL), which is also contrary to the hypothesis. 
Therefore, the angle A must be equal to the angle D. In 
the same manner, it may be proved that the angle B is equal 
to the angle E, and the angle C to the angle F ; hence the 
two triangles are equal. Therefore, if two triangles, &c. 

Scholium. In equal triangles, the equal angles are oppo 
site to the equal sides ; thus, the equal angles A and D are 
opposite to the equal sides BC, EF. 



PROPOSITION XVI. THEOREM, 

From a point without a straight line^ only one perpendiculat 
can be drawn to that line. 

Let A be the given point, and DE the 
given straight line ; from the point A only 
one perpendicular can be drawn to DE. 

For, if possible, let there be drawn two 
perpendiculars AB, AC. Produce the line 
AB to F, making BF equal to AB, and join 
CF. Then, in the triangles ABC, FBC, be- 
cause AB is equal to BF, BC is common to 
both triangles, and the angle ABC is equal to the angle FUC, 
being both right angles (Prop. II., Cor. 1) ; therefore, two 
sides and the included angle of one triangle, are equal to two 
sides and the included angle of the other triangle ; hence the 
angle ACB is equal to the angle FCB (Prop. VL). But, 
since the angle ACB is, by supposition, a right angle, FCB 
must also be a right angle; and the two adjacent angles 
BCA, BCF, being together equal to two right angles, the two 
straight lines AC, CF must form one and the same straight 
line (Prop. III.) ; that is, between the two points A and F, 
two straight lines, ABF, ACF, may be drawn, which is im- 
possible (Axiom 11) ; hence AB and AC can not both be per- 
pendicular to DE. Therefore, from a point, &c. 

Cor. From the same point, C, in the *, 

line AB, more than one perpendicular to 
this line can not be drawn. For, if possi- 
ble, let CD and CE be two perpendicu- 
lars ; then, because CD is perpendicular 

to AB, the angle DCA is a right angle ; __ 

and, because CE is perpendicular to AB, ^ 

the angle EC A is also a right angle. Hence, the angle ACD 

is equal to the angle ACE ^^Prop. L), the less to the greater. 
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which IS absurd ; therefore, CD and CE can not both be pe 
pendicular to AB from the same point C. 

PBfOPOSl)riON XVII. THEOREM. 

If J from a point without a straight line^ a perpendicular be 
drawn to this line, and oblique lines be drawn to different 
points : 

\sU The perpendicular will be shorter than any oblique line 

2d. Two oblique lines^ which meet the proposed line at equa» 
distances from the perpendicular, will be equal. 

Sd. Of any two oblique lines, that which is further from the 
perpendicular will be the longer. 

Let DE be the given straight line, and 
A any point without it. Draw AB per- 
pendicular to DE; draw, also, the ob- 
lique lines AC, AD, AE. Produce the 
line AB to F, making BF equal to AB, 
And join CF, DF. 

First. Because, in the triangles ABC, 
FBC, AB is equal to BF, BC is common 
to the two triangles, and the angle ABC is equal to the angle 
FBC, being both right angles (rrop. II., Cor. I) ; therefore, 
two sides and the included angle of one triangle,are equal to 
two sides and the included angle of the other triangle ; hence 
the side CF is equal to the side CA (Prop. VI.). But the 
straight line ABF is shorter than the broken line ACF (Prop. 
VIII.) ; hence AB, the half of ABF, is shorter than AC, the 
half of ACF. Therefore, the perpendicular AB is shorter 
than any oblique line, AC. 

Secondly. Let AC and AE be two oblique lines which 
meet the line DE at equal distances from the perpendicular ; 
Ihey will be equal to each other. For, in the triangles ABC, 
ABE, BC is equal to BE, AB is common to the two triangles, 
and the angle ABC is equal to the angle ABE, being both 
right angles (Prop. I.) ; therefore, two sides and the included 
angle of one triangle are equal to two sides and the included 
angle of the other ; hence the side AC is equal to the side 
AE (Prop. VI.). Wherefore, two oblique lines, equally dis- 
tant from the perpendicular, are equal. 

Thirdly. Let AC, AD be two oblique lines, of which AD 
is further from the perpendicular than AC ; then will AD be 
longer than AC. For it has already been proved that AC is 
equal to CF ; and in the same manner it may be proved that 
AD is equal to DF. Now, by Prop. IX., the sum of the two 
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lines AC, CF is less than whe sum of the two lines AD, DR 
Therefore, AC, the half of ACF, is less than AD, the half of 
ADF ; hence the oblique line which is furthest from the per 
pendicular is the longest. Therefore, if from a point, &c. 

Cor. 1. The perpendicular measures the shortest distance 
of a point from a line, because it is shorter than any oblique 
line. 

Cor. 2. It is impossible to draw three equal straight Imeii 
from the same point to a given straight line. 



PROPOSITION XVIII. THEOREM. 

If through the middle point of a straight line a perpenxttc- 
ular is drawn to this line : 

1st. Each point in the perpendicular is equally distant from 
the two extremities of the line. 

2d. Any point out of the perpendicular is unequally dis 
tantfrom those eartremities. 

Let the straight line EF be drawn perpen- 
licular to AB through its middle point, C. 

First. Every point of EF is equally dis- 
tant from the extremities of the line AB ; for, 
since AC is equal to CB, the two oblique 
lines AD, DB are equally distant from the 
perpendicular, and are, therefore, equal (Prop. 
aVII.). So, also, the two oblique lines AE, 
EB are equal, and the oblique lines AF, FB 
are equal ; therefore, every point of the per- 
pendicular is equally distant from the extremities A and B. / 

Secondly. Let I be any point out of the perpendicular.' 
Draw the straight lines lA, IB ; one of these lines must cut 
the perpendicular in some point, as D. Join DB ; then, by 
the first case, AD is equal to DB. To each of these equals 
add ID, then will lA be equal to the sum of ID and DB. 
Now, in the triangle IDB, IB is less than the sum of ID and 
DB (Prop. VIII.) ; it is, therefore, less than lA ; hence, every 
point out of the perpendicular is unequally distant from the 
extremities A and B. Therefore, if through the middle 
point, &c. 

Cor. If a straight line have two points, each of which is 
equally distant from the extremities of a second line, it will 
De perpendicular to the second line at its middle point. 
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PROPOSITION XIX. THEOREM. 




If. ttoo righUangkd iriangks have the hypothenuse and a 
siderofthe onSy equal to the hypothenuse and a side of the other 
each to each, the triangles are equal. 

Let ABC, DEF be two 

right-angled triangles, having 
the hypothenuse AC and the 
side Ab of the one, equal to 
the hypothenuse DF and side 
DE of the other; then will 
the side BC be equal to EF, and the triangle ABC to the tri- 
angle DEF. 

For if BC is not equal to EF, one of them must be greater 
than the other. Let BC be the greater, and from it cut off 
BG equal to EF the less, and join AG. Then, in the triangles 
ABG. DEF, because AB is equal to DE, BG is equal to EF, 
ana the angle B equal to the angle E, both of them being 
right angles, the two triangles are equal (Prop. VL), and AG 
is equal to DF. But, by hypothesis, AC is equal to DF, and 
therefore AG is equal to AC. Now the oblique line AC, be 
ing further from the perpendicular than AG, is the longei 
(Prop. XVII.), and it has been proved-^f^ be equal, which is 
impossible. Hence BC is not unequal to EF, that is, it is equal 
to it ; and the triangle ABC is equal to the triangle DEF 
(Prop. XV.). Therefore, if two right-angled triangles, &c 

PROPOSITION XX. THEOREM. 



Two straight lines perpendicular to a thi^d line, are pat • 
,UeL 



Let the two straight lines 
AC, BD be both perpendicu- 
lar to AB ; then is AC par- 
allel to BD. 

For if these lines are not 
parallel, being produced, they 
must meet on one side or the other of AB. Let them be pro- 
duced, and meet in O ; then there will be two perpendicu- 
lars, OA, OB, let fall from the same point, on the same 
strajght line, which is impossible (Prop. XVI.). Therefore, 
tW^o straight lines, &c« 
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PROPOSITION XXI. THECREM. 



If a Straight lincy meeting two other straight lines, makes the 
interior angles, on the same side^together equal to two right an^ 
gleSf the two lines are parallel. 



E 



G- 



V 



Let the straight line AB, which 
meets the two straight lines AC, BD, 
make the interior angles on the same 
side, BAG, ABD, together equal to two 
right angles; then is AC parallel to 
BD. 

From G, the middle point of the line 
AB, draw EGF perpendicular to AC ; it will also be perpen- 
dicular to BD. For the sum of the angles ABD and ABF is 
equal to two right angled (Prop. 11.) ; and by hypothesis the 
sum of the angles ABD and BAG is equal to two right an- 
gles. Therefore, the sum of ABD and ABF is equal to the 
sum of ABD and BAC. Take away the common angle 
ABD, and the remainder, ABF, is equal to BAC ; that is 
GBF is equal to GAE. 

Again, the angle BGF is equal to the angle AGE (Prop 
V.) ; and, by construction, BG is equal to GA ; hence the tri- 
angles BGF, AGE have two angles and the included side of 
the one, equal to two angles and the included side of the oth- 
er ; they are, therefore, equal (Prop. VII.) ; and the angle 
BFG is equal to the angle AEG. But AEG is, by construc- 
tion, a right angle, whence BFG is also a right angle ; that 
is, the two straight lines EC, FD are perpendicular to the 
same straight line, and are consequently parallel (Prop. 
XX.). Therefore, if a straight line, &c. 

Scholium. When a straight line 
intersects two parallel lines, the in- 
terior angles on the same side, are 
those which lie within the parallels, 
and on the same side of the secant 
line, as AGH, GHC ; also, BGH, 
GHD. 

Alternate angles lie within the 
parallels, on different sides of the 
secant line, and are not adjacent to eacIT other, as AGH 
GHD; also, BGH, GHC. 

Either angle without the parallels being called an exteriot 
angle, the interior and opposite angle on the same side, lies 
within the parallels, on the same side of the secant line, but 
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aot adjacent ; thus, 6HD is an int<>rior angle opposite to thit 
exterior angle E6B ; so. also, with the angles CH6, AGE. 



/^ 



PROFOBtTION XXII. THEOREM. 

If a straight lifiCf intersecting two other straight lines, maket 
'he aUemate angles equal to each other^ or makes an exterior 
4,ngk equal to the interior and opposite upon the same side of 
the secant line, these two lines are parallel. 

Let the straight line EF, which 
mtersects the two straight lines AB, 
CD, make the alternate angles AGH, 
GHD equal to each other ; then AB 
is parallel to CD. For, to each of 
the equal angles AGH, GHD, add 
the angle HGB; then the sum of 
AGH and HGB will be equal to the 
sumofGHDandHGB. But AGH 
and HGB are equal to two right angles (Prop. II.) ; there- 
fore, GHD and HGB are equal to two right angles ; and 
hence AB is parallel to CD (Prop. XXL). 

Again, if the exterior angle EGB is equal to the interior 
and opposite angle GHD, then is AB parallel to CD. For, 
the angle AGH is equal to the angle EGB (Prop. V.) ; and, 
by supposition, EGB is equal to GHD ; therefore the angle 
AGH is equal to the angle GHD, and they are alternate an- 
gles ; hence, by the first part of the proposition, AB is par- 
allel to CD. Therefore, if a straight line, &c. 




PROPOSITION XXIII. THEOREM. 

{Converse of Propositions XXL and XXIL) 

If a straight line intersect two parallel lines, it makes the 
alternate angles equal to each other ; also, any exterior angle 
equal to the interior and opposite on the same side ; and the 
two interior angles on the same side together equal to two right 
angles. 

Let the straight line EP intersect 
the two parallel lines AB, CD ; the 
alternate angles AGH, GHD are 
equal to each other ; the exterior an- 
gle EGB is equal to the interior and 
opposite angle on the same side, 
GHD ; and the two interior angles on 
the same side, BGH, GHD, are to- 
gether equ^l to two right an^le» 
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For if AGH is not equal to GHD, through 6 draw the 
line KL, making the angle KGH equal to GHD ; then KL 
must be parallel to CD (Prop. XXIL). But, by supposition, 
AB is parallel to CD ; therefore, through the same point, G, 
two straight lines have been drawn parallel to CD, which is 
impossible (Axiom 12). Therefore, the angles AGH, GUD 
are not unequal, that is, they are equal to each other. Now 
the angle AGH is equal to EGB (Prop. V.), and AGH has 
been proved equal to GHD ; therefore, EGB is also equa to 
GHD. Add to each of these equals the angle BGH; then 
will the sum of EGB, BGH be equal to the sum of BGH, 
GHD. But EGB, BGH are equal to two right angles (Prop, 
n.) ; therefore, also, BGH, GHD are equal to two right an 
gles. Therefore, if a straight line, &c 

Cor. 1. If a straight line is perpendicular to one of twc 
parallel lines, it is also perpendicular to the other. 

Cor, 2. If two lines, KL and CD, make with EP the two 
angles KGH, GHC together less than two right angles, then 
will KL and CD meet, if sufficiently produced. 

For if they do not meet, they are parallel (Def. 12). But 
they are not parallel ; for then the angles KGH, GHC would 
be equal to two right angles. 

PEOPOSITldN XXIV. THEOREM. 

Straight lines which are parallel to the same line^are parol 
lei to each other. 

Let the straight lines AB, CD be 
each of them parallel to the line EF ; 
then will AB be parallel to CD. 

For, draw any straight line, as 
PQR, perpendicular to EF. Then, 
since AB is parallel to EF, PR, which 
is perpendicular to EF, will also be 
perpendicular to AB (Prop. XXIIL, Cor. 1) ; and since CD 
is parallel to EF, PK will also be perpendicular to CD. 
Hence, AB and CD are both perpendicular to the same 
straight line, and are consequently parallel (Prop. XX.). 
Therefore, straight lines which are parallel, &c. 



PROPOSITION XXV. THEOREM. 

Two parallel straight lines are every where equally distant 
from each other. 

Let AB, CD be two parallel straight lines. From anj 
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pomts, E and F, in one of them, 
draw ftie lines EG, FH perpendic- 
ular to AB ; they will also be per- 
pendicular to CD (Prop. XXIIL, 

Cor. 1). Join EH ; then, because ^ ^ 3ffi B 

EG and FH are perpendicular to the same straight line AB 
they are parallel (Prop. XX.) ; therefore, the alternate anr 
gles, EHF, HEG, which they make with HE are equal 
(Prop. XXIIL). Again, because AB is parallel to CD, the 
alternate angles GHE, HEF are also equal. Therefore, th« 
triangles IJEF, EHG have two angles of the one euual to 
two angles of the other, each to each, and the side Ell inclu 
ded between the equal angles, common ; hence the triangles 
are equal (Prop. VII.) ; and the line EG, which measures the 
distance of the parallels at the point E, is equal tv the line 
FH, which measures the distance of the same parallels at the 
point F. Therefore, two parallel straight lines, &c. 
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PROPOSITION XXVI. THEOREM. 

Two anghs are equaUwhen their sides are par allele each to 
eachf and are similarly situated. 

Let BAC, DEF be two angles, having 
he side BA parallel to DE, and AC to 
EF; the two angles are equal to each 
other. 

Produce DE, if necessary, until it meets 
AC in G. Then, because EF is parallel 
to GC, the angle DEF is equal to DGC 
(Prop. XXIIL) ; and because DG is par- 
allel to AB, the angle DGrC is equal to BAC ; hence the an- 
gle DEF is equal to the angle BAC (Axiom 1). Therefore^ 
two angles, &c. 

Scholium. This proposition is restricted to the case in 
which the sides which contain the angles are similarly situ- 
ated ; because, if we produce FE to H, the angle DEH has 
its sides parallel to those of the angle BAC ; but the two an- 
gles are not equal. 



PROPOSITION XXVII. THEOREM. 

If one side of a triangle is produced^ the exterior angle ia 
equal to the sum of the two interior and opposite angles ; and 
the three interior angles of every triangle are equal to two 
right angles. 

Let ABC be any plane triangle, and let the side BC be 
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produced lO D ; then will the ex- 
terior angle ACD be equal to the 
sum of the two interior and oppo- 
site angles A and B ; and the sum 
of the three angles ABC, BCA, 
CAB is equal to two right angles. 

For, conceive CE to be drawn parallel to the side AB of 
the triangle ; then, because AB is parallel to CE, and AC 
meets them, the alternate angles BAG, ACE are equal (Prop. 
XXIIL). Again, because AB is parallel to CE, and BD 
meets them, the exterior angle ECD is equal to the interior 
and opposite angle ABC. But the angle ACE was proved 
equal to BAC ; therefore the whole exterior angle ACD is 
equal to the two interior and opposite angles CAB, ABC 
(Axiom 2). To each of these equals add the angle ACB ; 
then will the sum of the two angles ACD, ACB be equal to 
the sum of the three angles ABC, BCA, CAB. But the an- 
gles ACD, ACB are equal to two right angles (Prop. II.) ; 
hence, also, the angles ABC, BCA, CAB are together equal 
to two right angles. Therefore, if one side of a triangle, &c. 

Cor. 1. If the sum of two angles of a triangle is given, the 
third may be found by subtracting this sum from two right 
angles. 

Cor. 2. If two angles of one triangle are equal to two an- 
gles of another triangle, the third angles are equal, and the 
triangles are mutually equiangular. 

Cor. 3. A triangle can have but one right angle ; for if 
there were two, the third angle would be nothing. Still less 
can a triangle have more than one obtuse angle. 

Cor. 4. El a right-angled triangle, the sum of the two acute 
angles is equal to one right angle. 

Cor. 5. In an equilateral triangle, each of the angles is one 
third of two right angles, or two thirds of one right angle. 
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PROPOSITION XXVIII. THEOREM. 

The sum of all the interior angles, of a polygon, is equal to 
twice as many right angles, wanting four, as the figure has 
sides. 

Let ABCDE be any polygon ; then the sum of all its inte- 
rior angles A, B, C, D, E is equal to twice as many right an- 
gles, wanting four, as the figure has sides (see next page). 

For, from any point, F, within it, draw lines FA, FB, FC, 
&c , to all the angles. The polygon is thus divided into as 
many iri ingles as it has sides. Now the sum of the thre^ 
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angles of each of these triangles, is equal 
to two right angles (Prop. XXVII.) ; 
therefore the sum of the angles of all the 
triangles is equal to twice as many right 
angles as the polygon has sides. But 
the same angles are equal to the angles 
of the polygon, together with the angles 
at the point F, that is, together with four 
right angles (Prop. V., Cor. 2). Therefore the angles of the 
polygon are equal to twice as many right angles as the fig- 
ure has sides, wanting four right angles. 

Cor. 1. The sum of the angles of a quadrilateral is four 
right angles ; of a pentagon, six right angles ; of a hexagon, 
eight, &c. 

Cor. 2. All the exterior angles of a polygon are together 
equal to four right angles. Because every interior angle, ABC, 
together with its adjacent exterior an- 
gle, ABD, is equal to two right angles 
(Prop. 11.) ; therefore the sum of all the 
interior and exterior angles, is equal to 
twice as many right angles as the poly- 
gon has sides ; that is, they are equal to 
all the interior angles of the polygon, 
together with four right angles. Hence 
the sum of the exterior angles must be 
equal to four right angles (Axiom 3). 




PROPOSITION XXIX. THEOREM. 



The opposite sides and angles of a parallelogram are equal 
to each other. 




Let ABDC be a parallelogram ; then will 
ts opposite sides and angles be equal to 
each other. 

Draw the diagonal BC ; then, because AB 
s parallel to CD, and BC meets them, the C x> 

alternate angles ABC, BCD are equal to each other (Prop. 
XXIIL). Also, because AC is parallel to BD, and BC meets 
them, the alternate angles BCA, CBD are equal to each oth- 
er. Hence the two triangles ABC, BCD have two angles, 
ABC, BCA of the one, equal to two angles, BCD, CBD, of 
the other, each to each, and the side BC included between 
i.hese equal angles, common to the two^ triangles ; therefore 
their other sides are equal, each to each, and the third angle 
of the one to the third angle of the othei (Prop. VII.), viz. 
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ihe side AB to the side CD, and AC to BD, and the angle 
BAG equal to the angle BDC. Also, because the angle ABC 
is equal to the angle BCD, and the angle CBD to the- angle 
BCA, the whole angle ABD is equal to the whole angle 
ACD. But the angle BAC has been proved equal to the an- 
gle BDC ; therefore the opposite sides and angles of a par- 
allelogram are equal to each other. 

Cor. Two parallels, AB, CD, comprehended between two 
other parallels, AC, BD, are equal ; and the diagonal BC di 
vides the parallelogram into two equal triangles. 

PROPOSITION XXX. THEcfREM (Couverse of Prop. XXIX.). 

If the opposite sides of a quadrilateral are equal, each to 
eachy the equal sides are parallel, arid the figure is aparaUelo 
gram. 

Let ABDC be a quadrilateral, having its a b 

opposite sides equal to each other, viz. : the 
side AB equal to CD, and AC to BD ; then 
will the equal sides be parallel, and the fig- 
ure will be a parallelogram. ^ ^ 

Draw the diagonal BC; then the triangles ABC, BCD 
have all the sides of the one equal to. the corresponding sides 
of the other, each to each; therefore the angle ABC is equal 
to the angle BCD (Prop. XV.), and, consequently, the side 
AB is parallel to CD (Prop. XXII.). For a like reason, AC 
is parallel to BD ; hence the quadrilateral ABDC is a par- 
allelogram. Therefore, if the opposite sides, &c. 



PROPOSITION XXXI. THEOREM. 

If two opposite sides of a quadrilateral are equal and par 
allelj the other two sides are equal and parallel, and the figure 
is a parallelogram. 

Let ABDC be a quadrilateral, having the 
sides AB, CD equal and parallel ; then will 
the sides AC, BD be also equal and parallel, 
and the figure will be a parallelogram. 

Draw the diagonal BC; then, because 
AB is parallel to CD, and BC meets them, the alternate an 
gles ABC, BCD are equal (Prop. XXIII). Also, because 
AB is equal to CD, and BC is common to the two triangles 
A.BC BCD, the two triangles ABC, BCD have two sides and 
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the included nnsle of the one, equal to two sides and the in- 
cluded angle of the other ; therefore, the side AC is equal 
to BD (Prop. VL), and the angle ACB to the angle CBD 
Andy because the straight line BC meets the two straight 
lines AC, BD, making tne alternate angles BCA, CBD equal 
to each other, AC is parallel to BD (Prop. XXII.) ; hence 
the figure ABDC is a parallelogram. Therefore, if two op- 
posite sides, &;c. 



PEOPOSITION ZXXII. THEOREM. 

The diagonals of every parallelogram bisect each other 






Let ABDC be a parallelogram whose di- ^ 3 
agonals, AD, BC, intersect each other in E ; 
then will AE be equal to ED, and BE to 
EC. 

Because the alternate angles ABE, ECD G d 

are equal (Prop. XXIID, and also the alternate angles EAB, 
EDC, the triangles ABE, DCE have two angles in the one 
equal to two angles in the other, each to each, and the inclu- 
ded sides AB, CD are also equal ; hence the remaimng sides 
are equal, viz. : AE to ED, and CE to EB. Therefore, the 
diagonals of every parallelogram, &c. 

Cor. If the side AB is equal to AC, the triangles AEB, 
AEC have all the sides of the one equal to the corresponding 
sides of the other, and are consequently equal ; hence the 
angle AEB will equal the angle AEC, and therefore ike di 
agonals of a rhombus bisect ea^h other at right angles 
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Iff- 

BOOK II. 

RATIO AND PROPORTION. 
On the Relation of Magnitudes to Numbers. 

The ratios of magnitudes may be expressed by numbers 
either exactly or approximately ; and in the latter case, the 
approximation can be carried to any required degree of pre 
cision. 

Thus, let it be proposed to find the numerical ratio of two 
straight lines, AB and CD. 

From the greater line AB, cut . E O B 

off a part equal to the less, CD, j | \ \ i 

.as many times as possible ; for 
example, twice, with a remain- 9 ? ? 

der EB. From CD, cut off a ^—^ ' 

part equal to the remainder EB as often as possible ; for ex 
ample, once, with a remainder FD. From the first remain- 
der, BE, cut off a part equal to FD as often as possible ; foi 
example, once, with a remainder GB. From the second re- 
mainder, FD, cut off a part equal to the third, GB, as many 
times as possible. Continue this process until a remainder is 
found which is contained an exact number of times in the 
preceding one. This last remainder will be the common 
measure of the proposed lines ; and regarding it as the meas- 
uring unit, we may easily find the values of the preceding 
remainders, and at lengtli those of the proposed lines; whence 
we obtain their ratio in numbers. 

For example, if we find GB is contained exactly twice in 
FD, GB will be the common measure of the two proposed 
lines. Let GB be called unity, then FD will be equal to 2. 
But EB contains FD once, plus GB; therefore, EB=3. CD 
contains EB once, plus FD ; therefore, CD =6. AB contains 
CD twice, plus EB; therefore, AB=13. Consequently, the 
ratio of the two lines AB, CD is that of 13 to 6. 

However far the operation is continued, it is possible that 
we may never find a remainder which is contained an exact 
ttumber of times in the preceding one. In such cases, the ex- 
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A 



B 



act ratio can not be expressed in numbers ; but, by taking thd 
measuring unit sufficiently small, a ratio may always be 
found, which shall approach as near as we please to the tru» 
ratio. 

So, also, in comparing two sur- Unit 
faces, we seek some unit of meas- Q 
ure which is contained an exact 
number of times in each of them. 
Let A and B represent two sur- 
faces, and let a square inch be 
the unit of measure. Now, if 
this measuring unit is contained 
15 times in A and 24 times in B, then the ratio of A to B is 
that of 15 to 24. And although it may be difficult to find 
this measuring unit, we may still conceive it to exist ; or, if 
there is no unit which is contained an exact number of times 
in both surfaces, yet, since the unit may be made as small as 
we please, we may represent their ratio in numbers to any 
degree of accuracy required. 

Again, if we wish to find the ratio of two solids, A and B, 
' we seek some unit of measure which is contained an exact 
number of times in each of them. If we take a cubic inch 
as the unit of measure, and we find it to be contained 9 times 
in A, and 13 times in B, then the ratio of A to B is the same 
as that of 9 to 13. And even if there is no unit which is 
contained an exact number of times in both solids, still, by 
taking the unit sufficiently small, we may represent their ra- 
tio in numbers to any required degree of precision. 

Hence the ratio of two magnitudes in geometry, is the 
same as the ratio of two numbers, and thus each magnitude 
has its numerical representative. We therefore conclude 
that ratio in geometry is essentially the same as in arith- 
metic, and we might refer to our treatise on algebra for such 
properties of ratios as we haVe occasion to employ. How- 
ever, in order to render the present treatise complete in it- 
self, we will here demonstrate the most useful properties. 



Definitions. 

Def. 1. Ratio is the relation which one magnitude bears to 
another with respecf to quantity. 

Thus, the ratio of a line two inches in length, to another 
six inches in length is denoted by 2 divided by 6, i. s., f or 
i, the number 2 being the third part of 6. So, also, the ra- 
tio of 3 feet to 6 feet is expressed by | or |. 

A ratio is most conveniently written as afrnrtion; thua. 
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the ratio of A to B is written ^. The two magnitudes com 

pared together are called the terms of the ratio ; the first ia 
called the antecedent, and the second the consequent. 

Def. 2. Proportion is an equality of ratios. 

Thus, if A has to B the same ratio that C has to D, these 
t)nr quantities form a proportion, and we write it 

AC 
B^D' 
01 A:B: C:D. 

Tne fax St and last terms of a proportion are called the two 
extremes, and the second and third terms the two m.eans. 

Of four proportional quantities, the last is called b, fourth 
proportional to the other three, taken in order. 

Since A=^, 

B D 
it is obvious that if A is greater than B, C must be greatei 
than D ; if equal, equal ; and if less, less ; that is, if one ante- 
cedent is greater than its consequent, the other antecedent 
must be greater than its consequent ; if equal, equal ; and if 



Def. 3. Three quantities are said to be proportional, when 
the ratio of the first to th§ second is equal to the ratio of the 
second to the third ; thus, if A, B, and C are in proportion, 
then 

A : B : : B : C. 

In this case the middle term is said to be a mean propor- 
tional between the other two. 

Def. 4. Two magnitudes are said to be equimultiples ot 
two others, when they contain those others the same number 
of times exactly. Thus, 7A, 7B are equimultiples of A and 
B ; so, also, are mA and mB. 

Def 6. The ratio of B to A is said to be the reciprocal of 
the ratio of A to B. 

Def 6. Inversion is when the antecedent is made the con- 
lequent, and the consequent the antecedent. 

Thus, if A : B : • C : D ; 

then, inversely, 

B:A.:D:C. 

Def 7. Alternation is when antecedent is compared with 
antecedent, and consequent with consequent. 

Thus, if A : B : : C : D ; 

then, by alternation, 

A:C::B:D. 

Def 8. Composition is when the sum of antecedent and 
consequent is compared p^the.- with the antecedent or con 
!?iMjupnt. 
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Thus, if A : B : 2 C : D ; 

then, by composition, 

A+B : A : : C+D : C, and A+B : B : : C+D : D. 
Def. 9. Division is when the difierence of antecedent anc 
consequent is compared either with the antecedent or con 
sequent. 

Thus, if A:B::C:D; 

then, by division, 

A— B : A : : C— D : C, and A— B : B : : C— D : D. 



Axioms. 

1. Equimultiples of the same, or equal magnitudes, are 
equal to each other. 

2. Those magnitudes of which the same or equal magni- 
tudes are equimultiples, are equal to each other. 



PROPOSITION I. THEOREM. 

If four quantities are proportional^ the product of the two ex* 
tremes is equal to the product of the two means. 

It has been shown that the ratio of two magnitudes, wheth- 
er they are lines, surfaces, or solids, is the same as that of 
two numbers, which we call their numerical representatives. 

Let, then. A, B, C, D be the numerical representatives of 
four proportional quantities, so that A : B : : C : D ; then 
willAxD=BxC. 
For, since the four quantities are proportional, 

A C 
B"D" 
Multiplying each of these equal quantities by B (Axiom 1), 
we obtain 

A BxC 

Multiplying each of these last equals by D, we have 

AxD=BxC. 
Cor. If there are three proportional quantities^ the product 
of the two extremes is equal to the square of the mean. 

Thus, if A : B : : B : C ; 

then, by the proposition, 

A XC=B xB, which is equa' to B*. 
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PROPOSITION II. THEOREM (Cotiverse of Prop. /.). 

If the product of two quantities is equal to the product of twc 
other quantities^ the first two may he made the extremes^ and 
the other two the means of a proportion. 

Thus, suppose we have A X D =B X C ; then will 

A : B : : C : D. 
For, since AxD=BxC, dividing each of these equals by 
D (Axiom 2), we have 

. BxC 

Dividing each of these last equals by B, we obtain 

A_C 

B"~D' 

that is, the ratio of A to B is equal to that of C to D, 
or, A : B : : C : D. 



PROPOSITION III. THEOREM. 

If four quantities are proportional^ they are also proportion- 
al when taken alternately. 

Let A, B, C, D be the numerical representatives of foui 
proportional quantities, so that A : B : : C : D ; then will 
A : C : : B : D. 

For, since A : B : : C : D, 

by Prop. I., AxD=BxC. 

And, since A X D =B X C, 

bv Prop. IL, A : C : : B : D. 

PROPOSITION IV. THEOREM. 

Ratios that are equal to the same ratio^ are equal to each 
other. 



Let 


A : B : : C : D, 


and 


A:B::E:F; 


then will 


C : D : : E : F. 


For, since 


A : B : : C : D, 


1 


A C 



we have 



B=D* 
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And, since A : B : : £ F, 

we ha™ , |=|. 

C E A 

But t: and 7^ being severally equal to ^9 must be equal to 

each other, and therefore 

C : D : : E : F. 
Cor, If the antecedents of one proportion are equal to the 
antecedents of another proportion, the consequents are pro- 
portional. 

If A : B : : C : D, 

and A:E::C:F; 

then will B : D : : E : B\ 

For, by alternation (Prop. III.), the first proportion be- 
comes 

A : C : : B : D, 
and the second, A : C : : E : F. 

Therefore, by the proposition, 

B : D : : E : F. 



PROPOSITION Y. THEOREM. 

If four quantities are proportional, they are also proportion 
al when taken inversely. 

Let A : B : : C : D ; 

then will B : A : : D : C. 

For, since A : B : : C : D, 

by Prop. I., A X D =B X C, 

or, BXC=AXD; 

therefore, by Prop. IL, 

B : A : : D : C. 



PROPOSITION VI. THEOREM. 

If four quantities are proportional^ they are also proportion* 
al by composition. 

Let A : B : : C : D, 

then will A+B : A : : C+D . C. 

For, since A : B : : C : D, 

by Prop. I., BxC=AxD. 

To each of these equals add 

AxC=AxC, 
then AxC+BxC=AxC-fAxD, 
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(A+B)xC=Ax(C+Dj. 
Therefore, by Prop. IL, 

A+B : A : : C+D : C 



^ FROFOSITION VII. THEOREM. 

If four quantities are proportional^ they are also proportion 
tti by division. 

Let A:B C:D; 

then wil A— B : A : : C— D : C. 

For, since A : B : : C : D, 

by Prop. L, BxC=AxD. 

Subtract each of these equals from AxC; 
then AxC— BxC=AxC— AxD, 

or, (A— B)xC=Ax(C— D). * 

Therefore, by Prop. II., 

A— B : A : : C— D : C. 

Cor. A+B : A— B : : C+D : C— D. 

J ^■/• 

PROPOSITION VIII. THEOREM. 

Equimultiples of two quantities have the same ratio as the 
quantities themselves. 

Let A and B be any two quantities, and wiA, mB their 
equimultiples ; then will 

A : B : : wiA : wiB. 
For wixAxB=wixAxB, 

or, Ax?wB=BxmA. 

Therefore, by Prop. IL, 

A : B : : mA. ; wiB. 



PROPOSITION IX. THEOREM. 

. /f any number of quantities are proportional^ any one anie 
cedent is to its consequent, as the sum of all the antecedents, it 
to the sum of all the consequents. 



Let 


A : B : : C : D : : E : F, &c. ; 


then will 


A : B : : A+C+E : B+D+F 


For, since 


A : B : : C : D, 


we have 


AxD=BxC. 


And, since 


A : B : : E : F, 


we have 


AxF=BxE. 



To these equals arid 

AxB==AxR 
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and we have 

AxB+AxD+AxF=AxB+BxO+BxE; 
or, Ax(B+D+F)=Bx(A+C4 E). 

Therefore, by Prop. IL, 

A : B : : A+C+E : B+D+F. 



PROPOSITION X. THEOREM. 

If four quarUities are proportional^ their squares or culbe9 
are also proportional. 

Let A : B : : C : D ; 

then wUl A» : B* : : C : D% 

and A' : B» : : C : D\ 

For, smce A : B : : C : D, 

by Prop. L, A x D=B x C ; 

or, multiplying each of these equals by itself (Axiom 1), we 
have 

A*xD'=B*xC«; 
and multiplying these last equals by AxD=BxC, we have 
A»xD'=B'xC'. 
Therefoie, by Prop. II., 

A* : B' : : C« : D*, 
and A' : B' : : C : D». 



PROPOSITION XI. THEOREM. 

If there are two sets of proportional quantities, the prodncu 
of the corresponding terms are proportional. 

Let A : B : : C : D, 

and E:F::G:H; 

then will AxE : BxF : : CxG : DxH. 

For, since A : B : : C : D, 

by Prop. L, A x D =B x C. 

And, since E : F : : G : H, 

by Prop. L, ExH=:FxG. 

Multiplying together these equal quantities, we have 
AxDxExH=BxCxFx6; 
or, (AxE)x(DxH)=(BxF)x(CxG); 

therefore, by Prop. IL, 

AxE:BxF::CxG:DxH. 



Cor. If 


A : B : : C : D, 


and 


B:F::G:H} 


then 


A:F::CxG:DxH. 
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For, by the proposition, 

AxB:BxF::CxG:DxH. 
Also, by Prop. VIII., 

AxB:BxF:: A:F; 
hence, by Prop. IV., 

A :F::CxG:DxH. 



PROPOSITION XII. THEOREM. 

If three quantities are proportional, the first is to the thirds 
as the square of the first to the square of the second. 

Thus, if A:B::B :C; 

then A : C : : A» : B\ 

For, since A : B : : B : C, 

and A : B : : A' : B ; 

therefore, by Prop. XL, 

A'.B':: AxB:BxC. 
But, by Prop. VIII., 

AxB:BxC:: A:C; 
hence, by Prop. IV •, A : C : : A' : B*. 
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THE CIRCLE, AND THE MEASURE OP ANGLES. 
Definitions. 

1. A circle is a plane figure bounded by a line, every poini 
of which is equally distant from a point within, called the 
center. 

This bounding line is called the circumfer- 
ence of the circle. 

2. A radius of a circle is a straight line 
drawn from the center to the circumference. 

A diameter of a circle is a straight line 
passing through the center, and terminated 
both ways by^the circumference. 

Cor. All the radii of a circle are equal ; all the diameters 
are equal also, and each double of the radius. 

3. An arc of a circle is any part of the circumference. 
The chord of an arc is the straight line which joins its two 

extremities. 

4. A segment of a circle is the figure included between an 
arc and its chord. 

5. A sector of a circle is the figure included between an 
arc, and the two radii drawn to the extremities of the arc. 

6. A straight line is said to be inscribed in a circle, when 
its extremities are on the circumference. 

An inscribed angk is one whose sides are 
inscribed. - 

7. A polygon is said to be inscribed in a 
c rcle, when all its sides are inscribed. The 
( ircle is then said to be described about the 
f>olygon. 

8. A secant is a line which cuts the cir- 
cumference, and lies partly within and partly without the 
circle. 

9. A straight line is said to touch a circle, when it meets 
the circumference, and, being produced, does not cut it. 
Such a line is called a tangent^ and the point in which it 
meets the circumference, is called ih^ point of contact. 
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10. Two circumferences touch ehch 
other when they meet, but do not cut 
one another. 



11. A polygon is described about a circle, 
when each side of the polygon touches the cir- 
cumference of the circle. 

In the same case, the circle is said to be in- 
scribed in the polygon. 





PROPOSITION I. THEOREM. 

Every diameter divides the circle and its circumference into 
two equal parts. 

Let ACBD be a circle, and AB its di- 
ameter. The line AB divides the circle 
and its circumference into two equal parts. 
For, if the figure ADB be applied to the 
figure ACB, while the line AB remains 
common to both, the curve line ACB must 
coincide exactly with the curve line ADB. 
For, if any part of the curve ACB were to 
fail either within or without the curve ADB, there would be 
points in one or the other unequally distant from the center 
which is contrary to the definition of a circle. Therefore, 
every diameter, &c. 




PROPOSITION II. THEOREM. 

A straight line can not meet the circumference of a circle ta 
more than two points. 

For, if it is possible, let the straight 
line ADB meet the circumference CDE 
m three points, C, D, E. Take F, the 
center of the circle, and join FC, FD, 
FE. Then, because F is the center of 
the circle, the three straight lines FC, 
FD, FE are all equal to each other ; 
hence, three equal straight lines have 
been drawn from the same point to the same straight line. 
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which is impossible fProp. XVIL, Cor. 2, Book IX There- 
torOt a straight line» &c. . 



PROPOSITION III. THEOREM. 

in equal circles^ equal arcs are subtended by equal chords 
andf conversely^ equal chords subtend equal arcs, 

L6t ADB, EHF be 

equal circles, and let the 
arcs AID, EMH also be 
equal ; then will the 
chord AD be equal to 
the chord EH. 

For, the diameter AB 
being equal to the diameter EF, the semicircle ADB may bo 
applied exactly to the semicircle EHF, and the curve line 
AIDB will coincide entirely with the curve line EMHF 
(Prop. I.). But the arc AID is, by hypothesis, equal to the 
arc EMH ; hence the point D will fall on the point H, and 
therefore the chord AD is equal to the chord EH (Axiom 
11,B.L). 

Conversely, if the chord AD is equal to the chord EH, then 
the arc AID will be equal to the arc EMH. 

For, if the radii CD, GH are drawn, the two triangles 
ACD, EGH will have their three sides equal, each to each 
viz. : AC to EG, CD to GH, and AD equal to EH ; the tri 
angles are consequently equal (Prop. XV., B. I.), and the an- 
gle ACD is equal to the angle EGH. Let, now, the semicir- 
cle ADB be applied to the semicircle EHF, so that AC may 
coincide with EG ; then, since the angle ACD. is equal to the 
angle EGH, the radius CD will coincide with the radius GH, 
and the point D with the point H. Therefore, the arc AID 
must coincide with the arc EMH, and be equal to it. Hence, 
in equal circles, &c. 



PROPOSITION IV. THEOREM. 

In equal circles, equal angles at the center, are subtended by 
equal arcs / and, conversely, equal arcs subtend equal angles at 
the center. 

Let AGB, DHE be two equal circles, and let ACB, DFE 
be equal angles at their centers ; then will the arc AB be 
equal to the arc DE. Join AB, DE ; and, because the cir 
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cles A6B, DHE are equal, their 

radii are equal. Therefore, the 

two sides CA, CB are equal to 

the two sides FD, FE ; also, the 

angle at C is equal to the angle 

at F ; therefore, the base AB is 

equal to the base DE (Prop. VI., 

B. I.). And, because the chord AB 

is equal to the chord DE, the arc AB must be equal to the 

arc DE (Prop. III.). 

Conversely, if the arc AB is equal to the arc DE, the an- 
gle ACfc will be equal to the angle DFE. For, if these an- 
gles are not equal, one of them is the greater. Let ACB be 
the greater, and take ACI equal to DFE ; then, because 
equal angles at the center are subtended by equal arcs, the 
arc AI is equal to the arc DE. But the arc AB is equal to 
the arc DE ; therefore, the arc AI is equal to the arc AB, 
the less to the greater, which is impossible. Hence the an- 
gle ACB is not unequal to the angle DFE, that is, it is equai 
to it. Therefore, in equal circles, &c. 



PROPOSITION V. THEOREM. 

In the same circle, or in equal circles, a greater arc is sub 
tended by a greater chord; and, conversely, the greater chord 
subtends the greater arc. 

In the circle AEB, let the arc AE be 
greater than the arc AD; then will the 
chord AE be greater than the chord AD. 

Draw the radii CA, CD, CE. Now, if 
the arc AE were equal to the arc AD, 
the angle ACE would be equal to the an- 
gle ACD (Prop. IV.) ; hence it is clear 
that if the arc AE be greater than the arc 
AD, the angle ACE must be greater than the angle ACD. 
But the two sides AC, CE of the triangle ACE are equal to 
the two AC, CD of the triangle ACD, and the angle ACE is 
greater than the angle ACD ; therefore, the third side AE is 
greater than the third side AD (Prop. XIII., B. I.) ; hence 
the chord which subtends the greater arc is the greater. 

Conversely, if the chord AE is greater than the chord AD, 
the arc AE is greater than the arc AD. For, because the 
two triangles ACE, ACD have two sides of the one equal 
to two sides of the other, each to each, but the base AE of 
the one is greater than the base AD of the other, therefort 
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the angle ACE is greater than the angle ACD (Prop. XTV. 
B. I.) ; and hence the arc AE is greater than the arc AD 
(Prop. IV.). Therefore, in the same circle, &c. 

Scholium. The arcs here treated of are supposed to be 
less than a semicircumference. If they were greater, the op- 
posite property would hold true, that is, the greater the arc 
the smaller the chord. 



PROPOSITION VI. THEOREM. 

The radius which is perpendicular to a chords bisects the 
chordf and also the arc which it subtends. 

Let ABG te a circle, of which AB is a 
chord, and CE a radius perpendicular to 
it; the chord AB will be bisected in D, 
and the arc AEB will be bisected in E. 

Draw the radii C A, CB. The two right- 
angled triangles CDA, CDB have the side 
AC equal to CB, and CD common ; there- 
fore the triangles are equal, and the base 
AD is equal to the base DB (Prop. XIX., 
8. L). 

Secondly, since ACB is an isosceles triangle, and the line 
CD bisects the base at riglit angles, it bisects also the verti- 
cal angle ACB (Prop. X., Cor. 1, B. I.). And, since the an- 
gle ACE is equal to the angle BCE, the arc AE must be 
equal to the arc BE (Prop. IV.) ; hence the radius CE, per- 
pendicular to the chord AB, divides the arc subtended by 
this chord, into two equal parts in the point E. Therefore, 
the radius, &c. 

Scholium. The center C, the middle point D of the chord 
AB, and the middle point E of the arc subtended by this 
chord, are three points situated in a straight line perpendic- 
ular to the chord. Now two points are sufficient to deter- 
mine the position of a straight line ; therefore any straight 
ne which passes through two of these points, will necessari- 
ly pass through the third, and be perpendicular to the chord. 
Also, tlie perpendicular at the middle of a chof^d passes through 
the center of the circle, and through the middle of the arc smb* 
tended by the chord. 
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PROPOSITION VII. THEOREM. 

Through three given points^ not in the same straight lint, 
one circumference may be made to pass, and but one. 

Let A, B, C be three points not in tKe same straight line ; 
they all lie in the circumference of the same circle. Join 
AB, AC, and bisect these lines by the 
perpendiculars DF, EF; DF and EF 
produced wLl meet one another. For, 
join DE ; then, because the angles ADF, 
AEF are together equal to two right an- 
gles, the angles FDE and FED are to- 
gether less than two right angles ; there- 
fore DF and EF will meet if produced 
(Prop. XXIIL, Cor. 2, B. L). Let them 
meet in F. Since this point lies in the perpendicular DF, it is 
equally distant from the two points A and B (Prop. XVIIL, 
B. I.) ; and, since it Ues in the perpendicular EF, it is equally 
distant from the two points A and C ; therefore the three 
distances FA, FB, FC are all equal; hence the circumfe- 
rence described from the center F with the radius FA will 
pass through the three given points A, B, C. 

Secondly, No other circumference can pass through the 
same points. For, if there were a second, its center could 
not be out of the line DF, for then it would be unequally dis- 
tant from A and B (Prop. XVIIL, B. I.) ; neither could it be 
out of the line FE, for the same reason ; therefore, it must be 
on both the lines DF, FE. But two straight lines can not 
cut each other in more than one point ; hence only one cir- 
cumference can pass through three given points. Therefore, 
through three given points, &c. 

Cor. Two circumferences can not cut each other in more 
than two points, for, if they had three common points, they 
would have the same center, and would coincide with each 
other. 



PROPOSITION VIII. THEOlkEM. 

E(iu.al chords are equally distant from the center ; and nf two 
unequal chords, the less is the more remote from the center. 

Let the chords AB, DE, in the circle ABED, be equal to 
)ne another ; they are equally distant from the center Take 
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C, the center of the circle, and from it 

draw CF, CG, perpendiculars to AB, 

DE. Join CAj 3D ; then, because the 

radius CF is perpendicular to the chord 

A.B, it bisects it (Prop. VI.). Hence 

AF is the half of AJB ; and, for the same 

reason, DG is the half of DE. But AB 

ts equal to DE ; therefore AF is equal 

to DG (Axiom 7, B. I.). Now, in the 

right-angled triangles ACF, DCG, the hypothenuse AC is 

equal to the hypothenuse DC, and the side AF is equal to 

the side DG ; therefore the triangles are equal, and CF is 

equal to CG (Prop. XIX., B. I.) ; hence the two equal chords 

AB, DE are equally distant from the center. 

Secondly. Let the chord AH be greater than the chord DE ; 
DE is further from the center than AH. For, because the 
chord AH is greater than the chord DE, the arc ABH is 
. greater than the arc DE (Prop. V.). From the arc ABH 
cut off a part, AB, equal to DE ; draw the chord AB, and 
let fall CF perpendicular to this chord, and CI perpendicular 
to AH. It is plain that CF is greater than CK, and CK 
than CI (Prop. XVIL, B. I.) ; much more, then, is CF great- 
er than CI. But CF is equal to CG, because the chords AB, 
DE are equal ; hence CG is greater than CI. Therefore 
equal chords, &c. 

Cor. Hence the diameter is the longest line that can be in 
Rcribed in a circle. 



PROPOSITION IX. THEOREM. 



A straight line perpendicular to a diameter at its extremity, 
IS a tangent to the circumference. 

Let ABG be a circle, the center of which is C, and the di- 
ameter AB ; and let AD be drawn from A perpendicular to 
AB ; AD will be a tangent to the circum- 
ference. 

In AD take any point E, and join 
CE ; then, since CE is an oblique line, 
it is longer than the perpendicular CA 
(Prop. XVIL, B. I.). Now CA is equal 
to CK ; therefore CE is greater tlian 
CK, and the point E must be without 
the circle. But E is any point whatev- 
er in the line AD; therefore AD has 
only the point A in common with the 
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ciicumference, hence it is a langent (Def. 9). Therefore, 
a straight Hne, &c. 

Scholium. Through the same pomt A in the circumfer- 
ence, only one tangent can be drawn. For, if possible let a 
second tangent, AF, be drawn ; then, since CA can not be 
perpendicular to AF (Prop. XVI., Cor., B. I.), another Hne, 
CH, must be perpendicular to AF, and therefore CH must be 
less than CA (Prop. XVII., B. I. ; hence the point H falla 
within the circle, and AH produced will cut the circumfer- 
ence. 




PROPOSITION X. THEOREM. 

Two parallels intercept equal arcs on the circumference. 

The proposition admits of three cases: 

First. When the two parallels are se- 
cants, as AB, DE. Draw the radius CH 
perpendicular to AB ; it will also be per- 
pendicular to DE (Prop. XXni., Cor. 
1, B. I.) ; therefore, the point H will be 
at the same time the middle of the arc 
AHB, and of the arc DHE (Prop. VI.). 
Hence the arc DH is equal to the arc 
HE, and the arc AH equal to HB, and therefore the arc AD 
is equal to the arc BE (Axiom 3, B. I.). 

Second. When one of the two par- 
allels is a secant, and the other a tan- D ^J^ ^* ^ E 

gent. To the point of contact, H, 
draw the radius CH; it will be per- 
pendicular to the tangent DE (Prop. 
IX.), and also to its parallel AB. But 
since CH is perpendicular to the chord 
AB, the point H is the middle of the 
arc AHB (Prop. VI.) ; therefore the 
arcs AH, HB, included between the 
parallels AB, DE, are equal. 

Third. If the two parallels DE, FG are tangents, the one 
at H, the other at K, draw the parallel secant AB ; then, ac- 
cording to the former case, the arc AH. is equal to HB, and 
the arc AK is equal to KB ; hence the whole arc HAK is 
equal to the whole arc HBK (Axiom 2, B. I.). It is also ev- 
ident that each of these arcs is a semicircumference. There 
fore, two parallels, &c. 
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PROPOSITION XI. TEJBOftEM. 

If two circumferences cut each other^ the chard which joins 
the points of intersection^ is bisected at right angles by the 
straight line joining their centers. 

Let two circum- 
ferences cut each 
other in the points A 
and B ; then will the 
ine AB be a com- 
mon chord to the 
two circles. Now, if 
a perpendicular be 
erected from the middle of this chord, it will pass through C 
and D, the centers of the two circles (Prop. VI., Schol.). 
But only one straight line can be drawn through two given 
points ; therefore, the straight line which passes through the 
centers, will bisect the common chord at right angles. 




PROPOSITION XII. THEOREM. 



If two circumferences touch each other^ either externally oi 
internally^ the distance of their centers must be equal to the 
turn or difference of their radii. 

It is plain that the centers of the circles and the point of 





contact are in the same straight line ; for, if possible, let the 
point of contact. A, be without the straight line CD. From 
A let fall upon CD, or CD produced, the perpendicular AE, 
and produce it to B, making BE equal to AE. Then, in the 
triangles ACE, BCE, the side AE is equal to EB, CE is com- 
mon, and the angle AEC is equal to the angle BEC ; there- 
fore AC is equal to CB (Prop. VI., B. I.), and the point B m 
in the circumference ABF. In the same manner, it may be 
ihown to be in the circumference AB6, and hence the point 
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Therefore the two circumfe^. 
I ; tMn is, 1 



B is in both circumferences. 

fences have two points, A and B, in common ; tlM is, they cut 
each other, which is contrary to the hypothesis. Therefore, 
the point of contact can not be without the line joining the 
centers ; and hence, when the circles touch each other exter- 
aally, the distance of the centers CD is equal to the sum of 
the radii C A, DA ; and when they touch internally, the dis- 
tance CD is equal to the difference of the radii CA, DA. 
Therefore, if two circumferences, &c. 

Schol If two circumferences touch each other, externally 
or inteiTially, their centers and the point of contact are m 
the same straight line. 



PROPOSITION XIII. THEOREM. 

If two circumferences cut each other^ the distance between 
their centers is less than the sum of their radiif ctnd greater 
than their difference. 

Let two circumferences cut each 
Other in the point A- Draw the ra- 
dii CA, DA ; then, because any two 
sides of a triangle are together great- 
er than the third side (Prop. VIIL, B. 
I.), CD must be less than the sum of 
AD and AC. Also, DA must be less 
than the sum of CD and CA ; or, subtracting CA from theso 
unequals (Axiom 5, B. I.), CD must be greater than the dif 
ference between DA and CA. Therefore, if two circumfe- 
fences, &c. 




PROPOSITION XIV. THEOREM. 

In equal circles, angles at the center have the same ratio 
with the intercepted arcs. 

Case first When 
the angles are in the 
ratio of two whole 
numbers. 

Let ABG, DFH 
be equal circles, and 
let the angles ACB, 
DEP at their cen- 
ters be in the ratio of two whole numbers ; then wi 

the angle ACB : angle DEF : : arc AP : arc DF. 
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Suppose^i example, that the angles ACB, DEF are to 
each other^s 7 to 4 ; or, which is the same thing, suppose 
that the angle M, which may serve as a common measure, 
is contained seven times in the angle ACB, and four times in 
the angle DEF. The seven partial angles into which ACB 
is divided, being each equal to any of the four partial angles 
into which DEF is divided, the partial arcs will also be 
equal to each other (Prop. IV.), and the entire arc AB will 
be to the entire arc DF as 7 to 4. Now the same reasoning 
would apply, if in place of 7 and 4 any whole numbers what- 
ever were employed ; therefore, if the ratio of the angles 
ACB, DEF can be expressed in whole numbers, the arcs AB, 
DF will be to each other as the angles ACB, DEF. 

Case second. When the ratio of the angles can not be ex 
pressed by whole numbers. 

Let ACB, ACD be two an- 
gles having any ratio whatev- 
er. Suppose ACD to be the 
smaller angle, and let it be 
placed on the greater; then 
will the angle ACB : angle 
ACD : : arc AB : arc AD. 

For, if this proportion is not true, the first three terms re- 
maining the same, the fourth must be greater or less than 
AD. Suppose it to be greater, and that we have 

Angle ACB : angle ACD : : arc AB : arc AI. 

Conceive the arc AB to be divided into equal parts, each 
less than DI ; there will be at least one point of division be- 
tween D and I. Let H be that point, and join CH. The 
arcs AB, AH will be to each other in the ratio of two whole 
numbers, and, by the preceding case, we shall have 

Angle ACB : angle ACH : : arc AB : arc AH. 

Comparing these two proportions with each other, and ob- 
serving that the antecedents are the same, we conclude that 
the consequents are proportional (Prop. IV., Cor., B. II.) ; 
therefore. 

Angle ACD : angle ACH : : arc AI : arc AH. 

But the arc AI is greater than the arc AH ; therefore the 
angle ACD is greater than the angle ACH (Def. 2, B. IL), 
that is, a part is greater than the whole, which is absurd. 
Hence the angle ACB can not be to the angle ACD as the 
arc AB to an arc greater than AD. 

In the same manner, it may be proved that the fourth term 
of the proportion can not be less than AD ; therefore, it must 
be AD, and we have the proportion 

Angle ACB • angle ACD : : arc AB : arc AD. 

Cor. 1. Since the angle at the center of a circle, and the 
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&rc intercepted by its sides, are so related, that when one is 
increased or diminished, the other is increased or diminished 
in the same ratio, we may take either of these quantities as 
the measure of the other. Henceforth we shall take the arc 
AB to measure the angle ACB. It is important to observe, 
that in the comparison of angles, the arcs which measure 
them must be described with equal radii. 

Cor. 2. In equal circles, sectors are to each other as theh 
arcs; for sectors are equal when their angles are equal. 



PROPOSITION XV. THEOREM. 

An Inscribed angle is measured by half the arc included be- 
tween its sides. 




Lot BAD be an angle inscribed in the circle BAD. The 
angle BAD is measured by half the arc BD. 

First. Let C, the center of the circle, 
be within the angle BAD. Draw the di- 
ameter AE, also the radii CB, CD. 

Because CA is equal to CB, the angle 
CAB is equal to the angle CBA (Prop.X., 
B. I.) ; therefore the angles CAB, CBA 
are together double the angle CAB. But 
the angle BCE is equal (Prop. XXVIL, B. 
I.) to the angles CAB, CBA; therefore, 
also, the angle BCE is double of the angle BAC. Now the 
angle BCE, being an angle at the center^ is measured by the 
arc BE ; hence the angle BAE is measured by the half of 
BE. For the same reason, the angle DAE is measured by 
half the arc DE. Therefore, the whole angle BAD is meas- 
ured by half the arc BD. 

Second. Let C, the center of the circle, 
be without the angle BAD. Draw the di- 
ameter AE. It may be demonstrated, as 
in the first case, that the angle BAE is 
measured by half the arc BE, and the an- 
gle DAE by half the arc DE ; hence their 
difference, BAD, is measured by half of 
BD. Therefore, an inscribed angle, &c. 

Cor. 1. All the angles BAC, BDC, &c., 
inscribed in the same segment are equal, for they are all 
measured by half the same arc BEC. (See next fig.) 

Cor. 2. Every angle inscribed in a semicircle is a right 
angle, because it is measured by half n semicircumference 
that is, the fourth part of a circumference 
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Cor. 3. Every angle inscribed in a 
segment greater than a semicircle is an 
acute angle, for it is measured by half 
an arc less than a semicircumference. 

Every angle inscribed in a segment 
less than a semicircle is an obtuse an- 
gle, for it is measured by half an arc 
greater than a semicircumference. 

Cor. 4. The opposite angles of an in- 
scribed quadrilateral, ABEC, are together equal to two right 
angles ; for the angle BAG is measured by half the arc 6£C, 
and the angle BEC is measured by half the arc BAG ; there- 
fore the two angles BAG, BEG, taken together, are measured 
by half the circumference ; hence their sum is equal to tw(^ 
right angles. 




PROPOSITION XVI. THEOKEM. 

The angle formed by a tangent and a chords is measured bt/ 
half the arc included between its sides. 

Let the straight line BE touch the 
circumference AGDP in the point A, 
and from A let the chord AG be 
drawn ; the angle BAG is measured bv 
halfthearc AFG. 

From the point A draw the diameter 
AD. The angle BAD is a right angle 
(Prop. IX.), and is measured by half 
the semicircumference AFD ; also, the 
angle DAG is measured by half the arc DG (Prop. XV.) ; 
therefore, the sum of the angles BAD, DAG is measured by 
half the entire arc AFDG. 

In the same manner, it may be shown that the angle GAE 
is measured by half the arc AG, included between its sides. 

Cor. The angle BAG is equal to an angle inscribed in the 
segment AGG ; and the angle EAG is equcl to an angle in 
scribed in the segment AFC. 
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BOOK IV. 

THE PROPORTIONS OP FIGURES. 
Definitions. 

1. Equal figures are such as maybe applied the one to the 
other, so as to coincide throughout. Thus, two circles having 
equal radii are equal ; and two triangles, having the three sides 
of the one equal to the three sides of the other, each to each, 
are also equal. 

2. Equivalent figures are such as contain equal areas 
Two figures may be equivalent, however dissimilar. Thus, 
a circle may be equivalent to a square, a triangle to a rec- 
tangle, &e. 

3. Similar figures are such as have the angles of the one 
equal to the angles of the other, each to each, and the sides 
about the equal angles proportional. Sides which have the 
same position in the two figures, or which are adjacent to 
equal angles, are called homologous. The equal angles may 
also be called homologous angles. 

Equal figures are always similar, but similar figures may 
be very unequal. 

4. Two sides of one figure are said to be reciprocally pro- 
portional to two sides of another, when one side of the first is 
to one side of the second, as the remaining side of the sec- 
ond is to the remaining side of the first. 

6. In difierent circles, similar arcs^ sectors, or segments^ are 
those which correspond to equal angles at the center. 

Thus, if the angles A and D are 
equal, the arc BC will be similar to 
the arc EF, the sector ABC to the 
sector DEF, and the segment BGC 
to the segment EHF. 

6. The altitude of a triangle is the perpen- 
dicular let fall fi'om the vertex of an angle 
on the opposite side, taken as a base, or on 
the base produced. 
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7. The altitude of a parallelogram is the 
^)erpendicular drawn to the base from the 
opposite side. ___^__^ 

8, The altitude of a trapezoid is the distance / \ 
between its parallel sides. / i 




PROPOSITION I. THEOREM. 

Parallelograms which have equal bases and equal altitudes 
are equivalent. 

Let the parallelo- j^ 
grams ABCD, ABEF 
be placed so that their 
equal bases shall coin- 
cide with each other. 
Let AB be the common 
base ; and, since the two parallelograms are supposed to have 
the same altitude, their upper bases, DC, FE, will be in the 
same straight line parallel to AB. 

Now, because ABCD is a parallelogram, DC is equal to 
AB (Prop. XXIX., B. L). For the same reason, FE is equal 
to AB, wherefore DC is equal to FE ; hence, if DC and FE 
be taken away from the same line DE, the remainders CE 
and DF will be equal. But AD is also equal to BC, and AF 
to BE ; therefore the triangles DAF, CBE are mutually equi 
hteral, and consequently equal. 

Now if from the quadrilateral ABED we take the triangle 
ADF, there will remain the parallelogram ABEF ; and if 
from the same quadrilateral we take the triangle BCE, there 
will remain the parallelogram ABCD. Therefore, the two 
parallelograms ABCD, ABEF, which have the same base 
and the same altitude, are equivalent. 

Cor. Every parallelogram is equivalent to the rectangle 
which has the same base and the same altitude. 



PROPOSITION II. THEOREM. 

Every triangle is half of the parallelogram which has the 
same base and the same altitude. 

Let the parallelogram ABDE and the triangle ABC have 
the same base, AB, and the same altitude ; the triangle is 
half of the parallelogram. 
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Complete the parallelogram ABFC ; 
then the parallelogram ABFC, is equiv- 
alent to the parallelogram ABDE, be- 
cause they have the same base and the 
same altitude (Prop. L). But the tri- 
angle ABC is half of the parallelogram 
ABFC (Prop. XXIX., Cor., B. I.) ; wherefore the triangle 
ABC is also half of the parallelogram ABDE. Therefore, 
every triangle, &c. 

Cor. 1. Every triangle is half of the rectangle wrhich has 
the same base and altitude. 

Cor. 2. Triangles which have equal bases and equal aiti 
tudes are equivalent. 



PROPOSITION III. THEOREM. 



Two rectangles of the same altitude^ are to each other as their 
bases. 




Let ABCD, AEFD be two rec- 
tangles which have the comtnon al- 
titude AD ; they are to each other 
"s their bases AB, AE. 

Case first. When the bases are m 
the ratio of two whole numbers, for 
example, as 7 to 4. If AB be divided into seven equal parts, 
AE will contain four of those parts. At each point of divis- 
ion, erect a perpendicular to the base ; seven partial rectan- 
gles will thus be formed, all equal to each other, since they 
have equal bases and altitudes (Prop. I.). The rectangle 
ABCD will contain seven partial rectangles, while AEFD 
will contain four ; therefore the rectangle ABCD is to the 
rectangle AEFD as 7 to 4, or as AB to AE. The same rea- 
soning is applicable to any other ratio than that of 7 to 4 , 
therefore, whenever the ratio of the bases can be expressed 
in whole numbers, we shall have 

ABCD : AEFD : : AB : AE. 

Case second. When the ratio of the bases can not be ex- 
pressed in whole numbers, it is still true that 
ABCD : AEFD :: AB AE. 

For, if this proportion is not true, the 
first three terms remaining the same, the 
fourth must be greater or less than AE.. 
Suppose it to be greater, and that we have 
ABCD : AEFD : : AB : AG. 



PI 



Conceive the line AB to be divided into ^ 
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EHO- B 



equal parts, each less than EG ; there will 
be at least one point of division between 
£ and 6. Let H be that point, and draw 
the pej pendicular HI. The bases AB, AH 
will be to each other in the ratio of two 
whole numbers, and by the preceding case 
we shall have 

ABCD : AHID : : AB : AH. 

But, by hypothesis, we have 

ABCD : AEFD : : AB : AG. 

In these two proportions the antecedents are equal ; theie« 
fore the consequents are proportional (Prop. IVry Cor., B. U.), 
and we have 

AHID : AEFD : : AH : AG. 

But AG is greater than AH ; therefore the rectangle 
AEFD is greater than AHID (Def. 2, B. II.) ; that is, a part is 
greater than the whole, which is absurd. Therefore ABCD 
can not be to AEFD as AB to a line greater than AE. 

In the same manner, it mav be shown that the fourth term 
of the proportion can not be less than AE ;, hence it must be 
AE, and we* have the proportion 

ABCD : AEFD : : AB : AE. 
Therefore, two rectangles, &c. 
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Any two rectangks are to each other as the products of their 
bases by their altitudes. 

Let ABCD, AEGF be two rectangles ; the ratio of the rec- 
tangle ABCD to the rectangle AEGF, is the same with the 
ratio of the product of AB by AD, to tha product of AE by 
AF ; that is, 

ABCD : AEGF : : AB X AD : AE x AF. 

Having placed the two rectangles so 
that the angles at A are veitical, pro- 
duce the sides GE, CD till they meet in 
H. The two rectangles ABCD, AEHD J 
have the same altitude AD ; they are, ^ 
therefore, as their bases AB, AE (Prop. 
III.). So, also, the rectangles AEHD, 
AEGF, having the same altitude AE, 
are to each other as their bases AD, AF 
two proportions 

ABCD : AEHD : : AB AE, 
AEHD : AEGF :: AD AF. 



G 




Thus, we have the 
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Hence (Prop. XL, Cor., B. II.), 

ABCD : AEGF : : ABxAD : AExAP. 

Scholium. Hence we may take as the measure of a rec- 
tangle the product of its base jpy its altitude; provided we un- 
derstand by it the product of two numbers, one of which is 
the number of linear units contained in the base, and the oth- 
er the number of linear units contained in the altitude. 



PROPOSITION V. THEOREM. 

The area of a parallelogram is equal to the product of its 
base by its altitude. 

Let ABCD be a. parallelogram, AF its ;5i p EC 

altitude, .and AB its base; then is its sur- 
face measured by the product of AB by 
AF. For, upon the base AB, construct a 
rectangle having the altitude AF ; the par- 
allelogram ABCD is equivalent to the rec- 



tangle ABEF (Prop. L, Cor.). But the rectangle ABEF is 
measured by AB X AF (Prop. IV., Schol.) ; therefore the area 
of the parallelogram ABCD is equal to AB X AF. 

Cor. Parallelograms of the same base are to each other as 
their altitudes, and parallelograms of the same altitude are 
to each other as their bases ; for magnitudes have the same 
ratio that their equimultiples have (Prop. VIIL, B. II.). 



PROPOSITION VI. THEOREM. 

The~ area of a triangle is equal to half the product of its 
base by its altitude. 

Let ABC be any triang.e, BC its base, and 
AD its altitude ; the area of the triangle ABC 
j measured by half the product of BC by AD. 

For, complete the parallelogram ABCE. 
The triangle ABC is naif of the parallelo- 
gram ABCE (Prop. II.) ; but the area of the 
-parallelogram is equal to BCxAD (Prop. V.) ; hence the 
area of the triangle is equal to one half of the product of 
BC by AD. Therefore, the area of a triangle, &c. 

Cor. 1. Triangles of the same altitude are to each other 
as their bases, and triangles of the same base are to each oth- 
er as their altitudes. 

Cor 2 Equivalent triangles, whose bases are equal, have 
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equal altituaes; and equivalent triangles, whose altitudes are 
equal, have equal bases. 



PROPOSITION VII. THEOREM. 

The area of a trapezoid is equal to half the product of its 
altitude by tlie sum of its parallel sides. 

Let ABCD be a trapezoid, DE its al- D c H 

litude, AB and CD its parallel sides ; 
*ts area is measured by half the product 
of DE, by the sum of its sides AB, CD. 




Bisect BC in F, and through F draw / ^ 

GH parallel to AD, and produce DC to a E G- B 

H. In the two triangles BFG, CFH, 
the side BF is equal to CF by construction, the vertical an- 
gles BFG, CFH are equal (Frop. V., B. I.), and the angle 
FCH is equal to the alternate angle FBG, because CH and 
BG are parallel (Prop. XXIIL, B. I.) ; therefore the triangle 
CFH is equal to the triangle BFG. Now, if from the whole 
6gure, ABFHD, we take away the triangle CFH, there will 
remain the trapezoid ABCD ; and if from the same figure, 
ABFHD, we take away the equal triangle BFG, there will 
••emain the parallelogram AGHD. Therefore the trapezoid 
ABCD is equivalent to the parallelogram AGHD, and is 
measured by the product of AG by DE. 

Also, because AG is equal to DH, and BG to CH, there- 
Tore the sum of AB and CD is equal to the sum of AG and 
DH, or twice AG. Hence AG is equal to half the sum of 
the parallel sides AB, CD ; therefore the area of the trape- 
zoid ABCD is equal to half the product of the altitude DE 
by the sum of the bases AB, CD. 

Cor. If through the point F, the middle of BC, we draw 
FK parallel to the base AB, the point K will also be the mid- 
dle of AD. For the figure AKFG is a parallelogram, as 
also DKFH, the opposite sides being parallel. Therefore 
AK is equal to FG, and DK to HF. But FG is equal to FH, 
since the triangles BFG, CFH are equal ; therefore AK is 
equal to DK. 

Now, since KF is equal to AG, the area of the trapezoid is 
equal to DE X KF. Hence the area of a trapezoid is equal to 
its altitude^multiplied by the line which joins the middle points 
of the sides whic/i are not paralleL 
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PROPOSITION VIII. THEOREM. 



I 



If a straight line is divided into any two parts, the square oj 
the whole line is equivalent to the squares of the two parts, to- 
gether with twice the rectangle contained by the parts. 

Let the straight line AB be divided into any two parts in 
C; the square- on AB is equivalent to the squares on AC 
CB, together with twice the rectangle contained by AC, CB ; 
that is, 

AB% or (AC+CB)'=ACHCB'+2ACxCB. 

Upon AB describe the square ABDE; j- h D 

take AF equal to AC, through F draw FG r I '' 

parallel to AB, and through C draw CH par- ^ -q. 

allel to AE. 

The square ABDE is divided into four 

parts : the first, ACIF, is the square on AC, 

since AF was taken equal to AC. The sec- -^ C B 

ond part, IGDH, is the square on CB ; for, because AB is 
equal to AE, and AC to AF, therefore BC is equal to EF 
(Axiom 3, B. L). But, because BCIG is a parallelogram, 
GI is equal to BC ; and because DEFG is a parallelogram, 
DG is equal to EF (Prop. XXIX., B. I.) ; therefore HIGD is 
equal to a square described on BC. If these two parts are 
taken from the entire square, there Ivill remain the two rect- 
angles BCIG, EFIH, each of which is measured by AC X 
CB ; therefore the whole square on AB is equivalent to the 
squares on AC and CB, together with twice the rectangle of 
AC xCB. Therefore^ if a straight line, &c. 

Cor. The square of any line is equivalent to four times the 
square of half that line. For, if AC is equal to CB, the four 
figures AI, CG, FH, ID become equal squares. 

Scholium. This proposition is expressed algebraicallv 
thus: 

{a+by=a'+2ab+b\ 



PROPOSITION IX. THEOREM. 

The square described on the difference of two lines, is equiv 
alent to the sum of the squares of the lines, diminished by twice 
the rectangle contained by the lines. 

Let AB, BC be anj two lines, and AC their difierence ; 
the square described on AC is equivalent to the sum of the 
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squares on AB and CB, diminished by twice the rectangle 
contained by AB, CB ; that is, 

AC», or (AB— BC)'=AB*+BC«— 2ABXBC. 

Upon AB describe the square ABKP ; ij f G K 

take AE equal to AC, through C draw 
CG parallel to BK, and through E draw 
HI parallel to AB, and complete the 
square EFLI. 

Because AB is equal to AF, and AC to 
AE ; therefore CB is equal to EF, and GK 
to LF. Therefore LG is equal to FK or AB ; and hence the 
two rectangles CBKG, GLID are each measured by AB x 
BC. If these rectangles are taken from the entire figure 
ABKLIE, which is equivalent to AB*+BC', there will evi- 
dently remain the square ACDE, Therefore, the square 
described, &c. 

Scholium. This proposition is expressed algebraically 
thus: 

(a_J)«=a»_2ai+y. 

Cor. (a+6)«-(a— 6)«=4aft. 



PROPOSITION X. THEOREM. 



The rectangle contained by the sum and difference of two 
lines, is equivalent to the difference of the squares of those lines 



Let AB, BC be any two lines ; the rectangle contained by 
the sum and difference of AB and BC, is equivalent to the 
difference of the squares on AB and BC ; that is, 
(AB+BC) X (AB— BC) = AB*— BC. 

Upon AB describe the square ABKF, -p G- K. 

and upon AC describe the square ACDE ; 
produce AB so that BI shall be equal to j^ 
BC, and complete the rectangle AILE. 

The base AI of the rectangle AILE is 
the sum of the two lines AB, BC, and its 
altitude AE is the difference of the same 
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lines ; therefore AILE is the rectangle contained by the sum 
and difference of the lines AB, BC. But this rectangle is 
composed of the two parts ABHE and BILH ; and the part 
BILH is equal to the rectangle EDGF, for BH is equal to^ 
DE, and BI is equal to EF. Therefore AILE is equivalent' 
to the figure ABHDGF. But ABHDGF is the excess of the 
square ABKF above the square DHKG, which is the square 
ofBC; therefore, 

^AB+BC) X (AB— BC) = AB'— BC. 
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Scholium. This proposition is expresssed algebraicallv 
thus : 

(a+b)x{a—b)==a'—b\ 



PROPOSITION XI. THEOREM. 



In any righUanghd triang^^ the square described on the hy^* 
pothenuse is equivalent to the sum of the squares on the othei 
two sides. 




Let ABC be a right-angled triangle, 
having the right angle BAG; the 
square described upon the side BC is 
equivalent to the sum of the squares' 
upon BA, AC. 

On BC describe the square BCED, 
and on BA, AC the squares B6, CH ; 
and through A draw AL parallel to 
BD, and join AD, FC. 

Then, because each of the angles 
BAC, BAG is a right angle, CA is in 
the same straight line with AG (Prop. III., B. I.). For the 
same reason, BA and AH are in the same straight line. 

..The angle ABD is composed of the angle ABC and the 
nght angle CBD. The angle FBC is composed of the same 
angle ABC and the right angle ABF; therefore the whole 
angle ABD is equal to the angle FBC. But AB is equal to 
BF, being sides of the same square ; and BD is equal to BC 
for the same reason ; therefore the triangles ABD, FBC have 
two sides and the included angle equal ; they are therefore 
equal (Prop. VI., B. I.). 

But the rectangle BDLK is double of the triangle ABD^ 
because they have the same base, BD, and the same altitude, 
BK (Prop. II., Cor. 1) ; and the square AF is double of the 
triangle FBC, for they have the same base, BF, and the same 
altitude, AB. Now the doubles of equals are equal to one 
another (Axiom 6, B. I.) ; therefore the rectangle BDLK is 
equivalent to the square AF. 

In the same manner, it may be demonstrated that the rec- 
tangle CELK is equivalent to the square AI ; therefore the 
whole square BCED, described on the hypothenuse, is equiv- 
alent to the two squares ABFG, ACIH, described on the two 
other sides ; that is, 

BC»=AB*-hAC'. 

Cor. 1. The square of one of the sides of a right-angled 
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triangle, is equivalent to the square of the hypothenuse, diroin- 
ished by the square of the other side ; that is, 
AB*=BC»— AC". 
Cor, 2. The square BCED, and the rectangle BKLD, hav- 
ing the same altitude, are to each other as their bases BC, 
BK (Prop. III.). But the rectangle BKLD is equivalent to 
The square AF; therefore, 

BC : AB' : : BC : BK. 
In the same manner, 

BC* : AC" : : BC : KC. 
Therefore (Prop. IV., Cor., B. II.), 

AB" : AC : : BK : KC. 
That is, in any right-angled triangle, if a line be drawn 
from the right angle perpendicular to the hypothenuse, the 
squares of the two sides are proportional to the adjacent seg- 
ments of the hypothenuse ; also, the square of the hypothenuse 
is to the square of either of the sides, as the hypothenuse is to 
the segment adjacent to that side. 

Cor. 3. Let ABCD be a square, and AC its 
diagonal ; the triangle ABC being right-angled 
and isosceles, we have 

AC»=AB'+BC'=2AB"; 
therefore the square described on the diagonal of a 
square, is double of the square described on a side. 
If we extract the square root of each mem- 
ber of this equation, we shall have 

AC=AB^2 ; or AC : AB : : ^2 : 1. 



PROPOSITION XII. THEOREM. 

In any triangle, the square of a side opposite an acute angle, 
is less than the squares of the base and of the other side, by 
twice the rectangle contained by the base, and the distance from 
the acute angle to the foot of the perpendicular let fall from the 
opposite angle. 

Let ABC be any triangle, and the angle at C one of its 
acute angles, and upon BC let fall the perpendicular AD from 
the opposite angle ; then will 

AB»=BC'+AC'— 2BC xCD. 

First. When the perpendicular falls with- ^ 

in the triangle ABC, we have BD=BC-CD, 
and therefore BD'=BC'+CD'— 2BCxCD 
(Prop. IX.). To each of these equals add 
AD"; then BD"+AD"=BC»+CD'f AD"— 
2BCxCD. But iL tne right-angled triangle b!^ 
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ABD, BD'*+AD'=AB" ; and in the triangle ADC, CD'-i- 
AD^=AC' (Prop. XL) ; therefore 

AB'=BC»+AC»— 2BC xCD. 

Secondly. When the perpendicular falls 
without the triangle ABC, we have BD= 
CD— BC, and therefore BD'=CD'+BC"— 
2CDxBC (Prop. IX.). To each of these 
equals add AD'' ; then BD'+AD'=CD'+AD' 
+BC»— 2CDxBC. But BD»+AD»=AB'' ; 
and CD'+AD^=AC' ; therefore 

AB'=BC»+AC*— 2BC xCD. 

Scholium. When the perpendicular AD falls upon AB, 
this proposition reduces to the same as Prop. XL, Cor. L 



PROPOSITION Xm. THEOREM. 

In obtuse-angled triangles, the square of the side opposite 
fee obtuse angle, is greater than the squares of the base and the 
ether side, by twice the rectangle contained by the base, and the 
distance from the obtuse angle to the foot of the perpendicular 
let fall from the opposite angle on the base produced. 

Let ABC be an obtuse-angled triangle, having the obtuse 
angle ABC, and from the point A let AD be drawn perpen- 
dicular to BC produced ; the square of AC is greater than 
the squares of AB, BC by twice the rectangle BCxBD. 

For CD is equal to BC+BD ; therefore Cfr 
=BCHBD»+2BCxBD (Prop. VIIL). To 
^•ach of these equals add AD* ; then CD'+ 
AD* = BC*+BD*+ AD-+2BC X BD. But AC* 
is equal to CD*+AD* (Prop. XL), and AB* is 
equal to BD*+AD*; therefore AC*=BC*+ 
AB*+2BC X BD. Therefore, in obtuse - an- 
gled triangles, &c. 

Scholium. The right-angled triangle is the only one in 
which the sum of the squares of two sides is equivalent to the 
square on the third side ; for, if the angle contained by the 
two sides is acute, the sum of their squares is greater than 
the square of the opposite side ; if obtuse, it is less. 



PROPOSITION XIV. THEOREM. 

In any triangle, if a straight line is drawn from the veriex 
to the middle of the base, the sum of the squares of the other two 
sides is equivalent to twice the square of the bisecting line, to- 
gether with twice the square of half the base. 

Let ABC bo a trang/e having a line AD drawn from th- 
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middle of the base to the opposite angle ; the squares of BA 
and AC are together double of the squares of AD and BP 

From A draw AE perpendicular to BC ; 
then, in the triangle ABD, by Prop. XIIL, 

AB«=AD"+DB"+2DB XDE ; 
and, in the triangle ADC, by Prop. XII., 
AC«= AD«+DC» — 2DC X DE. 
Hence, by adding these equals, and ob- 
serving that BD=DC, and therefore BD'= ^ ^ ^ 
DCS and DBxDE=DCxDE, we obtain 
AB»+AC»=2AD«+2DB». 
Therefore, in any triangle, &c. 



PROPOSITION XV. THEOREM. 

In every paraUelogram the squares of the sides are togetner 
equivalent to the squares of the diagonals. 

Let ABCD be a parallelogram, of which a ti 

the diagonals are AC and BD ; the sum of 
the squares of AC and BD is equivalent to 
the sum of the squares of AB, BC, CD, DA 



^ 

The diagonals AC and BD bisect each ^ ^ 

other in E (Prop. XXXII., B. I.) ; therefore, in the triangle 
ABD (Prop. XIV.), 

AB'-f AD«=2BE»+2AE» ; 
and, in the triangle BDC, 

CD''+BC»=2BE«+2EC\ 
Adding these equals, and observing that AE is equal to 
EC, we have 

AB"+BCHCD»+AD»=4BE»+4AE». 
But 4BE'=BD», and 4AE»=AC" (Prop. VIIL, Cor.) ; there- 
fore 

AB"+BC»+CD»+AD»=BD»+AC\ 
Therefore, in every parallelogram, &c. 



PROPOSITION XVI. THEOREM. 



If a straight line be drawn parallel to the base of a triangle^ 
It will cut the otiier sides proportionally ; and if the sides be 
cut proportionalh/j the cutting line will be parallel to the base 
of the triangle. 

Let DE be drawn parallel to BC, the base of the trianele 
ABC then will AD DB : : AE : EC. 
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Join BE and DC ; then the triangle BDE is 
equivalent to the triangle DEC, because they 
have the same ba^e, DE, and the same altitude, 
since their vertices B and C are in a line par- 
allel to the base (Prop. II., Cor. 2). 

The triangles ADE, BDE, whose common 
vertex is E, having the same altitude, are to 
each other as their bases AD, DB (Prop. VI., 
Cor. 1) ; hence 

ADE : BDE : : AD : DB. 

The triangles ADE, DEC, whose common vertex is D, 
having the same altitude, are to each other as their bases 
AE, EC ; therefore 

ADE : DEC : : AE : EC. 

But, since the triangle BDE is equivalent to the triangle 
DEC, therefore (Prop. IV., B. II.), 

AD : DB : : AE : EC. 

Conversely y let DE cut the sides AB, AC, so that AD : DB 
: : AE : EC ; then DE will be parallel to BC. 

For AD : DB : : ADE : BDE (Prop. VI., Cor. 1) ; and AE 
: EC : : ADE : DEC ; therefore (Prop. IV., B. II.), ADE : 
BDE : : ADE : DEC ; that is, the triangles BDE, DEC have 
the same ratio to the triangle ADE ; consequently, the trian- 
gles BDE, DEC are equivalent, and having the same base DE, 
their altitudes are equal ^Prop. VI., Cor. 2), that is, they are 
between the same parallels. Therefore, if a straight line, &c. 

Cor. 1. Since, by this proposition, AD : DB : : AE : EC ; 
by composition, AD+DB : AD : : AE+EC : AE (Prop. VI., 
B. II.), or AB : AD : : AC : AE ; also, AB : BD : : AC : EC. 

Cor. 2. If two lines be drawn parallel to the 
base of a triangle, they will divide the other sides 
proportionally. For, because FG is drawn 
parallel to BC, by the preceding proposition, 
AF : FB : : AG : GC. Also, by the last cor- 
ollary, because DE is parallel to FG, AF : DF 
. : AG : EG. Therefore DF : FB : : EG : GC 
(Prop. IV., Cor., B. II.). Also, AD : DF : : 
AE : EG. 

Cor. 3. If any number of lines be drawn parallel to the 
base of a triangle, the sides will be cut proportionally. 



PROPOSITION XVII, THEOREM. 

The line which bisects ike vertical angle of a triangle, di- 
vides the base into two segments, which are proportional to the 
cdjacent *ide^. 
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Let the angle BAG of the triangle ABC be bisected by th% 
straight line AD ; then will 

BD : DC : : BA : AC. 

Through the point B draw BE par- 
allel to DA, meeting CA produced in E. 
The triangle ABE is isosceles. For, 
since AD is parallel to EB, the angle 
ABE is equal to the alternate angle 
DAB (Prop. XXIIL, B. I.) ; and the exterior angle CAD is 
equal to the interior and opposite angle AEB. But, by hy- 
pothesis, the angle DAB is equal to the angle DAC ; there- 
fore the angle ABE is equal to AEB, and the side AE to the 
side AB (Prop. XL, B. I.). 

And because AD is drawn parallel to BE, the base of the 
triangle BCE (Prop. XVI.), 

BD : DC : : EA : AC. 

But AE is equal to AB, therefore 

BD : DC : : BA : AC. 

Therefore, the line, &c. 

Scholium, The line which bisects the exterior angle of a 
triangle, divides the base produced into segments, which are 
proportional to the adjacent sides. 

Let the line AD bisect the exterior 
angle C AE of the triangle ABC ; then 
BD : DC : : BA : AC. 

Through C draw CF parallel to 
AD ; then it may be proved, as in the 
preceding proposition, that the angle 
ACF is equal to the angle AFC, and AF equal to AC. And 
because FC is parallel to AD (Prop. XVL, Cor. 1), BD : DC 
: BA : AF. But AF is equal to AC ; therefore 
BD : DC : : BA : AC. 



PROPOSITION XVIII. THEOREM. 

Equiangular triangles have their homologous sides propor^ 
tionalj and are similar. 

Let ABC, DCE be two equiangular 
triangles, having the angle BAG equal to 
the angle GDE, and the angle ABC equal 
to the angle DCE, and, consequently, the 
angle ACB equal to the angle DEC ; then 
the homologous sides will be proportion- 
al, and we shall have 

BC : CE : : BA : CD : : AC 





BOOK IV. 71 

Place the triangle DCE so that the side CE may be con- 
tiguous to BC, and in the same straight line v/ith it ; and pro- 
duce the sides BA, ED till they meet in F. 

Because BCE is a straight line, and the angle ACB is 
equal to the angle DEC, AC is parallel to EF (Prop. XXII., 
B. I.). Again, because the angle ABC is equal to the angle 
DCE, the line AB is parallel to DC ; therefore the figure 
A CDF is a parallelogram, and, consequently, AF is equal to 
CD, and AC to FD (Prop. XXIX., B. I.). 

And because AC is parallel to FE, one of the sides of the 
triangle FBE, BC : CE : : BA : AF (Prop. XVI.) ; but AF is 
equal to CD ; therefore 

BC : CE : : BA : CD. 

Again, because CD is parallel to BF, BC : CE : : FD : DE 
But FD is equal to AC ; therefore 

BC : CE : : AC : DE. 

And, since these two proportions contain the same ratio 
BC : CE, we conclude (Prop. IV., B. II.) 
BA : CD : : AC : DE. 

Therefore the equiangular triangles ABC, DCE have then 
homologous sides proportional ; hence, by Def. 3, they are 
similar. 

Cor. Two triangles are similar when they have two an 
gles equal, each to each, for then the third angles must also 
be equal. 

Scholium, In similar triangles the homologous sides are 
opposite to the equal angles ; thus, the angle ACB being 
equal to the angle DEC, the side AB is homologous to DC, 
and so with the other sides. 



PROPOSITION XIX. THEOREM. 

Two triangles ichich have their homologous sides proportion" 
(i/, «?'e equiangular and similar. 

Let the triangles ABC, DEF 
have their sides proportional, so 
that BC : EF : : AB : DE : : AC 
: DF ; then will the triangles 
have their angles equal, viz. : 
the angle A equal to the angle 
D, B equal to E, and C equal to 

At the point E, in the straight G- 

line EF, make the angle FEG equal to B, and at tiie point i 
make the angle EFG equal to C ; the third angle G will be 
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equa. to the third angle A, and the v«eo triangles ABC» GEF 
will be equiangular (Prop. XXVIL, Cor. 2, B. I.) ; therefore 
by the preceding theorem, 

BC : EF : : AB : GE. 
But, by hypothesis, 

BC:EF::AB:DE; 
therefore GE is equal to DE. 
Also, by the precedingtheorem, 

BC:EF:: ACiGF; 
but, by hypothesis, 

BC:EF::AC:DF; 
conseouently, GF is equal to DF. Therefore the triangles 
GEF, DEF have their three sides equal, each to each ; hence 
their angles also are equal (Prop. XV., B. L). But, by con- 
struction, the triangle GEF is equiangular to the triangle 
ABC ; therefore, also, the triangles DEF, ABC are equiangu- 
lar and similar. Wherefore, two triangles, &c. 



PROPOSITION XX. THEOREM. 

Two triangks are similar^ when they have an angle of the 
one equal to an angle of the other^ and the sides containing 
those angles proportional. 

Let the triangles ABC, DEF have the angle A of the one, 
equal to the angle D of the other, and let AB : DE : : AC 
DF ; the triangle ABC is similar to the triangle DEF. 

Take AG equal to DE, also AH a 
equal to DF, and join GH. Then 
the triangles AGH, DEF are equal, 
since two sides and the included 
angle in the one, are respectively 
equal to two sides and the included 
angle in the other (Prop. VI., B. I.). 
But, by hypothesis, AB : DE : : AC 
: DF ; therefore 

AB: AG:: AC: AH; 
that is, the sides AB, AC, of the triangle ABC, are cut pro- 
portionally by the line GH ; therefore GH is parallel to BC 
(Prop. XVL). Hence (Prop. XXIII., B. I.) the angle AGH is 
equal to ABC, and the triangle AGH is similar to the trian- 
gle ABC. But the triangle DEF has been shown to be 
equal to the triangle AGH ; hence the triangle DEF is simi- 
lar to the triangle ABC. Therefore, two triangles, &c. 
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PS0P03ITI0N XXI. THEOREM* 

Two triangles are similar^ when they have their hornologoui 
Bides parallel or perpendicular to each other. 

Let the triangles ABC, ahc, DEF have their homologous 
sides parallel or perpendicular to each other ; the triangles 
are similar. 

First. Let the homologous 
sides be parallel to each other. 
If the side AB is parallel to 
a&, and BC to &c, the angle B 
is equal to. the angle b (Prop. 
XXVL, B. L) ; also, if AC is 
parallel to <zc, the angle C is 
equal to the angle c ; and hence 
the angle A. is equal to the \^ 
angle a. Therefore the trian- 
gles ABC, abc are equiangular, and consequently similar. 

Secondly. Let the homologous sides be perpendicular to 
each other. Let the side DE be perpendicular to AB, and 
the side DF to AC. Produce DE to I, and DF to H ; then, 
in the quadrilateral AIDH, the two angles I and H are right 
angles. But the four angles of a quadrilateral are together 
equal to four right angles (Prop. XXVIIL, Cor. 1, B. I.) ; 
therefore the two remaining angles lAH, IDH are together 
equal to two right angles. But the two angles EDF, IDH 
are together equal to two right angles (Prop. II., B. I.); 
therefore the angle EDF is equal to lAH or BAC. 

In the same manner, if the side EF is also perpendicular to 
BC, it may be proved that the angle DFE is equal to C, and, 
consequently, the angle DEF is equal to B ; hence the trian- 
gles ABC, DEF are equiangular and similar. Therefore, two 
triangles &c. 

Scholium. When the sides of the two triangles are paral- 
lel, the parallel sides are homologous ; but when the sides are 
perpendicular to each other, the perpendicular sides are ho- 
mologous. Thus DE is homologous to AB, DF to AC, and 
EF to BC 

D 
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PROPOSITION XXII. THEOREM. 

In a right-angled triangle^ if a perpendicular is drawn from 
Uie right angle to the hypothenvs^ , 

1st. The triangles on each side of the perpendicular are sim • 
liar to the whole triangle and to each other. 

2d. The perpendicular is a mean proportional between ih-^ 
segments of the hypothenuse. 

3d. Each of the sides is a mean proportional between the hy 
pothenuse and its segment adjacent to that side. 

Let ABC be a right-angled triangle, hav- 
ing the right angle BAG, and from the angle 
A let AD be drawn perpendicular to the 
hypothenuse BC. _ 

FHrst. The triaiigies ABD, ACD are sim- B 
ilar to the whole triangle ABC, and to each other. 

The triangles BAD, BAC have the common angle B, also 
the angle BAC equal to BDA, each of them being a right an- 
gle, and, therefore, the remaining angle ACB is equal to the 
remaining angle BAD (Prop. XXVIL, Cor. 2, B. I.) ; therefore 
the triangles ABC, ABD are equiangular and similar. Id 
like manner, it may be proved that the triangle ADC is equi 
angular and similar to the triangle ABC ; therefore the three 
triangles ABC, ABD, ACD are equiangular and similar to 
each other. 

Secondly. The perpendicular AD is a mean proportional be 
tween the segments BD, DC of the hypothenuse. For, since 
the triangle ABD is similar to the triangle ADC, their ho 
mologous sides are proportional (Def. 3), and we have 
BD : AD : : AD : DC. 

Thirdly. Each of the sides AB, AC is a mean proportional 
between the hypothenuse and the segment adjacent to thai 
side. For, since the triangle BAD is similar to the triangle 
BAC, we have 

BC : BA : : BA : BD. 

And, since the triangle ABC is similar to the triangle ACD 
we have 

; BC : CA : : CA : CD. 

Therefore, in a right-angled triangle, &c. 

Cor. If from a point A, in the circumfe- 
rence of a circle, two chords AB, AC are 
drawn to the extremities of the diameter 
BC, the triangle BAC will be right-angled 
at A (Prop. XV., Cor. 2, B. III.) ; therefore 





BOOK IV. 75 

the perpendicular AD is a mean proportipnal between BD 
and DC, the two segments of the diameter ; that is, 
AD^=BI)xDC. 



FHOFOSITION XXIII. THEOREM. 

Two tinangleSf having an angle in the one equal to an angle 
in the other, are to each other as the rectangles of the sides 
which contain the equal angles. 

Let the two triangles ABC, ADE have 
the angle A in common ; then will the trian- 
gle ABC be to the triangle ADE as the rect- 
angle AB X AC is to the rectangle AD X AE. 

Join BE. Then the two triangles ABE, 
ADE, having the common vertex E, have 
the same altitude, and are to each other as 
their bases AB, AD (Prop. VI., Cor. 1) ; 
therefore 

ABE : ADE : : AB : AD. 

Also, the two triangles ABC, ABE, having the common 
vertex B, have the same altitude, and are to each other a« 
their bases AC, AE ; therefore 

ABC : ABE : : AC : AE. 

Hence (Prop. XL, Cor., B. II.). 

ABC : ADE : : AB X AC : AD X AE. 

Therefore, two triangles, &c. 

Cor. 1. If the rectangles of the sides containing the equel 
angles are equivalent, the triangles will be equivalent. 

Cor. 2. Equiangular parallelograms are to each other as 
the rectangles of the sides which contain the equal angles. 



PROPOSITION XXIV. THEOREM. 

Similar triangles are to each other as the squares described 
on their homologous sides. 

Let ABC, DEF be two simi- 
lar triangles, having the angle A 
equal to D, the angle B equal to 
E, and C equal to F ; then the 

triangle ABC is to the triangle ^ ^ _ 

DEF as the square on BC is to B O E 

the square on EF. 

By similar triangles, we have (Def. 3) 
AB : DE : : BC : EF. 

\lsn, BC : EF : : BC : EF. 
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Multiplying together the corresponding terms of these pro- 
portions, we obtain (Prop. XI., B. IL)» 

AB XBC : DE XEF : : BC* : EP. 
But, by Prop. XXIII., 

ABC : DEF : : ABxBC : DExEF; 
hence (Prop. IV., B. II.) 

ABC : DEF : : BC* : EP. 
Therefore, similar triangles, &c. 



PROPOSITION XXV. THEOREM. 

Two similar polygons may be divided into the sam^ numbet 
of triangles^ similar each to eachf and similarly situated. 

Let ABCDE, FGHIK 
be two similar polygons ; 
they may be divided into Bj- 
the same number of sim- 
ilar triangles. Join AC, 
AD,FH,FI. A^ 

Because the polygon ^\y^ X 

ABCDE is similar to the K 

polygon FGHIK, the angle B is equal to the angle G (Del. 
3), and AB : BC : : FG : GH. And, because the triangles 
ABC, FGH have an angle in the one equci to an angle in 
the other, and the sides about these equal angles proportion- 
al, they are similar (Prop. XX.) ; therefore the angle BCA 
IS equal to the angle GHF. Also, because the polygons are 
similar, the whole angle BCD is equal (Def. 3) to the whole 
angle GHI ; therefore, the remaining angle ACD is equal to 
the remaining angle FHI. Now, because the triangles ABC 
FGH are similar, 

AC : FH : : BC : GH. 
And, because the polygons are similar (Def. 3), 

BC:GH::CD:HI; 
whence AC : FH : : CD : HI ; 

that is, the sides about the equal angles ACD, FHI are pro- 
portional ; therefore the triangle ACD is similar to the trian- 
gle FHI (Prop. XX.). For the same reason, the triangle 
ADE is similar to the triangle FIK; therefore the similar 
polygons ABCDE, FGHIK are divided into the same num- 
ber of triangles, which are similar, each to each, and similar- 
ly situated. 

Cor. Conversely, if two polygons are composed of the same 
number of triangles, similar and similarly situated, the poly* 
gons are similar. 
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For, because the triangles are similar, the angle ABC li 
equal to FGH ; and. because the angle BCA is equal to GHF, 
and ACD to FHI, therefore the angle BCD is equal to GHI 
For the same reason, the angle CDE is equal to HIK, and so 
on for the other angles. Therefore the two polygons are mu- 
tually equiangular. 

Moreover, the sides about the equal angles are proportion- 
al. For, because the triangles are similar, AB : FG : : BC : 
GH. Also,BC : GH : : AC : FH,andAC : FH : : CD : HI; 
hence BC : GH : : CD : HI. In the same maimer, it may be 
proved that CD : HI : ; DE : IK, and so on for the other 
sides. Therefore the two polygons are similar. 



PROPOSITION XXVI. THEOREM. 

The perimeters of similar polygons are to each other as theif 
homologous' sides; and their areas are as the squares qf. those 
sides. 

Let ABCDE, FGHIK 

be two similar polygons, 

and let AB be the side b^ 

homologous to FG ; then 

the perimeter of ABCDE 

is to the perimeter of A'^ 

FGHIK as AB is to FG ; "\X^ K 

and the area of ABCDE !E 

is to the area of FGHIK as AB' is to FG' 

First. Because the polygon ABCDE is similar to the pol- 
ygon FGHIK (Def. 3), 

AB : FG : : BC : GH : : CD : HI, &c.; 
therefore (Prop. IX., B. II.) the sum of the antecedents AB 
f BC4-CD, &c., which form the perimeter of the first figure, 
is to the sum of the consequents FG+GH+HI, &c., which 
form the perimeter of the second figure, as any one antece- 
dent is to its consequent, or as AB to FG. 

Secondly. Because the triangle ABC is similar to the tru 
angle FGH, the triangle ABC : triangle FGH : : AC» : FH" 
(Prop. XXIV.). 

And, because the triangle ACD is similar to the triangle 
FHI, 

ACD : FHI : : AC : FH'. 
Therefore the triangle ABC : triangle FGH : : triangle 
ACD : triangle FHI (Prop. IV., B. II.), In the same man- 
ner, it may be proved that 

ACD : FHI : : ADE : FIK. 
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Therefore, as the sum of the antecedents ABC+ACD-^ 
ADE, or the polygon ABODE, is to the sum of the conse- 
quents FGH+FHI+FIK, or the polygon FGHIK, so is any 
one antecedent, as ABC, to its consequent FGH ; or, as AB* 
to FG*. Therefore, similar polygons, &c. 



PROPOSITION XXTII. THEOREM. 

If two chords in a circle intersect each other^ the rectangle 
contained by the parts of the one^ is equal to the rectangle con* 
tained by the parts of the other. 

Let the two chords AB, CD in the circle 
ACBD, intersect each other in the point E ; 
the rectangle contained by AE, EB is equal 
to the rectangle contained by DE, EC. 

Join AC and BD. Then, in the triangles 
ACE', DBE, the angles at E are equal, be- 
mg vertical angles (Prop. V., B. I.) ; the 
angle A is equal to the angle D, being in- 
scribed in the same segment (Prop. XV., Cor. 1., B. III.) ; 
therefore the angle C is equal to the angle B. The triangles 
are consequently similar ; and hence (Prop. XVIII.) 

AE : DE : : EC : EB, 
or (Prop. L, B. IL), 

AExEB=DExEC. 
Therefore, if two chords, &c. 

Cor. The parts of two chords which intersect each other in 
it circle are reciprocally proportional; that is, AE : DE : : 
EC : EB. 




PROPOSITION XXVIII. THEOREM. 

If from a point without a circle^ a tangent and a secant he 
drawn, the square of the tangent will be equivalent to the rect 
angle contained by the whole secant and its external segment 

Let A be any point without the circle 
BCD, and let AB be a tangent, and AC a 
secant; then the square of AB is equiva- 
lent to the rectangle AD x AC. 

Join BD and BC. Then the triangles 
ABD and ABC are similar ; because they B 
have the angle A in common ; also, the 
angle ABD formed by a tangent and a 
chord is measured by half the arc BD 




BOOK IV. 79 

(Prop. XVI., B. III.) ; and the angle C is measured by half 
the same arC; therefore the angle ABD is equal to C, and the 
two triangles ABD, ABC are equiangular, and, consequently, 
similar ; therefore (Prop. XVIII.) 

AC : AB : : AB : AD ; 
whence (Prop. L, B. IL), 

AB'=ACxAD. 
Therefore, if from a point, &c. 

Cor. 1. If from a pomt without a circle, a tangent and a se- 
cant be drawn, the tangent will be a mean proportional be- 
tween the secant and its external segment. 

Cor. 2. If from a point without a circle, two secants be 
drawn, the rectangles contained by the whole secants and 
their external segments will be equivalent to each other ; foi 
each of these rectangles is equivalent to the square of the 
tangent from the same point. 

Cor. 3. If from a point without a circle, two secants be 
drawn, the whole secants will be reciprocally proportional to 
their external segments. 



PROPOSITION XXIX. THEOREM. 

If an angle of a triangle be bisected by a line which cuts tne 
base, the rectangle contained by the sides of tlie triangle, is 
equivalent to the rectangle contained by the segments of the 
base, together with the square of the bisecting line. 

Let ABC be a triangle, and let the an- 
gle BAC be bisected by the straight line 
AD; the rectangle BAxAC is equiva- 
lent to BD xDC together with the square ^f 
of AD. 

Describe the circle ACEB about the 
triangle, and produce AD to meet the cir- 
cumference in E, and join EC. Then, be- 
cause the angle BAD is equal to the an- -^ 

gle CAE, and the angle ABD to the angle AEC, for they are 
in the same segment (Prop. XV., Cor. 1, B. III.), the trian- 
gles ABD, AEC are mutually equiangular and similar ; there- 
fore (Prop. XVIII.) 

BA : AD : : EA : AC ; 
consequently (Prop. L, B. II.) , 

BAxAC=ADxAE. 

But AE=AD+DE ; and multiplying each of these equali 
by AD, we have (Prop. III.) ADxAE=AD''+ADxDE. 
But ADxDE=BDxDC (Prop. XXVIl.) ; hence 
BAxAC=BDxDC+AD\ 

Therefore, if an an^rle, &c. 





80 GEOMETHT. 



PROPOSITION XXX. THEOREM. 

The rectangle contained by the diagonals of a qtuzdrilaterat 
inscribed in a circle, is equivalent to the sum of the rectangles 
of the opposite sides. 

Let ABCD be any quadrilateral in- 
scribed in a circle, and let the diagonals 
AC, BD be drawn; the rectangle ACx 
BD is equivalent to the sum of the two 
rectangles ADxBC and ABxCD. 

Draw the straight line BE, making the 
angle ABE equal to the angle DBC. To 
each of these equals add the angI»«EBD ; 
then will the angle ABD be equal to the angle EBC. But 
the angle BDA is equal to the angle BCE, because they are 
both in the same segment (Prop. XV., Cor. 1, B. III.) ; hence 
the triangle ABD is equiangular and similar to the triangle 
EBC. Therefore we have 

AD : BD : : CE : BC ; 
and, consequently, ADxBC=BDxCE. 

Again, because the an^le ABE is equal to the angle DBC 
and the angle BAE to the angle BDC, being angles in the 
same segment, the triangle ABE is similar to the triangle 
DBC ; and hence 

AB: AE::BD:CD; 
consequently, AB X CD =BD X AE. 
Adding together these two results, we obtain 

AD X BC+ AB,x CD- BD X CE+BD x AE, 
which equals BD x (CE+ AE), or BD x AC. 

Therefore, the rectangle, &c. 



PROPOSITION XXXI. THEOREM. 

If from any angle of a triangle, a perpendicular be drawn 
to the opposite side or base, the rectangle contained by the sum 
and difference of tlie other two sides, is equivalent to the red-- 
angle contdin^d by the sum and difference of the segments of 
the base 

Let ABC be any triangle, and let AD be a perpendicular 
dravm from Ihe angle A on the base BC ; then 

(AC+AB) X (AC-AB) = (CD+DB) x (CD-DB). . 
From A as a center, with a radius equal to AB, the short* 
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cr of the two sides, describe a circumference BFE. Pro* 
duce AC to meet the circumference in E, and CB, if neces- 
sary, to meet it in F. 

Then, because AB is equal to AE or AG, CE=AC+AB, 
the sum of the sides ; and CG=AC— AB, the difference of the 
sides. Also, because BD is equal to DF (Prop. VI., B. III.) ; 
when the perpendicular falls withm the triangle,CF=CD— 
DF=CD— DB, the difference of the segments of the base. 
But when the perpendicular falls without the triangle, CF=» 
CD+DF=CD+DB, the sum of the segments of the base. 

Now in either case, the rectangle CExCG is equivalent 
to CBxCF (Prop. XXVIIL, Cor. 2) ; that is, 

(AC+AB)x(AC~AB)=(CD+DB)x(CD-"DB). 

Therefore, if from any angle, &c. 

Cor, If we reduce the preceding equation to a proportion 
(Prop. II., B. II.), we shall have 

BC : AC+AB : : AC-AB : CD-DB ; 
that is, the base of any triangle is to the sum of the two other 
sides, as the difference of the latter is to the difference of the 
segments of the base made by the perpendicular. 



PROPOSITION XXXII. THEOREM. 

Ttie diagonal and side of a square have no common measure. 

Let ABCD be a square, and AC its 
diagonal ; AC and AB have no common 
measure. 

In order to find the common measure, 
if there is one, we must apply CB to CA 
as often as it is contained in it. For this 
purpose, from the center C, with a radius 
CB, describe the semicircle EBF. We 
perceive that CB is coRtained once in AC, with a remainder 
AE, which remainder must be compared with BC or its 
equal AB. • 

Now, since the angle ABC is a right angle, AB is a tan- 
gent to be circumference ; and AE : AB : : AB : AF (** rop. 
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XXVIIL, Cor. 1). Instead, therefore, of 
comparing AE with AB, we may substi- 
tute the equal ratio of AB to AF. But 
AB is contained twice in AF, with a re- 
mainder AE, which must be again com- 
pared with AB. Instead, however, of 
comparing AE with AB, we may again 
employ the equal ratio of AB to AF. -^ 
Hence at each operation we are obliged to compare AB with 
AF, which leaves a remainder AE ; from which we see that 
the process will never terminate, and therefore there is no 
common measure between the diagonal and side of a square 
that is, there is no line which is contained an exact number 
of times in each of them. 
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BOOK V 

PROBLEMS 

Postulates, 

!• A straight line may be drawn from any one point to 
any other point. 

2. A terminated straight line may be produced to any 
length in a straight line. 

3. From the greater of two straight lines, a part may be 
cut off equal to the less. 

4. A circumference may be described from any center, and 
with any radius. 



PROBLEM L 



• To bisect a given straight line. 

Let AB be the given straight line 
which it is required to bisect. 

From the center A, with a radius great- 
er than the half of AB, describe an arc of 
a circle (Postulate 4) ; and from the cen- 
ter B, with the same radius, describe an- 
other arc intersecting the former in D and 
E. Through the points of intersection, draw the straight line 
DE (Post. 1) ; it will bisect AB in C. 

For, the two points D and E, being each equally distant 
from the extremities A and B, must both lie in the perpen- 
dicular, raised from the middle point of AB (Prop. avIII. 
Cor., B. I.). Therefore the line DE divides the line AB 
into two equal parts at the point C. 
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PROBLEM II. 



To drav) a perpendtculat to a straight line, from a given 
point in that line. 



>^ 



Let BC be the given straight line, and A 
the point given in it ; it is required to draw 
a straight line perpendicular to BC through 
the given point A. 

In the straight line BC take any point B, 
and make AC equal to AB (Post. 3). From | 
B as a center, with a radius greater than 
BA, describe an arc of a circle (Post. 4) ; and from C as a 
center, with the same radius, describe another arc intersect- 
ing the former in D. Draw AD (Post. 1), and it will be the 
perpendicular required. 

For, the points A and D, being equally distant from B and 
C, must be in a line perpendicular to the middle of BC (Prop. 
XVIIL, Cor., B. I.). Therefore AD has been drawn per- 
pendicular to BC from the point A. 

Scholium. The same construction serves to make a right 
angle BAD at a given point A, on a given line BC. 



PROBLEM III. 

To draw a perpendicular to a straight line, from a given 
point without it 

Let BD bo a straight line of unlimited 
length, and let A be a given point without 
it. It is required to draw a perpendicular 
to BD from the point A. 

Take any point E upon the other side 
of BD ; and from the center A, with the 
radius AE, describe the arc BD cutting 
the line BCD in the two points B and D. 
From the points B and D as centers, de- 
scribe two arcs, as in Prob. II., cutting each other in F. 
Join AF, and it will be the perpendicular required. 

For the two points A and F are each equally distant from 
the points B and D ; therefore the line AF has been drawn 
perpendicular to BD (Prop. XVIIL, Cor., B. I.), from the 
given point A. 





I 
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PROBLEM IV. 

At a given point in a straight line^ t€ make an angle cquat 
is a given angle. 

Let AB be the given straight 
line, A the given point in it, and 
C the given angle ; it is required 
to make an angle at the point A 
in the straight line AB, that shall 
be equal to the given angle C. 

With C as a center, and any radius, describe an arc DE 
terminating in the sides of the angle ; and from the point A 
as a center, with the same radius, describe the indefinite arc 
BF. Draw the chord DE ; and from B as a center, with a 
radius equal to DE, describe an arc cutting the arc BF in G. 
Draw AG, and the angle BAG will be equal to the given 
angle C. 

For the two arcs BG, DE are described with equal radii, 
and they have equal chords ; they are, therefore, equal (Prop. 
III., B. III.). But equal arcs subtend equal angles (Prop 
IV., B. III.) ; and hence the angle A has been made equal to 
the given angle C. 



PROBLEM V. 

To bisect a given arc or angle. 

First. Let ADB be the given arc which 
it is required to bisect. 

Draw the chord AB, and from the center > 

C draw CD perpendicular to AB (Prob. / 

III.) ; it will bisect the arc ADB (Prop. / 
VL, B. III.), because CD is a radius per- -A^r^^ 
pendicular to a chord. •" 

Secondly. Let ACB be an angle which it is- required to bi- 
sect. From C as a center, with any radius, describe an arc 
AB ; and, by the first case, draw the line CD bisecting the 
arc ADB. The line CD will also bisect the angle ACB. For 
the angles ACD, BCD are equal, being subtended by the 
equal arcs AD, DB (Prop. IV., B. III.). 

Scholium. By the same construction, each of the halvef 
AD, DB may be bisected ; aad thus by successive bisections 
an arc or angle may be divide 1 into four equal parts, intc 
elp^ht, sixteen, &c. 
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PROBLEM VI. 



Through a given pointy to draw a straight line parallel te 
a given line. 

Let A be the given point, and BC the jj DC 

given straight line ; it is required to draw 7=^ 

through the point A, a straight line paral- y^ 
lei to BC. 



In BC take any point D, and join AD. 
Then at the point A, in the straight line AD, make the angle 
DAE equal to the angle ADB (Prob. IV.). 

Now, because the straight line AD, which meets the two 
straight lines BC, AE, makes the alternate angles ADB, DAE 
equal to each other, AE is parallel to BC (Prop. XXII., B. 
L). Therefore the straight line AE has been drawn through 
the pomt A, parallel to the given line BC. 



PROBLEM VII. 

Two angles of a triangle being given, to find the third angle. 

The three angles of every triangle are to- j) 
gether equal to two right angles (Prop. 
XXVIL, B. I.). Therefore, draw the in- 
definite line ABC. At the point B make 

the angle ABD equal to one of the given A B c 

angles (Prob. IV.), and the angle DBE equal to the other 
given angle ; then will the angle EBC be equal to the third 
angle of the triangle. For the three angles ABD, DBE, 
EBC are together equal to two right angles (Prop. II., B 
I.), which is the sum of all the angles of the triangle. 

PROBLEM VIIL 

Criven two sides and the included angle of a triangle^ to conr 
struct the triangle. 

Draw the straight line BC equal to one 
of the given sides. At the point B make 
the angle ABC equal to the given angle 
(Prob. IV.) ; and take AB eciual to the other 
criven side. Join AC. aad ABC will he the 
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triangle required. For its sides AB, BC are made equal to 
the given sides, and the included angle B is made equal to 
tlie given angle. 



PROBLEM IX. 

Given one side and two angles of a triangle, to construct the 
triangle. 

The two given angles will either be both adjacent to the 
given side, or one adjacent and the other opposite. In the 
latter case, find the third angle (Prob. VII.) ; and then the 
two adjacent angles will be known. 

Draw the straight line AB equal to the 

iven side ; at the point A make the angle 

>AC equal to one of the adjacent angles; 
and at the point B make the angle ABD 
equal to the other adjacent angle. The two 
lines AC, BD will cut each other in E, and 
ABE will be the triangle required ; for its side AB is equal 
to the given side, and two of its angles are equal to the given 
angles. 



PROBLEM X. 

Given the three sides of a triangle, tq construct the triangle 

Draw the straight line BC equal to one of 
the given sides. From the point B as a cen- 
ter, with a radius equal to one of the other 
sides, describe an arc of a circle;* and from 
the point C as a center, with a radius equal 
to the third side, describe another arc cutting 
the former in A. Draw AB, AC ; then will ^ 
ABC be the triangle required, because its three sides are 
equal to the three given straight lines. 

Scholium. If one of the given lines was greater than the 
sum of the other two, the arcs would not intersect each other, 
and the problem would be impossible ; but the solution will 
always be possible when the sum of any two sides is greater 
than the third. 
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PROBLEM XI. 




Given two sides of a triangle, and an angle opposite one qf 
them, to construct the triangle. 

Draw an indefinite straight line 
BC. At the point B make the angle 
ABC equal to the given angle, and 
make BA equal to that side which is 
adjacent to the given angle. Then 
from A as a center, with a radius ^ 
equal to the other side, describe an arc cutting BC in the 
points E and F. Join AE, AF. If the points E and F both 
fall on the same side of the angle B, each of the triangles 
ABE, ABF will satisfy the given conditions ; but if they fall 
upon different sides of B, only one of them, as ABF, will 
satisfy the conditions, and therefore this will be the triangle 
required. 

If the points E and F coincide with one another, which 
will happen when AEB is a right angle, there will be only 
one triangle ABD, which is the triangle required. ^ 

Scholium, If the side opposite the given angle were less 
than the perpendicular let fall from A upon BC, the problem 
would be impossible. 



PROBLEM XIL 

Given two adjacent sides of a parallelogram, and the in^ 
eluded angle, to construct the parallelogram. 

Draw the straight line AB equal to 
one of the given sides. At the point A 
make the angle BAC equal to the 
given angle; and take AC equal to 
the other given side. From the point 
as a center, with a radius equal to 




AB, describe an arc ; and from the point B as a center, with 
a radius equal to AC, describe another arc intersecting the 
former in D. Draw BD, CD ; then will ABDC be the paral" 
lelogram required. 

For, by construction, the opposite sides are equal ; there- 
^oie the figure is a parallelogram (Prop. XXX., B. I.), and it 
s formed with the given sides and the given angle 
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Cor. If the given angle is a rig at angle, the figure will be 
a rectangle ; and if, at tibe same time, the sides are equal, it 
will be a square. 



PROBLEM xm. 
To find the center of a given circle or arc. 

Let ABC be the given circle or arc ; 
it is required to find *ts center. 

Take any three points in the arc, as 
A B, C, and join AB, BC. Bisect AB 
in D (Prob. I.), and through D draw DF 
perpendicular to AB (Prob. IL). In the 

same manner, draw EF perpendicular to 

BC at its middle point. The perpen- B 

diculars DF, EF will meet in a point F equally distant from 
the points A, B, and C (Prop. VII., B. III.) ; and therefore F is 
the center of the circle. 

Scholium. By the same construction, a circumference may 
be made to pass through three given points A, B, C ; and 
also, a circle may be described about a triangle. 



PROBLEM XIV. 

Through a given point, to draw a tangent to a given circle 

First. Let the given point A be 
without the circle BDE ; it is re- 
quired to dr^w a tangent to the cir- 
cle through the point A. 

Find the center of the circle C, and 

f'oin AC, Bisect AC in D ; and with 
) as a center, and a radius equal to 
AD, describe a circumference intersecting the given circurn 
ference in B. Draw AB, and it will be the tangent required. 
Draw the radius CB. The angle ABC, being inscribed in 
a semicircle is a right angle (Prop. XV., Cor. 2, B. III.). 
Hence the line AB is a perpendicular at the extremity of the 
radius CB ; it is, therefore, a tangent to the circumference 
(Prop IX., B. III.). 

Secondly. If the given point is in the circumference of the 
circle, as the point B, draw the radius BC, and make BA 
perpendicular to BC. BA will be the tangent required 
(Prop. IX., B, III.). 
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Scholium. When the point A lies without the circle, two 
tangents may always be drawn; for the circumference whose 
center is D intersects the given circumference in two points. 



PROBLEM X.V. 

To inscribe a circle in a given triangle. 

Let ABC be the given triangle ; it is 
required to inscribe a circle in it. 

Bisect the angles B and C by the 
lines BD, CD, meeting each other in 
the^ point D, From the point of inter- 
section, let fall the perpendiculars DE, 
DF, DG on the three sides of the tri- 
angle ; these perpendiculars will all be 

equal. For, by construction, the angle B F C 

EBD is equal to the angle FBD ; the right angle DEB is 
equal to the right angle DFB ; hence the third angle BDE 
is equal to the third angle BDF (Prop. XXVIL, Cor. 2, B. 
I.). Moreover, the side BD is common to the two triangles 
BDE, BDF, and the angles adjacent to the common side are 
equal ; therefore the two triangles are equal, and DE is equal 
to DF. For the same reason, DG is equal to DF. There- 
fore the three straight lines DE, DF, DG are equal to each 
other; and if a circumference be described from the center 
D, with a radius equal to DE, it will pass through the ex- 
tremities of the lines DF, DG. It will also touch the straight 
lines AB, BC, CA, because the angles at the points E, F, G 
are right angles (Prop. IX., B. III.). Therefore the circle 
EFG is inscribed in the triangle ABC (Def. 11, B. III.) 

Scholium. The three lines which bisect the angles of a 
triangle, all meet in the same point, viz., the center of the in 
scribed circle. 



PROBLEM XVL 

upon a given straight line^ to describe a segment of a ctrclt 
which shall contain a given angle. 

Let AB be the given straight Ime, upon which it is re- 
quired to describe a segment of a circle containing a given 
tingle. 

At the point A, in the straight line AB, make the angle 
i AD equal to the given angle ; and from the point A draw 
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AC perpendicular to AD. Bisect AB in E, and from E 
draw EC perpendicular to AB. From the point C, where 
these perpendiculars meet, with a radius equal to AC, de 
scribe a circle. Then will AGB be the segment required. 

For, since AD is a perpendicular at the extremity of the 
radius AC, it is a tangent (Prop. IX., B. III.) ; and the angle 
BAD is measured by half the arc AFB (Prop. XVI., B. III.). 
Also, the angle AGB, being an inscribed angle, is measured 
by half the same arc AFB ; hence the angle AGB is equal to 
the angle BAD, which, by construction, is equal to the given 
angle. Therefore all the angles inscribed in the segment 
AGB are equal to the given angle. 

Scholium, If the given angle was a right angle, the re- 
quired segment would be a semicircle, described on AB as a 
diameter. 



PROBLEM xvri. 

To divide a given straight line into any number of equal 
parts, or into parts proportional to given lines. 

First. Let AB be the given straight 
line which it is proposed to divide into 
any number of equal parts, as, for ex- 
ample, five. 

From the point A draw the indefinite 

straight line AC, making any angle 

with AB. In AC take any point I), A. E j> 

and set oflf AD five times upon AC. Join BC, and draw DE 
parallel to it ; then is AE the fifth part of AB. 

For, since ED is parallel to BC, AE : AB : : AD : AC 
(Prop. XVI., B. IV.). But AD is the fifth part of AC ; 
therefore AE is the fifth part of AB. 

Secondly. Let AB be the given straight line, and.AC a di- 
vided line ; it is required to divide AB similarly to AC. Sup- 
pose AC to be divided in the points D and E. Place AB, 
AC so as to contain any. angle ; join BC, and through the 
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points D, E draw DF, EG parallel to BC. 
The line AB wil. be divided into parts 
proportional to those of AC. 

For, because DF and EG are both par- 
allel to CB, we have AD : AF : : DE : FG 
: EC : GB (Prop. XVI., Cor. 2, B. IV.). 
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PROBLEM XVIII. 

To find a fourth proportional to three given lines. 

From any point A draw two straight 
lines AD, AE, containing any angle 
DAE; and make AB, BD, AC respect- 
ively equal to the proposed lines. Join 
B, C ; and through D draw DE parallel 
to BC ; then will CE be the fourth pro- 
portional required. 

For, because BC is parallel to DE, we have 

AB : BD : : Ac : CE (Prop. XVI., B. IV.). 

Cor. In the same manner may be found a third propor- 
tional to two given lines A and B ; for this will be the same 
as a fourth proportional to the three line^ A, B, B. 




PROBLEM XIX. 



To find n mean proportional between two given lines. 



Let AB, BC be the two given straight 
lines ; it is required to find a me& pro- 
portional between them. 

Place AB, BC in a straight line ; upon 
AC describe the semicircle ADC; and 
from the point B draw BD r.x.i.T.^r.,qi/.nioir A 



to AC. Then will BD be the mean proportional required. 

For the perpendicular BD, let fall from a point in the cir- 
cumference upon the diameter, is a mean proportional be- 
tween the two segments of the dianieter AB, BC (Prop. 
XXII., Cor., B. I V.) ; and these segments are equal to tha 
wo given lines. 





BOOK y. 93 



PEOBLEM XX. 

To divide a given line into two parts, such that the greater 
part may be a mean proportional between the whole line and 
the other part. 

Let AB be the given straight line ; 
it is required to divide it into two 
parts at the point F, such that AB : 
AF : : AF : FB. 

At the extremity of the line AB, 
erect the perpendicular BC, and make 
it equal to the half of AB. From C ^ 
as a center, with a radius equal to CB, describe a circle. 
Draw AC cutting the circumference in D ; and make AF 
equal to AD. The line AB will be divided in the point F in 
the manner required. 

For, since AB is a perpendicular to the radius CB at its ex- 
tremity, it is a tangent (Prop. IX., B. III.) ; and if we pro- 
duce AC to E, we shall have AE : AB : : AB : AD (Prop. 
KXVIIL, B. IV.). Therefore, by division (Prop. VII., B. 
II.), AE— AB : AB : : AB— AD : AD. But, by construction, 
AB is equal to DE ; and therefore AE— AB is equal to AD 
or AF ; and AB— AD is equal to FB. Hence AF : AB : • 
FB : AD or AF ; and, consequently, by inversion (Prop, V 
B. II.), 

AB : AF : : AF : FB. 

Scholium, The line AB is said to oe divided in exttisme 
and mean ratio. An example of its use may be seen in Prop. 
v.. Book VI. 



PROBLEM XXI. 

Through a given point in a given angle, to draw a straight 
line so that the parts included between the point and the sides 
of the angle,may be equal. 

Let A be the given point, and BCD the 
given angle ; it is required to draw through 
A a line BD, so that BA may be equal to 
AD. 

Through the point A draw AE parallel to 
BC ; and take DE equal to CE. Through 
the points D and A draw the line BAD ; it 
will be the line required. 
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For, because AE is parallel to BC we have (Prop. XVI 

B. IV.), 

DE : EC : : DA : AB. 

But DE is equal to EC ; therefore DA is equal to AB. 



PROBLEM XXII. 

To describe a square that shall he equivalent to a given 
parallelogram^ or to a given triangle. 

First, Let ABDC be the given paral- 
Felogram, AB its base, and CE its altitude. 
Find a mean proportional between AB and 
CE (Prob. XIX.), and represent it by X ; 
tbe square described on X will be equiva- 
lent to the given parallelogram ABDC. 

For, by construction, AB : X : : X : CE ; hence X" is equal 
to AB X CE (Prop. I., Cor., B. II.). But AB X CE is the 
measure of the parallelogram ; and X' is the measure of the 
square. Therefore the square described on X is equivaleni 
to the given parallelogram ABDC. 

Secondly. Let ABC be the given triangle, a 

BC its base, and AD its altitude. Find a 
mean proportional between BC and the half 
of AD, and represent it by Y. Then will 
the square described on Y be equivalent to 
the triangle ABC. S 

For, by constructipn, BC : Y : : Y : ^ AD ; hence Y* is 
equivalent to BC X ^ AD. But BC X i AD is the measure of 
the triangle ABC; therefore the square described on Y is 
equivalent to the triangle ABC. 
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PROBLEM XXIIL 

Upon a given line^ to construct a rectangle equivalent to a 
given rectangle. 

Let AB be the given straight 
line, and CDFE the given rect- 
angle. It is required to con- 
struct on the line AB a rectan- 
gle equivalent to CDFE. 

Find a fourth proportional 
(Prob. XVIII.) to the three lines AB, CD, CE, and let AG 
be that fourth proportional. The rectangle constrnrited on 
ihe lines AB, AG will be equivalent to CDFE. 
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For, because AB : CD : : CE : AG, by Prop. L, B. IL, 
ABxAG=CDxCE. Therefore the rectangle ABHG is 
equivalent to the rectangle CDFE; and it is constructed 
upon the given line AB. 



PROBLEM XXIV. 

To construct a triangle which shall he equivalent to a given 
polygon. 

Let ABCDE be the given polygon ; it 
is required to construct a triangle equiva- 
'ent to it. 

Draw the diagonal BD cutting off the e< 
triangle BCD. Through the point C, 
drav^ CF parallel to DB, meeting AB 
produced in F. Join DF ; and the poly- 
gon AFDE will be equivalent to the polygon ABCDE. 

For the triangles BFD, BCD, being upon the same base 
BD, and between the same parallels BD, FC, are equivalent. 
To each of these equals, add the polygon ABDE ; then will 
the polygon AFDE be equivalent to the polygon ABCDE ; 
that is, we have found a polygon equivalent to the given 
polygon, and having the number of its sides diminished by 
one. 

In the same manner, a polygon may be found equivalent 
to AFDE, and having the number of its sides diminished by 
one; and, by continuing the process*; the number of sides 
may be at last reduced to three, and a triangle be thus obtain 
ed equivalent to the given polygon. 



PROBLEM XXV. 

To make a square equivalent to the sum or diffe'^'cnce of two 
^tven squares. 

First. To make a square equivalent to the sum of two 
given squares. Draw two mdefinite lines jC 

AB, BC at right angles to each other. Take 
AB equal to the side of one of the given 
squares, and BC equal to the side of the ^ 
other. Join AC ; it will be the side of the A. 
required square. 

For the triangle ABC, being right-angled at B, th« square 
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on AC will be equivalent to the sum of the squares upon AB 
and BC (Prop. XL, B. IV.). 

Secondly. To make a square equivalent to the difference 
of two given squares. Draw the lines AB, BC at right an 
gles to each other ; and take AB equal to the side of the less 
square. Then from A as a center, with a radius equal to the 
side of the other square, describe an arc intersecting BC in 
C ; BC will be the side of the square required ; because the 
square of BC is equivalent to the difference of the squares of 
AC and AB (Prop. XL, Cor. 1, B. IV.). 

Scholium. In the same manner, a square may be made 
equivalent to the sum of three or more given squares ; for 
the same' construction which reduces two of them to one 
will reduce three of them to two, and these two to one. 



PROBLEM XXVI. 

Upon a given straight line^ to construct a polygon simibt 
to a given polygon. 

L«i ABCDE be the giv- 
en polygon, and FG be 
the given straight line ; it E. 
«s required upon the line 
FG to construct a poly- 
gon similar to ABCDE. 

Draw the diagonals BD, 
BE. At the point. F, in 
the straight line FG, make the angle GFK equal to the angle 
BAE ; and at the point G make the angle FGK equal to the 
angle ABE. The lines FK, GK will intersect in K, and 
FGK will be a triangle similar to ABE. In the same man- 
ner, on GK construct the triangle GKI similar to BED, and 
on GI construct the triangle GIH similar to BDC. The 
polygon FGHIK will be the polygon required. For these 
two polygons are composed of the same number of triangles, 
which are similar to each other, and similarly situated ; there- 
fore the polygons are similar (Prop. XXV,, Cor., B. IV.) 



PROBLEM XXVir. 

Given the area of a rectangle^ and the sum of two adjacent 
hides, to construct the rectangle. 

Let AB be a straight line equal to the sum of the sides oi 
the required rectangle. 
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Upon AB as a diameter, describe 
semicircle. At the point A erect the 
perpendicular AC, and make it equal to 
the side of a square having the given 
area. Through C draw the line CD par- A KB 

allel to AB, and let it meet the circumference in D; and 
from D drawv DE perpendicular to AB. Ihen will AE and 
EB be the sides of the rectangle required. 

For, by Prop. XXIL, Cor., B. IV., the rectangle AExEB 
is equivalent to the square of DE or CA, which is, by con- 
struction, equivalent to the given area. Also, the sum of the 
sides AE and EB is equal to the given line AB. 

Scholium. The side of the square having th^ given area, 
must not be greater than the half of AB ; for in that case the 
line CD would not meet the circumference ADB. 



PROBLEM XXVIII. 



Given the area of a rectangle^ and the difference of two ad- 
jacent sides, to construct the rectangle. 

Let AB be a straight line equal to the 
difference of the sides of the required rect- 
angle. 

Upon AB as a diameter, describe a cir- 
cle ; and at the extremity of the diameter, A - 
draw the tangent AC equal to the side of 
a square having the given area. Through 
the point C and the center F draw the 
secant CE ; then will CD, CE be the adjacent sides of the 
rectangle required. 

For, by Prop. XXVIII., B. IV., the rectangle CDxCE is 
equivalent to the square of AC, which is, by construction, 
equivalent to the given area. Also, the difference of the lines 
CE, CD is equal to DE or AB. 

E 
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BOOK VI. 

REGULAR POLYGONS, AND THE AREA OF THE CIRCLE. 
Definition. 

A regular polygon is one which is both equiangular ana 
equilateral. 

An equilateral triangle is a regular polygon of three sides ; 
a square is one of four. 

PROPOSITION I. THEOREM. 

Regular polygons of the same number of sides are similar 
figures. 

Let ABCDEF, ahcdef be 
two regular polygons of the 
same number of sides ; then 
will they be similar figures. 

For, since the two polygons 
have the same number of 
sides, they must have the 
same number of angles. Moreover, the sum of the angles of 
the one polygon is equal to the sum of the angles of the other 
(Prop. XXVlIL, B.^ I.) ; and since the polygons are each 
equiangular, it follows that the angle A is the same part of 
the sum of the angles A, B, C, D, E, F, that the angle a is 
of the sum of the angles a, 6, c, d^ e,/. Therefore the two 
angles A and a are equal to each other. The same is true 
of the angles B and 6, C and c, &c. 

Moreover, since the polygons are regular, the sides AB, 
BC, CD, &c., are equal to each other (Def.) ; so, also, are the 
sides a&, 6c, erf, &c. Therefore AB : a6 : : BC : tc : : CD : erf, 
&c. Hence the two polygons have their angles equal, and 
their homologous sides proportional ; they are consequently 
similar (Def. 3, B. IV.). Therefore, regular polygons, &c. 

Cor, The perimeters of two regular polygons ot the same 
aumber of sides, are to each other as their homologous sides, 
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»nd their areas are us the squares of those sides (Prop. 
XXVL, B. IV.). 

Scholium^ The angles of a regular polygon are de^er 
mined by the number of its sides. 



PROPOSITION II. THEOBEM. 

A circle may be described about any regular polygon^ ana 
another may be inscribed within it. 

Let ABCDEF be any regular polygon ; 
a circle may be described about it, and 
another may be inscribed within it. 

Bisect the angles FAB, ABC by the 
straight lines AO, BO ; and from the point 
O in which they meet, draw the lines OC, 
OD, OE, OF to the other angles of the 
polygon. 

Then, because in the triangles OBA, OBC, AB is, by 
hypothesis, equal to BC, BO is common to the two triangles, 
and the included angles OBA, OBC are, by construction, 
equal to each other ; therefore the angle OAB is equal to the 
mgle OCB. But OAB is, by construction, the half of FAB ; 
ind FAB is, by hypothesis, equal to DCB ; therefore OCB is 
the half of DuB ; that is, the angle BCD is bisected by the 
line OC. In the same manner it may be proved that the an 
gles CDE, DEF, EFA are bisected by the straight lines OD, 
OE, OF. 

Now because the angles OAB, OBA, being halves of equal 
angles, are equal to each other, OA is equal to OB (Prop. 
XL, B. L). For the same reason, OC, OD, OE, OF are each 
of them equal to OA. Therefore a circumference described 
from* the center O, with a radius equal to OA, will pass 
through each. of the points B, C, D, E, F, and be described 
about the polygon. 

Secondly. A circle may be inscribed within the polygon 
ABCDEF. For the sides AB, BC, CD, &c., are equa 
chords of the same circle ; hence they are equally distant 
from the center O (Prop. VIII., B. III.) ; that is, the perpen- 
diculars OG, OH, &c., are all equal to each other. There- 
fore, if from O as a center, with a radius 06, a circumference 
be described, it will touch the side BC (Prop. IX., B. III.), 
and each of the other sides of the polygon ; hence the circle 
will be inscribed within the polygon. Therefone a circle 
may be described, &c. 

Scholium 1. In regular poly (jons, the (center of the inscribed 
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and circumscribed circles, is also called the center of the poly* 
gon; and the perpendicular from the center upon one of the 
sides, that is, the radius of the inscribed circle, is called the 
apothem of the polygon. 

Since all the chords AB, BC, &c., are equal, the angles at 
the center, AOB, BOC, &c., are equal ; and the value of each 
may be found by dividing four right angles by the number 
of sides of the polygon. 

Scholium 2. To inscribe a regular polygon of any number 
of sides in a circle, it is only necessary to divide the circum- 
ference into the same number of equal parts ; for, if the 
arcs are equal, the chords AB, BC, CD, &c., will be equal. 
Hence the triangles AOB, BOC, COD, &c., will also be 
equal, because they are mutually equilateral ; therefore all 
the angles ABC, BCD, CDE, &c., will be equal, and the 
figure ABCDEF will be a regular polygon. 



PROPOSITION III. PROBLEM. 

To inscribe a square in a given circle. 

Let ABCD be the given circle ; it is re- 
quired to inscribe a square in it. 

Draw two diameters AC, BD at right 
angles to each other ; and join AB, BC, 
CD, DA. Because the angles AEB, BEC, 
&c., are equal, the chords AB, BC, &c., 
are also equal. And because the angles 
ABC, BCD, &c., are inscribed in semicir- 
cles, they are right angles (Prop. XV., Cor. 2, B. III.). 
Therefore ABCD is a square, and it is inscribed in the circle 
ABCD. 

Cor. Since the triangle AEB is right-angled and isosceles, 
we have the proportion, AB : AE : : ^2 : 1 (Prop. XL, Cor. 
3, B. IV.) ; therefore the side of the inscribed square is to the 
^adiuSf as the square root of 2 is to unity. 



PROPOSITION IV. THEOREM. 

The side of a regular hexagon is equal to the radius of thu 
circumscribed circle. 

Let ABCDEF be a regular hexagon inscribed in a circle 
whose center is ; then any side as AB will be equal to tha 
^r^dius AG. 
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Draw the radius BO, Then the angle 
\.0B is the sixth part of four right angles 
(Prop. II., Sch. 1), or the third part of two 
right angles. Also, because the three an- 
gles of every triangle are equal to two 
right angles, the two angles OAB, OBA 

are together equal to two thirds of two S^^- -^ 

right angles ; and since AO is equal to BO, each of these an- 
gles is one third of two right angles. Hence the triangle 
AOB is equiangular, and AB is equal to AO. Therefore the 
side of a regular hexagon, &c. 

Cor. To inscribe a regular hexagon in a given circle, the 
radius must be applied six times upon the circumference. 
By joining the alternate angles A, C, E, an equilateral trian- 
gle will be inscribed in the circle. 



PROPOSITION V. PROBLEM. 

To inscribe a regular decagon in a given circle. 

Let ABF be the given circle ; it is re- 
qtdred to inscribe in it a regular decagon. 

Take<3 the center of the circle; draw 
the radius AC, and divide it in extreme 
and mean ratio (Prob. XX., B. V.) at 
the point D. Make the chord AB equal 
to CD the greater segment; then vnll 
AB be the side of a regular decagon in- 
scribed in the circle. 

Join BC, BD. Then, by construction, A B 

AC : CD : : CD : AD ; but AB is equal to CD; therefore 
AC : AB : : AB : AD. Hence the triangles ACB, ABD 
have a common angle A included between proportional 
sides ; they are therefore similar (Prop. XX., B. IV.) And 
because the triangle ACB is isosceles, the triangle ABD must 
also be isosceles, and AB is equal to BD. But AB was made 
equal to CD ; hence BD is equal to CD, and the angle DBC 
is equal to the angle DCB. Therefore the exterior angle 
ADB, which is equal to the sum of DCB and DBC, must be 
double of DCB. But the angle ADB is equal tc DAB; there- 
fore each of the angles CAB, CBA is double of the angle 
ACB. Hence the sum of the three angles of the triangle 
ACB is five times the angle C. But these three angles are 
equal to two right angles (Prop. XXVIL, B. I.) ; therefore 
the angle C is the fifth part of two right angles, or the tenth 
part of four right angles. Hence the arc AB is one tenth ' f 
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the circumference, and the chord AB is the side of a regular 
decagon inscribed in the circle. 

Cor, 1. By joining the alternate angles of the regular dec- 
agon, a regular pentagon may be inscribed in the circle. 

Cor. 2. By combining this Proposition with the preceding 
a regular pentedecagon may be inscribed in a circle. 

For, let AE be the side of a regular hexagon ; then the arc 
AE will be one sixth of the whole circumference, and the arc 
AB one tenth of the whole circumference. Hence the arc 
BE will be |— yV <>r tV» ^^^ ^^^ chord of this arc will be the 
side of a regular pentedecagon. 

Scholium. By bisecting the arcs subtended by the sides of 
any polygon, another polygon of double the number of sides 
may be inscribed in a circle. Hence the square will enable 
us to inscribe regular polygons of 8, 16, 32, &c., sides; the 
hexagon will enable us to inscribe polygons of 12, 24, &c., 
sides ; the decagon will enable us to inscribe polygons of 
20, 40, &c., sides ; and the pentedecagon, polygons of 30, 60, 
&c., sides. 

The ancient geometricians were unacquainted with any 
method of inscribing in a circle, regular polygons of 7, 9, 11, 
13, 14, 17, &c., sides; and for a long time it was believed 
that these polygons could not be constructed geometrically ; 
but Gauss, a 6erman mathematician, has shown that a regu 
lar polygon of 17 sides may be inscribed in a circle, l)y em- 
Dloying straight lines and circles only. 



PROPOSITION VI. PROBLEM. 

A regular polygon inscribed- in a circle being given, to de 
scribe a similar polygon about the circle. 

Let ABCDEF be a regular polygon 
inscribed in the circle ABD ; it is re- 
quired to describe a similar polygon 
about the circle. 

Bisect the arc AB in G, and through 
G draw the ta;ngent LM. Bisect also 
the arc BC in H, and through H draw 
the tangent MN, and in the same man- 
ner draw tangents to the middle points 
of the arcs CD, DE, &c. These tangents, by their intersec- 
tions, will form a circumscribed polygon similar to the one 
inscribed. 

Find O the center of the circle, and draw the radii OG 
OH. Then, because OG is perpendicular to the tangent LM 
(Prop. IX., B. IIL), and also to the chord AB (Prop. VI 
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Sch., B. III.), the tangent is parallel to the chord (Prop. XX., 
B. L). In the same manner it may be proved that the other 
sides of the circumscribed polygon are parallel to the sides 
of the. inscribed polygon ; and therefore the angles of the 
circumscribed polygon are equal to those of the inscribed one 
(Prop. XXVL, B. I.). 

Since the arcs B6, BH are halves of the equal arcs AGB, 
BHC, they are equal to each other ; that is, the vertex B is 
at the middle point of the arc GBH. Join OM ; the line OM 
will pass through the point B. For the right-angled trian- 
gles OM H, 0M6 have the hypothenuse OM common, and 
the side OH equal to 06 ; therefore the angle COM is equal 
to the angle HOM (Prop. XIX., B. I.), and the line OM passes 
through the point B, the middle of the arc GBH. 

Now because the triangle OAB is similar to the triangle 
OLM, and the triangle OBC to the triangle OMN, we have 
the proportions 

AB:LM::BO:MO; 
also, BC :MN::BO:MO; 

therefore (Prop. IV., B. II.). 

AB : LM : : BC : MN. 

But AB is equal to BC ; therefore LM is equal to MN. In 
the same manner, it may be proved that the other sides of the 
circumscribed polygon are equal to each other. Hence this 
polygon is regular, and similar to the one inscribed. 

Cor. 1. Conversely, if the circumscribed polygon is given, 
and it is required to form the similar inscribed one, draw the 
lines OL, OM, ON, &c., to the angles of the polygon ; these 
lines will meet the circumference in the points A, B, C, &c. 
Join these points by the lines AB, BC, CD, &c., and a similar 
polygon will be inscribed in the circle. 

Or we may simply join the points of contact G, H, I, &c., 
by the chords GH, HI, &c., and there will be formed an in 
scribed polygon similar to the circumscribed one. 

Cor. 2. Hence we can circumscribe about a circle, any 
regular polygon which can be inscribed within it, and con- 
versely. 

Cor. 3. A side of the circumscribed polygon MN is equal 
to twice MH, or MG+MH. 



PROPOSITION VII. THEOREM. 

The area of a regular polygon is equivahnt to the product 
Qf its perimeter^ by half the radius of the inscribed circle. 

Let ABCDEF be a regular polygon, and G the center o1 
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the inscribed circle. From G draw 

lines to all the angles of the polygon. 

The polygon will thus be divided into 

as many trian£[les as it has sides ; and 

the common altitude of these triangles 

is 6H, the radius of the circle. Now, 

the area of the triangle BGC is equal to 

the product of BC by the half of GH 

(Prop. VI., B. IV.); and so of all the 

other triangles having their vertices in G. Hence the sum 

of all the triangles, that is, the surface of the polygon, is 

equivalent to the product of the sum of the bases AB, BC, 

&c. ; that is, the perimeter of the polygon, multiplied by half 

of GH, or half the radius of the inscribed circle. Therefore, 

the area of a regular polygon, &c. 





PROPOSITION VIII. THEOREM. 

The perimeters of two regular polygons of the same numhet 
of sides J are as the radii of the inscribed or circumscribed cir- 
cleSf and their surfaces are as the squares of the radii. 

Let ABCDEF, abcdef be 
two regular polygons of the 
same number of sides ; let G 
and g be the centers of the 
circumscribed circles; and 
let GH, gh be drawn per- 
pendicular to BC and be; "B -""^C 
then will the perimeters of the polygons be as the radii BG, 
bg ; and, also, as GH, gh^ the radii of the inscribed circles. 

The angle BGC is equal to the angle bgc (Prop. II., Sch. 
1) ; and since the triangles BGC, bgc are isosceles, they are 
similar. So, also, are the right-angled triangles BGH, bgh ; 
and, consequently, BC : 6c : : BG ibg i\ GH : gh. Biit the 

Serimeters of the two polygons are to each other as the sides 
C, be (Prop. I., Cor.) ; they are, therefore, to eadh other as 
the radii BG, bg of the circumscribed circles; and also as the 
radii GH, gh of the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides BC, he (Prop. I., Cor.) ; they 
are, therefore, as the squares of BG, bg, the radii of the cir 
cumscribed circles ; or as the squares of GH, gh, the radii of 
the inscribed circles. 
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PROPOSITION IX. PROBIEM. 

The surface of a regular inscribed polygon^ and that of a 
nmilar circumscribed polygon,being given; to find the surfaces 
of regular inscribed and circumscribed polygons having double 
the number of sides. 

Let AB be a side of the given in 
scribed polygon ; EF parallel to AB, a ^ 
side of the similar circumscribed poly- 
gon; and C the center of the circle. 
Draw the chord AG, and it will be the 
side of the inscribed polygon having 
double the number of sides. At the 
points A and B draw tangents, meeting 
EP in the points H and I; then will 
HI, which is double of H6, be a side of 
the similar circumscribed polygon (Prop. VI., Cor. 1). Let 
p represent the inscribed polygon whose side is AB, P the 
corresponding circumscribed polygon ; p' the inscribed poly 
gon having double the number of sides, P' the similar cir- 
cumscribed polygon. Then it is plain that the space CAD is 
the same part otp, that CEG is of P ; also, CAG of pf^ and 
CAHG of P' ; for each of these spaces must be repeated the 
same number of times, to complete the polygons to which they 
severally belong. 

First The triangles ACD, ACG, whose common vertex is 
A, are to each other as their bases CD, CG ; they are also to 
each other as the polygons j» and|?'; hence 
p:pf :: CD: CG. 

Again, the triangles CGA, CGE, whose common vertex is 
G are to each other as their bases CA, CE ; they are also to 
each other as the polygons j»' and P ; hence 
pf :T?::CA:CE. 

But since AD is parallel to EG, we have CD : CG : : CA 
CE; therefore, 

p pf : :p' :V; 
that is, the polygon p' is a mean proportional between the 
two given polygons. 

Secondly. The triangles CGH, CHE, having the common 
altitude CG, are to each other as their bas^s GH, HE. But 
since CH bisects the angle GCE, we have (Prop. XVII, B. 
IV.), 

GH : HE : : CG : CE : : CD : CA, or CG :p: pi. 
Therefore, CGH : CHE -.'.p-.p'; 
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hen^e (Prop. VL, B. II.) 

CGH : CGH + CHE, or CGE i.pip +pU 
or 2CGH : CGE : : 2p : p-Vf. 

But 2CGH, or CGHA : CGE : : P' : P. 

2pP 



Therefpre, P' : P : : 2p : p+p^ ; whence P'-- . . , 

that IS, the polygon P' is found by dividing twice the product oj 
the two given polygons by the sum of the two inscribed polygons 
Hence, by means of the polygons p and P, it is easy to find 
the polygons p' and P' having double the number of sides. 



PEOPOSITION X. THEOREM. 

A circle being given, two similar polygons can always be 
found, the one described about the circle, and tlie other inscribed 
in it, which shall differ from each other by less than any as- 
ngnable surface. 

Let ACD be the given circle, and the square of X any 
given surface; a polygon can be inscribed in the circle 
ACD, and a similar polygon be described about it, such 
that the difference between them shall be less than the 
square of X. 

Bisect AC a fourth part of the circumference, then bisect 
the half of this fourth, and so continue the bisection, until an 
arc is found whose chord AB is less than X. As -this arc 
must be contained a certain number of times exactly in the 
whole circumference, if we apply chords AB, BC, &e., each 
equal to AB, the last will terminate at A, and a regular 
polygon ABCD, &c., will be inscribed in the circle. 

ISText describe a similar polygon about the circle (Prop. 
VI.) ; the difference of these two polygons will be less than 
the square of X. 

Find the center G, and draw the 
diameter AD. Let ETP be a side 
of the circumscribed polygon ; and 
join EG, FG. These lines will pass 
through the points A and B, as was 
shown in Prop. VL Draw GH to 
the point of contact H ; it will bisect 
AB in I, and be perpendicular to it 
(Prop. VL, Sch., B. III.). Join, also, 
BD. 

Let P represent the circumscribed polygon, and p the in- 
scribed polygon. Then, because the polygons are similar, 
they are as the squares of the homologous sides EF and AB 
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rProp. XXVL, B. IV.) ; that is, because the triangles EFG 
ABG are similar, as the square of EG to the square of AG 
.hat is, of HG. 

Again, the tr. angles EHG, ABD, having their sides paral 
ael to each other, are similar ; and, therefore, 

EG : HG : : AD : BD. 
But the polygon P is to the polygon p as the square of EG 
to the square of HG ; 
hence P : o : : AD' : BD' 

and, by division, P : P--p : : AD' : AD'~BD% or AB'. 
But the square of AD is greater than a regular pd ygon of 
eight sides described about the circle, because it contains 
that polygon ; and for the same reason, the polygon of eight 
sides is greater than the polygon of sixteen, and so on. 
Therefore P is less than the square of AD ; and, consequent- 
ly (Def. 2, B. II.), P— p is less than the square of AB ; that is, 
less than the given square on X. Hence, the difference of 
the two polygons is less than the given surface. 

Cor. Since the circle can not be less than any inscribed 
polygon, nor greater than any circumscribed one, it follows 
that a polygon may be inscribed in a circle^ and another de- 
scribed about it, each of which shall differ from the circle by 
less than any assignable surface. 



PROPOSITION XI. PROBLEM. 

To find the area of a circle whose radius is unity. 

If the radius of a circle be unity, the diameter will be rep 
resented by 2, and the area of the circumscribed square wiL 
be 4; while that of the inscribed square, being half the cir- 
cumscribed, is 2. Now, according to Prop. IX., the surface 
of the inscribed octagon, is a mean proportional between the 
two squares p and P, so that ;}'=v^8= 2.82843. Also, the 

2oP 16 

circumscribed octagon P'=-^=:r -=3.31371. Hav- 

^ p+pf 2-fv/8 

ing thus obtained the inscribed and circumscribed octagons, 
we may in the same way determine the polygons having 
twice the number cf si(Jes. We. must put j»= 2.82843, and 
P = 3.31371,. and we shall have j»'=\/^= 3.06147 ; and 

p/=.?PL=3.18260. These polygons of ie sides will furnish 

p+P 
us those of 32 ; and thus we may j oceed, until there is no 
difference between the inscribed and Tcum scribed polygons, 
at least for anv number of decimal p ^r»es which may be de- 
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■ired. The following table gives the results of this computa 
tion for five decimal places : 



Number of Sides. 


Inscribed Polygon. 


Circnmscribed Polygon 


4 


2.00000 


4.00000 


8 


2.82843 


3.31371 


.16 


3.06147 


3.18260 


32 


3.12145 


3.15172 


64 


3.13655 


3.14412 


128 


3.14033 


3.14222 


266 


3.14128 


3.14175 


512 


3.14151 


3.14168 


1024 


3.14157 


3.14160 


2048 


3.14159 


3.14159 



Now as the inscribed polygon can not be greater than the 
circle, and the circumscribed polygon can not be less than 
the circle, it is plain that 3.1415U must express the area of a 
circle, whose radius is unity, correct to five decimal places. 

After three bisections of a quadrant of a circle, we obtain 
the inscribed polygon of 32 sides, which difiers from the cor- 
responding circumscribed polygon, only in the second decimal 
place. After five bisections, we obtain polygons of 128 sides, 
which difier only in the third decimal place ; after nine bisec- 
tions, they agree to five decimal places, but differ in the sixth 
place ; after eighteen bisections, they agree to ten decimal 
places ; and thus, by continually bisecting the arcs .subtended 
by the sides of the polygon, new polygons are formed, both 
inscribed and circumscribed, which agree to a greater num- 
ber of decimal places. Vieta, by means of inscribed and cir- 
cumscribed polygons, carried the approximation to ten places 
of figures ; Van Ceulen carried it to 3& places ; Sh qjp com- 

Buted the area to 72 places ; De Lagny to 128 places ; and 
>r. Clausen has carried the computation to 250 places of de- 
cimals. 

,By continuing this process of bisection, the difierence be- 
tween the inscribed and circumscribed polygons may be 
made less than anv quantity we can assign, however small. 
The number of sid.es of such a polygon will be indefinitely 
great ; and hence a regular polygon of an infinite number of 
sides, is said to be ultimately equal to the circle. Henceforth, 
we shall therefore regard the circle as i\ regular polygon of 
an infinite number of sides. 
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PROPOSITION XII. THEOBEM. 

Tlie area of a circle is equal to the product of its circum* 
ference by half the radius. 

Let ABE be a circle whose center is C 
and radius CA; the area of the circle is 
^qual to the product of its circumference by 
half of C A. 

Inscribe in the Circle any regular polygon, 
and from the center draw CD perpendicular 
to one of the sides. The area of the poly- ^____^_^ 
gon will be equal to its perimeter multiplied ^ ^ 

by half of CD (Prop. VII.). Conceive the number of sides 
of the polygon to be indefinitely increased, by continually 
bisecting the arcs subtended by the sides; its perimeter 
will ultimately coincide with the circumference of the circle 
the perpendicular CD will become equal to the radius CA 
and the area of the polygon to the area of the circle (Prop 
XL). Consequently, the area of the circle is equal to tb«^ 
prodact of its circumference by half the radius. 

Cor, The area of a sector is equal to the product of its arc 
by half its radius. 

For the sector ACB is to the whole circle 
ABD, as the arc AEB is to the whole cir- 
cumference ABD (Prop. XIV., Cor. 2, B. 
III.) ; or, since magnitudes have the same 
ratio which their equimultiples have (Prop. 
VIII., B. II.), as the arc AEB X.| AC is to the 

circumference ABD X ^ AC. But this last ex- X. ,-'' 

pression is equal to the area of the circle; 5 

therefore the area of the sector ACB is equal to the product 
of its arc AEB by half of AC. 



PROPOSITION XIII. THEOREM. 

The circumferences of circles are to each other as their radih 
and their areas are as the squares of their radii. 

Let R and r denote the radii of two circles ; C and c their 
circumferences ; A and a their areas ; then we shall have 

C : c : : R : r, 
and A : a : : R' : r" 

Inscribe within the cirfcles, two regular polygons having 
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the same number of sides. Now whatever be tne number 
of sides of the polygons, their perimeters will be to each other 
as the radii of the circumscribed circles (Prop. VIIL). Con- 
ceive the arcs subtended by the sides of the polygons to be 
continually bisected, until the number of sides of the polygons 
becomes indefinitely great, the perimeters of the polygons will 
ultimately become equal to the circumferences of the circles, 
and we shall have 

C : c : ; R : r. 

Again, the areas of the polygons are to each other as the 
squares of the radii of the circumscribed circles (Prop. VIIL). 
But when the number of sides of the polygons is indefinitely 
increased, the areas of the polygons become equal to the 
jireas of the circles, and we shall have 
A : a : : R' : r^ 

Cor. 1. Similar arcs are to each other as their radii; and 
similar sectors are as the squares of their radii. 

For since the arcs AB, ah are . 

similar, the angle C is equal to the <"" ^ a. -^5 

angle c (Def. 5, B. IV.). But the 
angle C is to four right angles, as 
\he arc AB is to the whole circum- 
ference described with the radius 
AC (Prop. XIV., B. III.) ; and the ^ 

angle c is to four, right angles, as the arc ah is to the circum- 
ference described with the radius ac. Therefore the arcs 

AB, ah are to each other as the circumferences of which they 
form a part. But these circumferences are to each other as 

AC, ac ; therefore. 

Arc AB : arc ah : : AC : ac. 
For the same reason, the sectors ACB, ach are as the en 
tire circles to which they belong ; and these are as the squares 
of their radii ; therefore, 

Sector ACB : sector ach : : AC* : ac'. 
Cor. 2. Let n represent the circumference of a circle whose 
diameter is unity ; also, let D represent the diameter, R the 
radius, and C the circumference of any other circle ; then, 
since the circumferences of circles are to each other as theii 
diameters, 

1 : TT : : 2R : C ; 
therefore, C = 27rR = ttD ; 

that is, the circumference of a circle is equal to the product of 
its diameter hy the constant number n. 

Cor. 3. According to Prop. XIL, the area of a circle is 
equal to the product of its circumference by half the ra^^ius 
If we put A to represent the area of a circle, then 
A=CX^R-27rRx|R=-7rR»; 
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liiat is, the area of a circle is equal to the product of the square 
of its radius by the constant number n. 

Cor, 4. When R is equal to unity, we have A=7r; that is, 
TT is equal to the area of a circle whose radius is unity. Ac- 
cording to Prop. XL, TT is therefore equal to 3.14159 nearly 
This numbei is represented by tt, because it is the first letter 
of the Greek word which signifies circumference. 
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SOLID GEOMETRY. 

BOOK VII. 

PLANES AND SOLID ANGLES 
Definitions. 

1. A STRAIGHT line is perpendicular to a 
plane, when it is perpendicular to every 
straight line which it meets in that plane. 

Conversely, the plane in this case is per 
pendicular to the line. 

The foot of the perpendicular, is the 
point in which it meets the plane. 

2. A line is parallel to a plane, when it can not meet the 
plane, though produced ever so far. 

Conversely, the plane in this case is parallel to the line. 

3. Two planes are parallel to each other, when they can 
not meet, though produced ever so far. 

4. The angle contained by two planes which cut each othdVi 
IS the angle contained by two lines drawn 
from any point in the line of their common 
section, at right angles to that line, one in 
each of the planes. 

This angle may be acute, right, or obtuse. 
If it is a right angle, the two planes are 
perpendicular to each other. 

5. A solid angle is the angular space con- 
tained by more than two planes which meet at 
the same point. 




PROPOSITION I. THEOREM 



One part of a straight line can not be in a plane, and anothet 
part without it 

For from the definition of a plane (Def. 6, B. I.), wlJ\^n a 
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Straight line has two points common with a plane it lies 
wholly in that plane. 

Scholium, To discover whether a surface is plane, we ap- 
ply a straight line in different directions to this surface, and 
«ee if it touches throughout its whole extent. 



PBOPOSITION II. THEOREM. 

Any two straight lines which cut each other^ are in one plane^ 
and determine its position. 

Let the two straight lines AB, BC cut 
each other in B; then will AB, BC be in 
the same plane. 

Conceive a plane to pass through the 
straight line BC, and let this plane be turned 
about BC, until it pass through the point A. ^ 
Then, because the points A and B are situated in this plane^ 
the straight line AB lies in it (Def 6, B. I.). Hence the posi- 
tion of the plane is determined by the condition of its con- 
taining the two lines AB, BC. Therefore, any two straight 
lines, &c. 

Co7\ 1. A triangle ABC, or three points A, B, C, not in the 
same straight line, determine the position of a plane. 

Cor, 2. Two parallel lines AB, CD v 

determine the position of a plane. For j^ >P ^ 

if the line EF be drawn, the plane of \ 

the two straight lines AE, EF will be C ^>^^ ^D 

the same as that of the parallels AB, ^ 

CD ; and it has already been proved that two straight linfes 

which cut each other, determine the position of a plane. 



PROPOSITION III. THEOREM. 

If two planes cut each other^ their common section is a 
niraight line. 

Let the two planes AB, CD cut each 
other, and let E. F be two points in their 
common section. From E to F draw the 
straight line EF. Then, since the points E 
and F are in the plane AB, the straight line 
EF which joins them, must lie wholly in 
that plane (Def. 6, B. I.). For the same 
reason, EF must lie wholly in the plane 
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CD. Therefore the straight line EF is common to the two 
planes AB, CD ; that is, it is their common section. Hence, 
if two planes, &c. 



PROPOSITION IV. THEOREM. 

If a straight line be perpendicular to each of two straight 
lines at their point of intersection^ it will he perpendicular to 
the plane in which these lines are. 

Let the straight line AB be perpen- 
dicular to each of the straight lines 
CD, EF which intersect at B ; AB wUl 
also be perpendicular to the plane MN m^ 
which passes through these lines. 

Through B draw any line BG, in the 
plane MN ; let G be any point of this 
Jine, and through G draw DGF, so that 
DG shall be equal to GF (Prob. XXL, 
B. v.). Join AD, AG, and AF. 

Then, since the base DF of the triangle DBF is bisected 
in G, we shall have (Prop. XIV., B. IV.), 

BD'+BF'=2BG"+2GF^ 
Also, in the triangle DAF, 

AD»+AF'=2AG'+2GF. 
Subtracting the first equation from the second, we have 

AD'-BD»+AF»— BF»=2AG''-2BG». 
But, because ABD is a right-angled triangle, 

AD'-BD'=AB»; 
ahd, because ABF is a right-angled triangle, 

AF^-BF^=AB». 
Therefore, substituting these values in the former equation, 

AB^+AB''=2AG'-2BG'' ; 
whence AB»=AG*-BGS 

or AG»=AB»+BG». 

Wherefore ABG is a right angle (Prop. XIII., Sch., B. IV.) • 
that is, AB is perpendicular to the straight line BG. In lik© 
manner, it may be proved that AB is perpendicular to any 
other straifr^-* Mne passing through B in the plane MN; hence 
it is perpewtficular to the plane MN (Def 1). Therefore, if 
a straight line, &c. 

Scholium. Hence it appears not only that a straight line 
may he perpendicular to every straight line which passes 
through its foot in a plane, but that it always mv^t he so 
whenever it is perpendicular to two lines in the plane, wh^oh 
shows that the first definition involves no impossibility. 
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Cor. 1. The perpendicular AB is shorter than any oblique 
vine AD ; it therefore measures the true distance of the point 
A from the plane MN. 

Cor. 2. Through a given point B in a plane, only one per- 

Eendicular can be drawn to this plane. For, if there could 
e two perpendiculars, suppose a plane to pass through them, 
whose intersection with the plane MN is BG ; then these 
two perpendiculars would both be at right angles to the line 
BG, at the same point and in the same plane, which is im- 
possible (Prop. XVI., Cor., B. I.). 

It is also impossible, from a given point without a plsfRe, to 
let fall two perpendiculars upon the plane. For, suppose AB, 
AG to be two such perpendiculars; then the triangle ABG 
will have two right angles, which is impossible (Prop. XXVII., 
Cor. 3, B. I.). 



PROPOSITION V. THEOREM. 

Oblique lines drawn from a point to a plane^ at equal dis- 
tances from the perpendicular, are equal ; and of two oblique 
lines unequally distant from the perpendicular, the more remote 
is the longer. 

Let the straight line AB be 
drawn perpendicular to the plane 
MN; and let AC, AD, AE be ob- ^^^_ 
lique lines drawn from the point A, ^ 
equally distant from the perpendic- 
ular ; also, let AF be more remote 
from the perpendicular than AE; 
then will the lines AC, AD, AE all 
be equal to each other, and AF be 
longer than AE. 

For, since the angles ABC, ABD, ABE are right angles 
and BC, BD, BE are equal, the triangles ABC, ABD, ABE 
have two sides and the included angle equal ; therefore the 
third sides AC, AD, AE are equal to each other. 

So, also, since the distance BF* is greater than BE, it is 
plain that the oblique line AF is longer than AE (Prop. XVII., 
B. I.). 

Cor. All the equal oblique lines AC, AD, AE, &c., termi- 
nate in the circumference CDE, which is described from B, 
the foot of the perpendicular, as a center. 

If, then, it is required to draw a straight line perpendiculai 
to the plane MN, from a point A without it, take three points 
m the plane C, D, E, equally distant from A, and find B the 
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center of the circle which passes througn these points. Join 
A.B, and it will be the perpendicular required. 

Scholium. The angle AEB is called the inclination of the 
line AE to the plane MN. All 'the lines AC, AD, AE.'^&c., 
which are equally distant from the perpendicular, have the 
same inclination to the plane ; because all the angles ACB, 
ADB, AEB, &c., are equal. 



PROPOSITION VI. THEOREM. 

If a straight live is perpendicular to a plane, every plan£ 
which passes through that line, is perpendicular to the first- 
mentioned plane. 

Let the straight line AB be perpen- 
dicular to the plane MN; then will 
every plane which passes through AB 
be perpendicular to the plane MN. 

Suppose any plane, as AE, to pass 
through AB, and let EF be the common 
section of the planes AE, MN. In the 
plane MN, through the point B, draw 
CD perpendicular to the common sec- 
tion EF. Then, since the line AB is perpendicular to the 
plane MN, it must be perpendicular to each of the two 
straight lines CD, EF (Def. 1). But the angle ABD, formed 
by the two perpendiculars BA, BD, to the common section 
EF, measures the angle of the two planes AE, MN (Def. 4) ; 
and since this is a right angle, the two planes must be per- 
pendicular to each other. Therefore, if a straight line, &c. 

Scholium. When three straight lines, as AB, CD, EF, are 
perpendicular to each other, each of these lines is perpen- 
dicular to the plane of the other two, and the three planes 
are perpendicular to each other. 



PROPOSITION VII THEOREM. 

If two planes are perpendicular to each other, a straight line 
drawn in one of them perpendicular to their common section^ 
Willie perpendicular to the other plane. 
I 

Let the plane AE be perpendicular to the plane MN, and 
let the line AB be drawn in the plane AE perpendicular to 
the common section EF ; then will AB be perpendicular to 
the plane MN. 
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For in the plane MN, draw CD 
tnrough the point B perpendicular to 
EF. Then, because the planes AE and 
MN are perpendicular, the angle ABD 3j ___ ||| 
is a right angle. Hence the line AB is \ Oil 
perpendicular to the two straight lines 
CD, EF at their point of intersection ; 
it is consequently perpendicular to their 
plane MN (Prop. IV.). Therefore, if 
two planes, &c. 

Cor. If the plane AE is perpendicular to the plane MN, 
and if from any point B, in their common section, we erect a 
perpendicular to the plane MN, this perpendicular will be in 
the plane AE. For if not, then we may draw from the same 
point, a straight line AB in the plane AE perpendicular to 
EF, and this line, according to the Proposition, will be per- 
pendicular to the plane MN. Therefore there would be two 
perpendiculars to the plane MN, drawn from the same point, 
which is impossible (Prop. IV., Cor. 2). 



PROPOSITION VIII. THEOREM. 



If two planes, which cut one another, are each of them per' 
pendicular to a third plane, their common section is perpen^ 
dicular to the same plane. 

Let the two planes AE, AD be each 
of them perpendicular to a third plane 
MN, and let AB be the common sec- 
tion of the first two planes; then will ^i^ 
AB be perpendicular to the plane MN. 

For, from the point B, erect a per- 
pendicular to the plane MN. Then, by 
the Corollary of the last Proposition, 
this line jnust be situated both in the 
plane AD and in the plane AE ; hence it is their common 
section AB. Therefore, if two planes, &c. 




PROPOSITION IX. THEOREM. 



Two straight lines which are perpendicular to the same plane^ 
are r^'j^ruVel to each other. 

Let the two stu^srht lines AB, CD be each of them perpen- 
dicular to the same plane MN ; then will AB be parallel to CD 
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In the plan© MN, draw the straight 
line BD joining the points B and D. 
Through the Hnes AB, BD pass the 
plane EF; it will be perpendicular to 
the plane MN (Prop. VI.); also, the 
line CD will lie in this plane, because it 
is perpendicular to MN (Prop. VII., 
Cor.). No^, because AB and CD are 
both perpendicular to the plane MN, 
they are perpendicular to the line BD in that plane ; and since 
AB, CD are both perpendicular to the same line BD, and lie 
in the same plane, they are parallel to each other (Prop. 
XX., B. I.). Therefore, two straight lines, &c. 

Cor. 1. If one of two parallel lines be perpendicular to a 
plane, the other will be perpendicular to the same plane. If 
AB is perpendicular to the plane MN, then (Prop. VI.) the 
plane EF will be perpendicular to MN. Also, AB is per- 
pendicular to BD ; and if CD is parallel to AB, it will be 
Serpendicular to BD, and therefore (Prop. VII.) it is perpen- 
icular to the plane MN. 
Cor. 2. Two straight lines, parallel to a third, are parallel 
to each other. For, suppose a plane to be drawn perpen- 
dicular to any one of them ; then the other two, being paral- 
lel to the first, will be perpendicular to the same plane, by 
the preceding Corollary ; hence, by the Proposition, they wil* 
be parallel to each other. 

The three straight lines are supposed not to be in the same 
plane ; for in this case the Proposition has been already de 
monstrated 



PROPOSITION X. THEOREM. 

If a straight line, without a given plane, he parallel to a 
straight line in the plane, it mill he parallel to the plane. 

Let the straight line AB be parallel 
tO the straight line CD, in the plane 
MN; then will it be parallel to the -^ 
plane MN. 

Through the parallels AB, CD sup- 
pose a plane ABDC to pass. If the line „,^,,^,,,^,,,,^^,,,,^,,^ 
AB can meet the plane MN, it must W 

meet it in some point of the line CD, which is the common 
intersection of the two planes. But AB can not meet CD, 
since they are parallel ; hence it can not meet the plane MN 
that is, AB is parallel to the plane MN (Def. 2). Therefore^ 
if a straight line &c. 
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PROPOSITION XI. TFEORE^. 

Two planes, which are perpendicular to the same straight 
tine, are parallel to each other. 

Let the planes MN, PQ be 
perpendicular to the line AB ; 
then will they be parallel to each 
other. 

For if they are not parallel, 
they will meet if produced. Let 
them be produced and meet in C. 
Join AC, BC. Now the line AB, 
which is perpendicular to the plane MN, is perpendicular to 
the line AC drawn through its foot in that plane. For the 
Bame reason AB is perpendicular to BC. Therefore CA and 
CB are two perpendiculars let fall from the same point C 
upon the same straight line AB, which is impossible (Prop. 
XVL, B. L). Hence the planes MN, PQ can not meet when 
produced ; that is, they are parallel to each other. There- 
fore, two planes, &c. 




PROPOSITION XII. THEOREM. 



If two parallel planes are cut by a third plane, their common 
sections are parallel. 

Let the parallel planes MN, PQ be m: 
cut by the plane ABDC ; and let their 
common sections with it be AB, CD ; 
then will AB be parallel to CD. 

For the two lines AB, CD are in the 
same plane, viz., in the plane ABDC 
which cuts the planes MN, PQ ; and 
if these lines were not parallel, they 
would meet when produced ; therefore 
the planes MN, PQ would also meet, which is impossible, h^ 
cause they are parallel. Hence the lines AB, CD are paral 
lei. Therefore, if two para-lel planes, &c. 
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PROPOSITION XIII. THEOREM. 




If two planes are parallel, a straight line which is perpen 
dtcular to one of them, is also perpendicular to the other. 

Let the two planes MN, PQ be par- 
allel, and let the straight line AB be 
perpendicular to the plane MN ; AB 
will also be perpendicular to the plane 

PQ. 

Through the point B, draw any line 
BD in the plane PQ ; and through the P ' 
lines AB, BD suppose a plane to pass intersecting the plane 
MN in AC. The two lines AC, BD will be parallel (Prop. 
XIL). But the line AB, being perpendicular to the plane 
MN, is perpendicular to the straight line AC which it meets 
in that plane ; it must, therefore, be perpendicular to its par- 
allel BD (Prop. XXIII., Cor. 1, B. L). But BD is any line 
drawn through B in the plane PQ ; and since AB is perpen- 
dicular to any line drawn through its foot in the plane PQ, 
it must be perpendicular to the plane PQ (Def. 1). There- 
fore, if two planes, &c. 



PROPOSITION XIV. THEOREM. 

Parallel straight lines included between two parallel planes 
%re equal. 

Let AB, CD be the two parallel 
straight lines included between two 
parallel planes MN, PQ ; then will AB 
be equal to CD. 

Through the two parallel Imes AB, 
CD suppose a plane ABDC to pass, in- 
tersecting the parallel planes in AC and 
BD. The lines AC, BD will be parallel to each other (Prop. 
XIL). But AB is, by supposition, parallel to CD ; therefore 
the figure ABDC is a parallelogram ; and, consequently, AB 
is equal to CD (Prop. XXIX., B. I.). Therefore, parallel 
straight lines, &c. 

Cor. Hence two parallel planes are every where equidis^ 
tant; for if AB, CD are perpendicular to the plane MN, they 
will be perpendicular to the parallel plane PQ (Prop. XIII.) ; 
and being both perpendicular to the same plane, they will be 
parallel to each other (Prop IX.), and, consequently, equal. 
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PROPOSITION XV. THEOREM. 




If two angles^ not in th\? same plane, have their sides 
parallel and similarly situated, these angles will be equals 
and their planes will he parallel. 

Let the two angles ABC, DEF, lying 
in different planes MN, PQ, have their M^ 
sides parallel each to each and similarly 
situated ; then will the angle ABC be 
equal to the angle DEF, and the plane 
MN be parallel to the plane PQ,. 

Take AB equal to DE, and BC equal 
to EF, and join AD, BE, CF, AC, DF. 
Then, because AB is equal and parallel to DB, the figure 
ABED is a parallelogram (Prop. XXXI., BI.) ; and AD is 
equal and parallel to BE. For the same reason CF is equal 
and parallel to BE. Consequently, AD and CF, being each 
of them equal and parallel to BE, are parallel to each other 
(Prop. IX., Cor. 2), and also equal; therefore AC is also equal 
and parallel to DF (Prop. XXXI., B. I.). Hence the triangles 
ABC, DEF are mutually equilateral, and the angle ABC is 
equal to the angle DEF (Prop. XV., B. I.). 

Also, the plane ABC is parallel to the plane DEF. For, 
if they are not parallel, suppose a piano to pass through A 
parallel to DEF, and let it meet the straight lines BE, CF in 
the points Gr and H. Then the three lines AD, GrE, HF will 
be equal (Prop. XIV.). But the three lines AD, BE, CF have 
already been proved to be equal ; hence BE is equal to GrE, 
and CF is equal to HF, which is absurd ; consequently, the 
plane ABC must be paraU^l to the plane DEF. Therefore, 
if two angles, &o. 

Cor, 1. If two parallel planes MN, PQ, 'are met by two 
other planes ABED, BCFE, the angles formed by the inter- 
sections of the parallel planes will be equal. F«r the section , 
AB is parallel to the section DE '(Prop. XII.) ; and BC is 
parallel to EF ; therefore, by the Proposition, the angle ABC 
is equal to the angle DEF. 

Cor, 2. If three straight lines AD, BE, CF, not situated in 
the same plane, are equal and parallel, the triangles ABC, 
DEF, formed by joining the extremities of these lines, will 
be equal, and their planes will be parallel. For, since AD i^ 
equal and parallel to BE, the figure ABED is a parallel- 
ogram ; hence the side AB is equal and parallel to DE Foi 

F 
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the same reason, the sides BC and EF are equal and parai- 
lei; as, also, the sides AC and DF. Consequently, the two 
triangles ABC, DEF are equal ; and, according to the Prop- 
osition, their planes are parallel. 



PROPOSITION XVI. THEOREM. 

If two straight lines are cut by parallel planes, they will be 
cut m the same ratio. 

Let the straight lines AB, CD be cut -^^ 
by the parallel planes MN, PQ, RS in 
the points A, E, B, C, F, D ; then we 
shall have the proportion 

AE : EB : : CF : FD. 

Draw the line BC meeting the plane 
PQ in G, and join AC, BD, EG, GF. 
Then, because the two parallel planes 
MN, PQ are cut by the plane ABC, the 
common sections AC, EG are parallel (Prop. XIL). Also, be 
cause the two parallel plemes PQ, RS are cut by the plane 
BCD, the common sections BD, GF- are parallel. Now, be- 
cause EG is parallel to AC, a side of the triangle ABC (Prop, 
XVL, B. IV.), we have 

AE : EB : : CG : GB. 
Also, because GF is parallel to BD, one side of the triangle 
BCD, we have 

CG:GB::CF:FD; 
hence (Prop. IV., B. 11. ), 

• AE:EB::CF:FD. 
Therefore, if two straight lines, &c. 




Proposition xvii. theorem. 

If a solid angle is contained by three plane angles, tfie sum 
of any two of these angles is greater than the third. 

Let the solid angle at A be con- 
tained by the three plane angles 
BAC, CAD, DAB; any two of these 
angles will be greater than the third. 

If these three angles are all equal 
to each other, it is plain that any 
two of them must be greater than 
the third. But if they aro. not equal, 
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let BAG be that angle wnich is no less than either of the 
other two, and is greater than one of them BAD. Then, at 
the point A, make the angle BAE equal to the angle BAD ; 
take AE equal to AD ; through E Sraw the line BEG cutting 
AB, AG in the points B and C ; and join DB, DG. 

Now, because, in the two triangles BAD, BAE, AD is 
equal to AE, AB is coi^mon to both, and the angle BAD is 
equal to the angle BAE ; therefore the base BD is equal to 
the base BE (Prop. VI., B. L). Also, because the sum of the 
lines BD, DG is greater than BG (Prop. VIII., B. I.), and BD 
is proved equal to BE, a part of BG, therefore the remaining 
line DG is greater than EG. Now, in the two triangles 
CAD, GAE, because AD is equal to AE, AG is common, but 
the base GD is greater than the base GE ; therefore the an 
gle GAD is greater than the angle GAE (Prop. XIV., B. I.). 
But, by construction, the angle BAD is equal to the angle 
BAE; therefore the two angles BAD, GAD are together 
greater than BAE, GAE ; that is, than the angle BAG. 
Now BAG is not less than either of the angles BAD, GAD ; 
hence BAG, with either of them, is greater than the third. 
Therefore, if a solid angle, &c. 



PROPOSITION XVIII. THEOREM. 

The plane angles which contain any solid angle, are together 
less than four right angles. 

Let A be a solid angle contained by any 
number of plane angles BAG, GAD, DAE, 
EAF, FAB ; these angles are together less 
than four right angles. 

Let the planes which contain the solid an- 
gle at A be cut by another plane, forming 
the polygon BGDEF. Now, because the 
solid angle at B is contained by three plane 
angles, any two of which are greater than 
the third (Prop. XVIL), the two angles ABG, 
ABF are greater than the angle FBG. For 
the same reason, the two angles AGB, AGD are greater than 
the angle BGD, and so with the other angles of the polygon 
BGDEF. Hence, the sum of all the angles at the bases of the 
triangles having the common vertex A, is gi^ater than the 
sum of all the angles of the polygon BGDEF. But all the 
angles of these triangles are together equal to twice as many 
right angles as there are triangles (Prop. XXVII., B. I.), that 
's, as there are sides of the polygon BGDEF. Also, the an^ 
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gles of the polygon, together with lour right angles, are eqaal 
to twice as many right angles as the figure has sides (Prop. 
XXVIIL, B. I.) ; hence all the angles of the triangles are 
equal to all the angles of the polygon, together with four 
right angles. But it has been proved that the angles at the 
jases of the triangles, are greater than the angles of the 
polygon. Hence the remaining angles of the triangles, viz., 
those which contain the solid angle at A, are less than four 
right angles. Therefore, the plane angles, &c. 

Scholium. This demonstration supposes that the solid an- 
gle is convex ; that is, that the plane of neither of the faces, 
if produced, would cut the* solid angle. If it were otherwise, 
the sum of the plane angles would no longer be limited, and 
might be of any magnitude. 



PROPOSITION XIX. THEOREM. 

If two solid angles are contained by three plan^ angles which 
are equals each to each, the planes of the equal angles will be 
^.qually inclined to each other. 

Let A and a be two solid 
angles, contained by three 
plane angles which are 
equal, each to each, viz., the 
angle BAG equal to bac, 
the angle CAD to cad, and 
BAD equal to bad; then B 
will the inclination of the 
planes ABC, ABD be equal 
to the inclination of the planes abc, abd. 

In the line AC, the common section of the planes ABC, 
ACD, take any point C; and through C let a plane BCE 
pass perpendicular to AB, and another plane CDE perpen- 
dicular to AD. Also, take ac equal to AC ; and through « 
let a plane bee pass perpendicular to ab, and another plane 
cde perpendicular to ad. ^ 

Now, since the line AB is perpendicular to the plane BCE, 
it is perpendicular to every straight line which it meets in 
that plane ; hence ABC and ABE are right angles. For the 
same reason abc and abe are right angles. Now, in the tri 
angles ABC, abc, the angle BAG is, by hypothesis, equal to 
bac, and the angles ABC, abc are right angles ; therefore the 
angles AGB, acb are equal. But the side AG was made 
equal to the side ac ; hence the two triangles are equal 
(P^op. VXL, 5. n ; that is, the side AB is equal to ab, and Br* 
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lo be. In the same manner, it may be proved that AD ii 
equal to ad, and CD to cd. 

We can now prove that the quadrilateral ABED is equal 
to the quadrilateral abed. For, let the angle BAD be placed 
upon the equal angle bad, then the point B will fall upon the 
point b, and the point D upon the point d; because AB is 
equal to ab, and AD to ad. At the same time, BE, which is 

I)erpendicular to AB, will fall upon be, which is perpendicu 
ar to ab; and for a similar reason DE will fall upon de. 
Hence the point E will fall upon e, and we shall have BE 
equal lo be, and DE equal to de. 

Now, since the plane BCE is perpendicular to the line AB, 
it is perpendicular to the plane ABD which passes through- 
AB (Prop. VL). For the same reason CDE is perpendicular 
to the same plane ; hence CE, their common section, is per- 
pendicular to the plane ABD (Prop. VIII.). In the same man- 
ner, it may be proved that ce is perpendicular to the plane 

abd. Now, in the triangles BCE, bce^the angles BEC, bee are 
right angles, the hypothenuse BC is equal to the hypothenuse 
be, and the side BE is equal to be ; hence the two triangles 
are equal, and the angle CBE is eqiial to the angle ebe. But 
the angle CBE is the inclination of the planei^ ABC, ABD 
(Def. 4) ; and the angle ebe is the mciination of the planes 

abe, abd; hence these planes are equally inclined to each 
other. 

We must, however, observe that the angle CBE is not, 
properly speaking, the inclination, of the planes ABC, ABD, 
except when the perpendicular CE falls upon the same side 
of AB as AD does. If it fall upon the other side of AB, then 
the angle between the two planes will be obtuse, and this 
angle, together vrith the angle B of the triangle CBE, will 
make two right angles. But in this case, the angle between 
the two planes abe, abd will also be obtuse, and this angle, 
together with the angle b of the triangle ebe, will also make 
two right angles. And, since the angle B is always equal to 
the angle b, the inclination of the two planes ABC, ABD will 
always be equal to that of the planes abe, abd. Therefore, if 
two solid angles, &c. 

Seholium. If two solid angles are contained by three 
plane angles which are equal, each to each, and similarly 
situated, the angles will be equal, and will coincide when 
applied the one to the other. For we have proved that the 
quadrilateral ABED will coincide with its equal abed 
Now, because the triangle BCE is equal to the triangle bee, 
the line CE, which is perpendicular to the plane ABED, is 
equal to the line ee, which is perpendicular to the plane abed. 
And since only one perpendicular can be drawn to a* plane 
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from the same point (Prop. 
IV., Cor. 2), the lines CE, ce 
must coincide with each oth- 
er, and the point C coincide 
with the point c. Hence 
the two solid angles must 
coincide throughout. 

It should, however, be ob- 
served that the two solid an- 
gles do not admit of superposition, unless the three equal plane 
angles are similarly situated in both cases. For if the per- 
pendiculars CE, ce lay on opposite sides of the planes ABED 
abedf the two solid angles could not be made to coincide 
Nevertheless, the Proposition will always hold true, that the 
planes containing the equal angles are equally inclined to 
each other. 
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BOOK VIII. 

POLYEDRONS 
Definitions, 

1 . A polyedron is a solid included by any number of planes 
which are called its faces. If the solia have only four faces^ 
which is the least number possible, it is called a tetraedron , 
if six faces, it is called a hexaedron ; if eight, an octaedron • 
if twelve, a dodecaedron ; if twenty, an icosaedron, &c. 

2. The intersections of the faces of a polyedron are called 
its edges. A diagonal of a polyedron is the straight line 
which joins any two vertices not lying in the same face. 

3. Similar polyedrons are such as have all their solid an- 
gles equal, each to each, and are contained by the same num- 
ber of similar polygons. 

4. A regular polyedron is one whose solid angles are al) 
equal to each other, and whose faces are all equal and regu 
lar polygons. 

5. A prism is a polyedron having two faces 
which are equal and parallel polygons ; and 
the others are parallelograms. The equal 
and parallel polygons are called the bases of 
the prism; the other faces taken together 
form the lateral or convex surface. The alti- 
tude of a prism is the perpendicular distance 
between its two bases. The edges which join 
the corresponding angles of the two polygons 
are called the principal edges of the prism. 

6. A right prism is one whose principal edges are all pei 
pendicular to the bases. Any other prism is called an ob- 
lique prism. 

7. A prism is triangular, quadrangular, pentagonal, hex- 
agonal, &c., according as its base is a triangle, a quadri- 
lateral, a pentagon, a hexagon, &c. 

8. A parallelopiped is a prism whose 
bases are parallelograms. A right par- 
allelopiped is one whose faces are all rect- 
angles. 

9. A cube is a right parallelopiped bounded by six equai 
squares. 
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10. A pyramid is a polyedron contained by 
several triangular planes proceeding from the 
same poiot, and terminating in the sides of a 
polygon. This polygon is called the base of 
the pyramid ; and the point in which the planes 
meet, is the vertex. The triangular planes form 
the convex surface. 

11. The altitude of a pyramid is the perpen- 
dicular let fall from the vertex upon the plane 
of the base, produced if necessary. The slant height of a 
pyramid is a line drawn from the vertex, perpendicular to 
one side of the polygon which forms its base. 

12. A pyramid is triangular^ quadrangular ^ &c., according 
as the base is a triangle, a quadrilateral, &c. 

13. A regular pyramid is one whose base is a regular poly- 
gon, and the perpendicular let fall from the vertex upon the 
base, passes through the center of the base. This perpendio-. 
ulaf is called the axis of the pyramid. 

14. ^ frustum of a pyramid is a, portion of the solid n&Ji\ 
the base, cut off by a plane parallel to the base. The alti- 
tude of the frustum is the perpendicular distance between 
the two parallel planes. 

PROPOSITION I. THEOREM. 

The convex sv/rface of a right prism is equal to the pe^^ 
rimeter of its base multiplied by its altitude. 

Let ABCUE-K be a right prism; then will 
its convex surface be equal to the perimeter 
of the base of AB+BC+CD+DE+EA multi--^! 
plied by its altitude AF. 

For the convex surface of the prism is 
equal to the sum of the parallelograms AG, 
BH, CI, &c. Now the area of the parallelo-A'<S 
gram AG- is measured by the product of its 
base AB by its altitude AF (Prop. IV., Sch„ 
B. rV.). The area of the parallelogram BH is measured by 
BCXBG; the area of CI is measured by CDxCH, and so 
of the others. But the lines AF, BGr, CH, &c., are all equal 
to each other (Prop. XIV., B. VII.), and each equal to the 
altitude of the prism. Also, the lines AB, BC, CD, &c., taken 
together, from the perimeter of the base of the prism. There- 
fore, the sum of these parallelograms, or the convex surface 
of the prism, is equal to the perimeter of its base, multiplied 
by its altitude. 
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Cor. V two right prisms have the same altitude, their 
cjonvex surfaces will be to each other as the perimeters of 
their bases. 



PROPOSITION n. THEOREM. 

In every prism, the sections formed by parallel planes are 
equal polygons. 

Let the prism LP be out by the parallel 
planes AC, FH ; then will the sections ABC 
DB, FGrHIK, be equal polygons. 

Since AB and FGr are fhe intersections 
of two parallel planes, with a third plane 
LMON, they are parallel. The lines AF, 
BGr are also parallel, being edges of the 
prism; therefore ABGrF is a parallelogram, j^/ 
and AB is equal to FQ-. For the same 
reason BC is equal and parallel to GrH, CD 
to IH, DE to IK, and AE to FK. 

Because the sides of the angle ABC are parallel to those of 
FGtH, and are similarly situated, the angle ABC is equal to 
FG-H (Prop. XV., B. VII.). In like manner it may be proved 
that the angle BCD is equal to the angle GrHI, and so of the 
rest. Therefore the polygons ABCDE, FGrHIK are equal. 

Cor. Every section of a prism^ made parallel to the base, 
is equal to the base. 




, pRoposmoN ra. theorem. 

Two prisms are equal, when they have a solid angle con- 
tained by three faces which are equal, each to each, ana 
similarly situated. 

Lot AI, ai be two prisms 
having the faces which con- 
tain the solid angle B equal 
to the faces which contain 
t6e solid angle b; viz., the 
base ABCDE to the base 
ahcde, the parallelogram ^^ 
AGr to the parallelogram 
ag, and the parallelogram 




BH to the parallelogram bh j 
to the prism ai. 



then will the prism AI be equal 
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Let ihe prism AI be 
applied to the prism ai, so 
that the equal bases AD 
and ad may coincide, the 
point A falling upon a, B 
upon 6, and so on. And 
because the three plane 
angles which contain the 
solid angle B, are equal 
to the three plane angles 
which contain the solid angle 6, and these planes are similarlj' 
situated, the solid angles B and b are equal (Prop. XIX., Sch. 
B. VII.). Hence the edge BG will coincide with its equal bg 
and the point G will coincide with the point g. Now, be- 
cause the parallelograms AG and ag are equal, the side Gh 
will fall upon its equal ^/; and for the same reason, GH wiL 
fall upon gh. Hence the plane of the base FGHIK will coin- 
cide with the plane of the base^AiA: (Prop. II,, B. VII.). But 
since the upper bases are equal to their corresponding lowei 
bases, they are equal to each other ; therefore the base FI will 
coincide throughout with/i ; viz., HI with hi, IK with ik, and 
KF with kf; hence the prisms coincide throughout, and are 
equal to each other. Therefore, two prisms, &c. 

Cor, Two right prisms, which have equal bases and equal 
altitudes, are equal. 

For, since the side AB is equal to ab, and the altitude BG 
to bg, the rectangle ABGF is equal to the rectangle abgf. 
So, also, the rectangle BGHC is equal to the rectangle bghc ; 
hence the three faces which contain the solid angle B are 
equal to the three faces which contain the solid angle b • 
consequently, the two prisms are equal. 



PROPOSITION IV. THEOREM. 

77/6 opposite faces of a parallelopiped are equal and parallel 

Let ABGH be a parallelopiped; then 
will its opposite faces be equal and parallel. 

From the definition of a parallelopiped 
(Def. 8) the bases AC, EG are equal and 
parallel; and it remains to be proved that 
the same is true of any two opposite faces, ^\^ 
as AH, BG. Now, because AC is a par- 
allelogram, the side AD is equal and par- 
allel to BC. For the same reason AE is equal and parallel 
to BF; hence he an^le DAE is equal to the angle CBF 
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(Prop. XV., B. VII.), and the plane DAE is parallel to the 
plane CBF. Therefore also the p^^rallelogram AH is equal 
to the parallelogram BG. In the same manner, it may be 
proved that the opposite faces AF and DG are equal and 
parallel. Therefore, the opposite faces, &c. 

Cor. 1. Since a parallelopiped is a solid contained by six 
faces, of which the opposite ones are equal and parallel, an> 
face may be assumed as the base of a parallelopiped. 

Cor. 2. The four diagonals of a parallelopiped bisect eax:h 
other. 

Draw any two diagonals AG, EC ; they 
will bisect each other. Since AE is equal 
and parallel to CG, the figure AEGC is a 
parallelogram; and therefore the diago- 
nals AG, EC bisect each other (Prop. 
XXXIL, B. L). In the same manner, it 
may be proved that the two diagonals BH 
and DF bisect each other ; and hence the 
four diagonals- mutually bisect each other, in a point whicn 
may be regarded as the center of the parallelopiped. 




PROPOSITION V. THEOREM. 



If a parallelopiped be cut by a plane passing through the 
diagonals of two opposite faces, it will be divided into two 
equivalent prisms. 

Let AG be a parallelopiped, and AC, 
EG the diagonals of the opposite parallelo- 
grams BD, FH. Now, because AE, CG are 
each of them parallel to BF, they are par- 
allel to each other ; therefore the diagonals 
AC, EG are in the same plane with AE, 
CG ; and the plane AEGC divides the solid 
AG into two equivalent prisms. 

Through the vertices A and E draw the 
planes AIKL, EMNO perpendicular to AE, 
meeting the other edges of the parallelo- 
piped in the points I, K, L, and in M, N, O. 
The sections AIKL, EMNO are equal, because they are 
formed by planes perpendicular to the same straight line, 
and, consequently, parallel (Prop. II.). They are also par- 
allelograms, because AI, KL, two opposite sides of the same 
section, are the intersections of two parallel planes ABFE, 
DCGH,by the same plane. 

For the same reason, the figure ALOE is a parallelogram ; 
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SO, also, are AIME, IKNM, KLO.N, the 
other lateral faces of the solid aAJKL-BC- 
EMNO ; hence this solid is a prism (Def. qI 
5) ; and it is a right prism because AE is 
perpendicular to the plane of its base. But 
the right prism AN is divided into two 
equal prisms ALK-N, AIK-N ; for theDi 
basis of these prisms are equal, being halves L^h 
cf the same parallelogram AIKL, and they 
have the common altitude AE ; they are 
therefore equal (Prop. III. Cor.). 

Now, because AEHD, AEOL are parallelograms, the side^ 
DH, LO, being equal to AE, are equal to each other. Take 
away the common part DO, and we have DL equal to HO. 
For the same reason, CK is equal to GN. Conceive now that 
ENO, the base of the solid ENGHO, is placed on AKL, the 
base of the solid AKCDL ; then the point falling on L and 
N on K, the lines HO, GN will coincide with their equals 
DL, CK, because they are perpendiculars to the same plane. 
Hence the two solids coincide throughout, and are equal to 
each other. To each of these equals, add the solid ADC-N ; 
then will the oblique prism ADC-G be equivalent to the 
right prism ALK-N. 

In the same manner, it may be proved that the oblique 
prism ABC-G is equivalent to the right prism AIK-N. But 
the two right prisms have been proved to be equal ; hence 
the two oblique prisms ADC-G, ABC-G are equivalent to 
each otRer. Therefore, if a parallelepiped, &c. 

Cor, Every triangular prism is half of a parallelepiped 
having the same solid angle, and the same edges AB, BC, BP. 

Scholium, The triangular prisms into which the oblique 
parallelepiped is divided, can not be made to coincide, because 
the plane angles about the corresponding solid angles are not 
similarly situated. 

PROPOSITION VI. THEOREM. 

Parallelopipeds, of the same base and the same altitude^ 
are equivalent. 

Case first. When their upper bases are between the same 
parallel lines. 

Let the parallelepipeds AG, AL have the base AC common, 
and let their opposite bases EG, IL be in the same plane, 
and between the same parallels BK, HL ; then will the solid 
AG be equivalent to the solid AL. 
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Because AF, AK are parallel- 
ograms, EF and IK are each 
equal to AB, and therefore equal 
to each other. Hence, if EF and 
IK be taken away from the same 
line EK, the remainders EI and 
FK will be equal. Therefore 
the triangle AEI is equal to the 
triangle BFK. Also, the parallelogram EM is equal to the 
parallelo ;ram FL, and AH to BG. Hence the solid angles 
at E and F are contained by three faces which are equal to 
each other and similarly situated ; therefore the prism AEI- 
M is equal to the prism BFK-L (Prop. III.). 

Now, if from the whole solid AL, we take the prism 
AEI-M, there will remain the parallelopiped AL; and if 
from the same solid AL, we take the prism BFK-L, there 
will remain, the parallelopiped AG. Hence the parallelopi- 
peds AL, AG are equivalent to one another. 

Case second. When their upper bases are not between the 
same parallel lines. 

Let the parallelepipeds AG, ^ ^i lir t 

AL have the same base AC and 
the same altitude ; then will their 
opposite bases EG, IL be in the 
same plane. And, since the sides' 
EF and IK are equal and parallel 
to AB, they are equal and paral- 
lel to each other. For the same 
reason FG is equal and parallel 
to KL. Produce the sides EH, 
FG, as also IK, LM, and let 
them meet in the points N, O, P, Q ; the figure NOPQ is a 
parallelogram equal to each of the bases EG, IL ; and, con- 
sequently, equal to ABCD, and parallel to it. 

Conceive now a third parallelopiped AP, having AC for its 
lower base, and NP for its upper base. The solid AP will 
be equivalent to the solid AG, by the first Case, because they 
have the same lower base, and their upper bases are in the 
eame plane and between the same parallels, EQ, FP. For 
the same reason, the solia AP is equivalent to the solid AL; 
hence the solid AG is equivalen. to iie solid AL. There- 
fore, parallelepipeds, &c 
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GEOMETRY 



PROPOSITION VII. THEOKEM. 



Any parallelopiped is equivalent to a right parallehpipea 
having the same altitude and an equivalent base. 

Let AL be any parallelopiped ; it is equivalent to a right 
parallelopiped having the same altitude and an equivalent 
base. 

From the points A, B, C, D draw AE, BF, CG, DH, per- 
pendicular to the plane of the low- 
er base, meeting the plane of the 
upper base in the points E, F, G, 
H. Join EF, FG, GH, HE ; there 
will thus be formed the parallelo- 
piped AG, equivalent to AL (Prop. 
VI.) ; and its lateral faces AF, BG, 
CH, DE are rectangles. If the 
base ABCD is also a rectangle, 
AG will be a right parallelopiped, 
and it is equivalent to the parallel- 
opiped AL. But if ABCD is not a rectangle, from A and B 
draw AI, BK perpendicular to CD ; and ^^ .^ ^ , 

from E and F draw EM, FL perpendicu- r 
lar to GH ; and join IM, KL. The solid 
ABKI-M will be a right parallelopiped. 
For, by construction, the bases ABKI and 
EFLM are rectangles; so, also, are the 
lateral faces, because the edges AE, BF, 
K.L, IM are perpendicular to the plane of -^ 
the base. Therefore the solid AL is a right 
parallelopiped. But the two parallelopipeds 
AG, AL may be regarded as having the same base AF, and 
the same altitude AI ; they are therefore equivalent. But the 
parallelopiped AG is equivalent to the first supposed parallel- 
opiped ; hence this parallelopiped is equivalent to the righ 
parallelopiped AL, having the same altitude, and an eqiiiva 
ent base. Thei-efore, any parallelopiped, &c. 
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PROPOSITION VIII. THEOREM. 



Right parallelopipeds, having the same base, are to each oih' 
a as their altitudes. 

Let AG, AL be two right parallelopipeds jt n 

having the same base ABCD ; then will they 
be to each other as their altitudes AE, AI. 

Case first. When the altitudes are in the 
ratio of two whole numbers. 

Suppose the altitudes AE, AI are in the 
latio of two whole numbers ; for example, as 
seven to four. Divide AE into seven equal 
paftS4 AI will contain four of those parts. 
Through the several points of division, let 

planes be drawn parallel to the base ; these 

planes will divide the solid AG into seven ^ 3^ 

small parallelopipeds, all equal to each other, having equal 
bases and equal altitudes. The bases are equal, because ev- 
ery section of a prism parallel to the base is equal to the base 
(Prop. IL, Cor.) ; the altitudes are equal, for these altitudes 
are the equal divisions of the edge AE. But of these seven 
equal parallelopipeds, AL contains four ; hence the solid AG 
is to the solid AL, as seven to four, or as the altitude AE is 
to the altitude AI. 

Case second. When the altitudes are not in the ratio of two 
whole numbers. 

Let AG, AL be two parallelopipeds whose altitudes have 
any ratio whatever ; we shall still have the proportion 
Solid AG : solid AL : : AE : AI. 

For if this proportion is not true, the first three terms re- 
maining the same, the fourth term must be greater or less 
than AI. Suppose it to be greater, and that we have 
Solid AG : solid AL : : AE : AO. 

Divide AE into equal parts each less -than 01; there will 
be at least one point of division between O and I. Designate 
that point by N. Suppose a parallelopiped to be construct- 
ed, having ABCD for its base, and AN for its altitude ; and 
represent this parallelopiped by P. Then, because the alti- 
tudes AE, AN are in the ratio of two whole numbers, we 
shall have, by the preceding Case, 

Solid AG : P : : AE : AN. 
But, by hypothesis, we have 

Solid AG : solid AL : : AE : AO. 
Hence (Projn IV., Cor., B. IL), 
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So/w/AL:P::AO:AN. 
But AO is greater than AN; hence the solid AL must be 
greater than P (Def. 2, B. II.) ; on the contrary, it is less, 
which is absurd. Therefore the solid AG- can not be to the 
solid AL, as the line AE to a line greater than AI. 

In the same manner, it may be proved that the fourth term 
of the proportion can not be less than AI ; hence it must be 
AI, and we have the proportion. 

Solid AG- : solid AL : : AE : AI. 
Therefore, right parallelepipeds, &c. 



PROPOSITION IX. theorem:. 

Right parallelopipeds, having the same altitude^ are^ to 
each other as their bases. 

Let AG", AN be two right parallelepipeds having the sam« 
altitude AB ; then will they be to each other as their bases ; 
that is. 

Solid AG : solid AN : : base ABCD : base AIKL. 

Place the two solids so that their H E H 

surfaces may have the common 

angle BAB ; produce the plane 

LKNO till it meets the plane DCGH 

in the line PQ, ; a third parallelepiped 

AQ, will thus be formed, which may 

DC compared with each of the paral-iE 

lelepipedsAG, AN. The two solids \j^^^^[ 

AG, AQ, having the same base K. fV 

AEHD, are to each ether as their \[^ 

altitudes AB, AL (Prop. VIII.) ; and Jl 

the two solids AQ, AN, having the same base ALOE, are to 

each other as their altitudes AD, AI. Hence we have th«» 

+we proportions 

Solid AG : solid AQ : : AB : AL ; 
Solid AQ : solid AN : : AD : AI. 
Hence (Prop. XI., Cor., B. II.), 

Solid AG : solid AN : : ABx AD : ALxAL 
But ABx AD is the measure of the base ABCD (Prop. IV., 
Sch>, B. IV.) ; and ALX AI is the measure of the base AIKL ; 
hence 

Solid AG '.solid AN : : base ABCD : base AIKL 
Therefore, right parallelepipeds, &o. 
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PROPOSITION X ^ THEOREM. 

Any two right parallelepipeds are to each other as the prod* 
nets of their bas^s by their altitudes. 

Let AG, A(4 De two right paral- ivr i? mr 

lelopipeds, of which the bases are 
the rectangles ABCD, AIKL, and 
(he altitudes, the perpenaiculars AE, 
AP; then will the solid AG be to 
the solid AQ, as the product of 
ABCD by AE,is to the product of 
AIKL by AP. 

Place the two solids so that their NL- __ i ■ 
surfaces may have^the common an- ^ ~~ ^V ! 
gle BAE; produce the planes ne- \l 

cessary to form the third parallelo- ^ ^ 

piped AN, having the same base with AQ, and the same alti- 
tude with AG. Then, by the last Proposition, we shall have 

Solid AG : solid AN : : ABCD : AIKL. 
But the two parallelopipeds AN, AQ, having the same base 
AIKL, are to each other as their altitudes AE, AP (Prop. 
VIII.) ; hence we have 

Solid AN : solid AQ : : AE : AP. 
Comparing these two proportions (Prop. XL, Cor., B. II.), 
we have 

Solid AG : solid AQ : : ABCD X AE : AIKL X AP. 

If instead of the base ABCD, we put its equal ABxAD, 
and instead of AIKL, we put its equal AI X AL, we shall have 

Solid AG : solid AQ : : AB X AD X AE : AI X AL X AP. 
Therefore, any two right parallelopipeds, &c. 

Scholium, Hence a right parallelopiped is measured by 
the product of its base and altitude, or the product of its three 
dimensions. 

It should be remembered, that by the product of two or 
more lines, we understand the product of the numbers which 
represent those lines ; and these numbers depend upon the 
linear unit employed, which may be assumed at pleasure. 
If we take a foot as the unit of measure, then the number of 
feet in the length of the base, multiplied by the number of 
feet in its breadth, will give the number of square feet in the 
base. If we multiply this product by the number of feet in 
the altitude, it will give the number of cubic feet in the par- 
allelopiped. If we take an inch as the unit of measure, we 
shall obtain in the same manner the number of cubic inches 
in the parallelopiped. 
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PROPOSITION XI. THEOREM. 



The solidity of a prism is measured hy the product of its 
ic£e by its altitude. 

For any parallelopiped is equivalent to a right parallelo- 
piped, having the same altitude and an equivalent base (Prop. 
VIL). But the solidity: of the latter, is measured by the prod- 
uct of its base by its altitude ; therefore the solidity of the 
former is also measured by the product of its base by its al- 
titude. 

Now a triangular prism is half of a parallelopiped having 
the same altitude and a double base (Prop. V.). But the 
solidity of the latter is measured by the product of its base by 
its altitude; hence a triangular prism is measured by the 
product of its base by its altitude. 

But any prism can he divided into as many triangular 
prisms of the same altitude, as there are triangles in the poly- 
gon which forms its base. Also, the solidity of each of these 
triangular prisms, is measured by the product of its base by 
its altitude ; and since they all have the same altitude, the 
sum of these prisms will be measured by the sum of the tri- 
angles which form the bases, multiplied by the common alti- 
tude. Therefore, the solidity of any prism is measured by 
the product of its base by its altitude. 

Cor. If two prisms have the same altitude, the products of 
the bases by the altitudes, will be as the bases (Prop. VIIL, 
B. II.) ; hence omm« of the same altitude are to each other as 
their bases. For the same reason, prisms of the same base 
are to each other as their altitudes ; and prisms generally are 
to each other as the products of their bases and altitudes. 



PROPOSITION XII. THEOREM. 

Similar prisms are to each other as the cubes of their homol 
Qgous edges. 

Let ABCDE-F, abcde-f be two similar prisms ; then wiL 
the prism AD-F be to the prism ad-f as AB* to ab\ or as 
AF' to af. 

For the solids are to each other as the products of their 
bases and altitudes (Prop. XL, Cor.) ; that is, as ABCDE X 
AF,to abcdeXaf But since the prisms are similar, the bases 
are similar figures, and are to each other as the squares of 
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their homologous sides ; that is, as AB" to aV. Therefore, 
we have 

Solid FD : solid fd : : AB'* x AF : aV X af. 
But since BF and hf are similar figures, their homologoui 
sides are proportional ; that is, 

AB \ ah : : AF : af^ 
whence (Prop. X., B. II.), 

AB'' : a6' : : AF'' : af. 
Also AF : a/ : : AF : af. 

Therefore (Prop. XL, B. IL), 

AB'^x AF : aVxaf: : AF'' : a/" : : AB" : ah\ 
Hence (Prop. IV., B. IL), we have 

Solid FD : solid fd : : A.W : aV : : AF* : af. 
Therefore, similar prisms, &c. 



PROPOSITION XIII. THEOREM. 



If a pyramid he cut hy a plane parallel to its hdse, 

1st. The edges and the altitude will he divided proportionally. 

2d. The section will he a polygon similar to the hase. 

Let A-BCDEF be a pyramid cut by a 
plane hcdef parallel to its base,. and let 
AH be its altitude ; then will the edges 
AB, AC, AD, &c., with the altitude AH, 
be divided proportionally in fe, c, df, e, /, 
h ; and the section hcdef will be similar to 
BCDEF. 

First Since the planes FBC, fhc are 
parallel, their sections FB,/6 with a third 
plane AFB are parallel (Prop. XIL, B. 
VII.) ; therefore the triangles AFB, Kfh 
are similar, and we have the proportion 
AF: A/:: AB: A6. 
For the same reason, 

AB : A6 : : AC : Ac. 
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and so for the otner edges. Therefore the edges AB, AG, 
&c., are cut j)roporticna)ly in 6, c, &c. Also, since BH and 
bh are parallel, we have 

AH : AA : : AB : Ab. 

Secondly Because /6 is parallel to FB, be to BC, cd Jb CD 
&c., the angle /6c is equal to FBC (Prop. XV., B. VII.), the 
angle bed is equal to BCD, and so on. Moreover, since the 
triangles AFB, Mb are similar, we have 
FB \fb : : AB • A6. 
And because the triangtes ABC, Kbc are similar, we have 

AB : A6 : : BC : be. 
Therefore, by equality of ratios (Prop. IV., B. II.), 

FB \fb : : BC : be. 
For the siame reason, 

BC \be\\ CD : erf, and so on. 
Therefore the polygons BCDEF, bedef have their angles 
equal, each to each, and their homologous sides proportional \ 
hence they are similar. Therefore, if a pyramid, &c. 

Cor. 1. If two pyramidSfhaving the same altitude, and their 
bases situated in the same plane, are eut by a plane parallel to 
their bases, the sections will be to eaeh other as the bases. 

Let A-BCDEy, A-MNO 
be two pyramids having 
the same altitude, and their 
.^ases situated in the same 
plane ; if these pyramids 
are cut by a plane parallel 
to the bases, the sections 
bedef, mno will be to each 
other as the bases BCDEF, 
MNO. 

For, since the polygons 
BCDEF, bedef are similar, 
their surfaces are as the squares of the homologous sides BC 
be (Prop. XXVI., B. IV.). But, by the preceding Proposition 

BC : be : : AB : Ab. 
Therefore, BCDEF ': bedef : : AB'* : Ab\ 
For the same reason, 

MNO : mno : : AM'' : Am\ 
But since bedef and mno are in the same plane, we have 

AB : A6 : : AM : Am (Prop. XVI., B. VII.) ; 
consequently, BCDEF : bedef : : MNO : mno. 

Cor. 2. If the bases BCDEF, MNO are equivalent, thu 
sections bedef, mno will also be equivalent. 
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PRC POSITION XIV. THEOREM. 

The convex surface of a regular pyramid, is equal to tht 
verimeter of its base, multiplied by half the slant height 

Let A-BDE be a regular pyramid, whose 
base is the polygon BCDEF, and its slant 
height AH ; then will its convex surface be 
equal to the perimeter BC+CD+DE, &o., 
multiplied b> half of AH. 

The triangles AFB, ABC, ACD, &c., are 
all equal for the sides FB, BC, CD, &c., are 
all equal, (Def. 13) ; and since the oblique 
lines AF, AB, AC, &c., are all at equal dis- v 
tances from the perpendicular, they are I^ \ 
equal to each other (Prop. V., B. VII.). ^ 
Hence the altitudes of these several triangles 
are equal. But the area of the triangle AFB is equal to FB, 
multiplied by half of AH ; and the same is true of the other 
triangles ABC, ACD, &c. Hence the sum of the triangles is 
equal to the sum of the bases FB, BC, CD, DE, EF, multiplied 
by half the common altitude AH ; that is, the convax surface 
of the pyramid is equal to the perimeter of its base, multiplied 
by half the slant height. 

Cor. 1. The convex surface of a frustum of a regular 
pyramid is equal to the sum of the perimeters of its two bases, 
multiplied by half its slant height. 

Each side of a frustum of a regular pyramid, as FB6/, is a 
trapezoid (Prop. XHL). Now the area of this trapezoid is 
equal to the sum of its parallel sides FB, /&, multiplied by 
half its altitude HA (Prop. VH., B. IV.). But the altitude 
of each of these trapezoids is the same ; therefore the area of 
all the trapezoids, or the convex surface of the frustum, is 
equal to the sum of the perimeters of the two bases, multiplied 
by half the slant height. 

Cor. 2. If the frustum is out by a plane, parallel to the bases, 
and at equal distances from them, this plane must bisect the 
edges B&, Cc, &c. (Prop. XVI., B. IV.) ; and the area of each 
trapezoid is equal to its altitude, multiplied by the line which 
joins the middle points of its two inclined sides (Prop. VII., 
Cor., B. IV.). Hence the convex surface of a frustum of a 
pyramid is equal to its slant height, multiplied by the 
perimeter of a section at equal distances between the two 
bases. 
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PROPOSITION XV. THEOREM. 



Triangular pyramids, having equivalent bases and equal al 
Htudes^are equivalent 





Let A-BCD, a-bcd be two triangular pyramids having 
equivalent bases BCD, bed, supposed to be situated in the 
same plane, and having the common altitude TB ; then will 
the pyramid A-BCD be equivalent to the pyramid a-bcd. 

For, if they are not equivalent, let the pyramid A-BCD 
exceed the pyramid a-bcd by a prism whose base is BCD 
and altitude BX. 

Divide the altitude BT into equal parts, each less than 
BX ; and through the several points of division, let planes be 
made to pass parallel to the base BCD, making the sections 
EFG, efg equivalent to each other (Prop. XIII., Cor. 2) : 
also, HIK equivalent to hik, &c. 

From the point C, draw the straight line CR parallel to 
BE, meeting EF produced in R ; and from D draw DS par- 
allel to BE, meeting EG in S. Join RS, and it is plain that 
the solid BCD-ERS is a prism lying partly without the pyr 
amid. In the same manner, upon the triangles EFG, HIK, 
&c., taken as bases, construct exterior prisms, having for 
edges the parts EH, HL, &c., of the line AB. In like man- 
ner, on the bases efg, hik, Imn, &c., in the second pyramid, 
construct ir.terior prisms, having for edges the corresponding 
parts of ab. It is plain that the sum of all the exterior prisms 
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»! tne pyramid A-BCD is greater than this pyumid; and. 
also, that the sum of all the interior prisms of the pyramid 
a-bcd is smaller than this pyramid. Hence the difference 
between the sum of all the exterior prisms, and the sum of 
all the interior ones, must be greater than the difference be 
tween the two pyramids themselves. 

Now, beginning with the bases BCD, bed, the second ex 
terior prism EFG-H is equivalent to the first interior prism 
efg-b, because their bases are equivalent, and they have the 
same altitude. For the same reason, the third exterior prism 
HIK-L and the second interior prism hik-e are equivalent ; 
the fourth exterior and the third interior ; and so on, to the 
last in each series. Hence all the exterior prisms of the pyr- 
amid A-BGD, excepting the first prism BCD-E, have equiv- 
.ent corresponding ones in the interior prisms of the pyramid 
a-bcd. Therefore the prism BCD-E is the difference be- 
tween the sum of all the exterior prisms of the pyramid 
A-BCD, and the sum of all the interior prisms of the pyr- 
amid a-bcd. But the difference between these two sets of 
prisms has been proved to be greater than that of the two 
pyramids ; hence the prism BCD-E is greater than the prism 
BCD-X ; which is impossible, for they have the same base 
BCD, and the altitude of the first, is less than BX, the altitude 
of the second. Hence the pyramids A-BCD, a-bcd are nol 
unequal ; that is, they are equivalent to each other. There- 
fore, triangular pyramids, &c. 



PROPOSITION XVI. THEOREM. 

Every triangular pyramid is the third part of a tnangulof 
prism having the same base and the same altitude. 

Let E-ABC be a triangular pyramid, 
and ABC-DEF a triangular prism hav- -R ^ - — ? 
ing the same base and the same altitude ; m^wW^I 

then will the pyramid be one third of the M{; / 

prism. ffMW:. : I 

Cv^f off from the prism the pyramid 
E-AdC by the plane EAC ; there will re- / / ■ :;v,,i;/ 

main the solid E-ACFD, which may be j^E Mq 

r,onsidered as a quadrangular pyramid 

whose vertex is E, and whose base is the 

paia.lelogram ACFD. Draw the diago- "" 

aal CD, and through the points C, D, E pass a plane, dividing 

-he quadrangular pyramid into two triangular ones E-ACD 

E-CFD. Then, because ACFD is a oarallelogram, of which 
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CD is the aiagcnal, the triangle ACD is 
equal to the tiiangle CDF. Therefore 
the pyramid, whose base is the triangle 
ACD, and vertex the point E, is equiva- 
lent to the pyramid whose base is the tri- 
angle CDF, and vertex the point E. But 
the latter pyramid is equivalent to the 
pyramid E-ABC for they have -equal 
bases, viz., the triangles ABC, DEF, and 
the same altitude, viz., the altitude of the 
prism ABC-DEF. Therefore the three 
pyramids E-ABC, E-ACD, E-CDF, are equivalent to each 
other, and they compose the whole prism ABC-DEF ; hence 
the pyramid E-ABC is the third part of the prism which 
has the same base and the same altitude. 

Cor. The solidity of a triangular pyramid is mea&ured.l?v 
the product of its base by one third of its altitude. 




PROPOSITION XVII. THEOREM. 



The solidity of every pyramid is measured by the product oj 
*is base by one third of its altitude. 

Let A-BCDEF be any pyramid, whose 
base is the polygon BCDEF, and altitude 
AH ; then will the solidity of the pyramid 
be measured by BCDEF x^AH. 

Divide the polygon BCDEF into triangles 
by the diagonals CF, DF ; and let planes 
pass through these lines and the vertex A ; 
they will divide the polygonal pyramid 
A-BCDEF into triangular pyramids, all , 
having the same altitude AH. But each of 
these pyramids is measured by the pfoduct 
of its base by one third of its altitude (Prop. 
XVI., Cor.) ; hence the sum of the triangular pyramids, or 
the polygonal pyramid A-BCDEF, will be measured by the 
sum of the triangles BCF, CDF, DEF, or the polygon 
BCDEF, multiplied by one third of AH. Therefore every 
pyramid is measured by the product of its base by one third 
of its altitude. 

Coj\ 1. Every pyramid is one third of a prism having the 
same base and altitude. 

Cor, 2. Pyramids of the same altitude are to each other 
as their bases ; pyramids of the same base are to each other 
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ns their altitudes ; and pyramids generally are to each other 
as the products of their bases by their altitudes. 

Cot 3. Similar pyramids are to each other as the cubes 
of their homologous edges. 

Schulium. The solidity of any polyedron may be found 
by dividing it into pyramids, by planes passing through its 
vertices. 



PROPOSITION XVIII. THEOREM. 

A frustum of a pyramid is equivaknt to the sum of three 
pyramids^ having the same altitude as the frustum, and wliose 
bases are the lower base of tlie frustum^ its upper base, and a 
mean proportional between them. 

Case first. When the base of the frustum is a triangle. 

Let ABC-DEF be a frustum of a tri- 
angular pyramid. If a plane be made to 
pass through the points A, C, E, it will 
cut off the pyramid E-ABC, whose alti- 
tude is the altitude of the frustum, and 
its base is ABC, the lower base of the 
frustum. 

Pass another plane through the points 
C, D, E; it will cut-off the pyramid "^1/ 

C-DEF, whose altitude is that of the a -4/ 

frustum, and its base is DEF, the upper ^ 

base of the frustum. 

To find the magnitude of the remaining pyramid E-ACD, 
draw EG parallel to AD ; join CG, DG. Then, because the 
two triangles AGC, DEF have the angles at A and D equal 
to each other, we have (Prop. XXIIL, B. IV.) 
AGC : DEF : : AGxAC : DExDF, 

: : AC : DF, because AG is equal to DE, 
Also (Prop. VI., Cor. 1, B. IV.), 

ACB : ACG : : AB : AG or DE. 
But, because the triangles ABC, DEF are similar (Prop. 
XIII.), we have 

AB : DE : : AC : DF. 
Therefore (Prop. IV., B. II.), 

ACB: ACG:: ACG: DEF; 
that is, the triangle ACG is a mean proportional between 
ACB and DEF, the two bases of the frustum. 

Now the pyramid E-ACD is equivalent to the pyramid 
G-ACD, because it has the same bas'e and the same altitude ; 
for EG is parallel to AD, and, consequently, parallel to the 

G 
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plane ACD, But the pyramid G-ACD has the same altitude 
as the frustum, and its base ACQ is a mean proportional be 
tween the two bases of the frustum. 

Case second. When the base of the frustum is any polygon. 

Let BCDEF-fectfef be a 
frustum of any pyramid. 

Let G-HIK be a trian- 
gular pyramid having the 
same altitude and an equiv- 
alent base with the pyramid 
A-BCDEF, and from it let 
a frustum HIK-Af^ be cut ^ 
off, having the same altitude 
with the frustum BCDEF- 
hcdef. The entire pyramids are equivalent (Prop. XVIL) 
and the small pyramids A-bcdef, G-hik are also equivalent, 
for their altitudes are equal, and their bases are equivalent 
(Prop. XIII., Cor. 2). Hence the two frustums are equiva- 
lent, and they have the same altitude, with equivalent bases. 
But the frustum HIK-Ai^ has been proved to be equivalent to 
the sum of three pyramids, each having the same altitude as 
the frustum, and whose bases are the lower base of the frus- 
tum, its upper base, and a mean proportional between them. 
Hence the same must be true of the frustum of any pyramid 
Therefore, a frustum of a pyramid, &c. 




PROPOSITION XIX. THEOREM. 

There can be but Jive regular polyedrons. 

Since the faces of a regular polyedron are regular poly 
gons, they must consist of equilateral triangles, of squares, of 
regular pentagons, or polygons of a greater number of sides* 

First. If the faces are equilateral triangles, each solid an- 
lelof the polyedron may be contained by three of these tri 






angles, forming the tetraedron; or by four, forming the oc- 
taedron ; or by five, forming the icosaedron. 

No other regular pofyedron can be formed with equilat- 
eral triangles ; for six angles of these triangles amount to 
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lour right angles, and can not form a solid angle 
(Prop. XVIIL, B. VII.). 

Secondly. If the faces are squares, their an- 
gles may be united three and three, forming 
the hexaedrouy or cube. 

Four angles of squares amount to four right 
angles, and can not form a solid angle. 

Thirdly. If the faces are regular penta- 
gons, their angles may be united three and 
three, forming the regular dodecaedron. Four 
angles of a regular pentagon, are greater 
than four right angles, and can not form a 
solid angle. 

Fourthly. A tegular polyedron can not be 
formed with regular hexagons, for three angles of a regular 
hexagon amount to four right angles. Three angles of a 
regular heptagon amount to more than four right angles ; 
and the same is true of any polygon having a greater number 
of sides. 

Hence there can be but five regular polyedrons; three 
formed v^^ith equilateral triangles, one with squares, and one 
with pentagons 
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BOOK IX. 

SPHERICAL GEOMETRY 
Definitions. 

1. A M}here is a solid bounded by a curved surface, all the 
fwints of which are equally distant from a point within, call- 
od the center. 

The sphere may be conceived to be de- 
scribed by the revolution of a semicircle 
ADB, about its diameter AB, which re- 
mains unmoved. 

2. The radius of a sphere, is a straight 
line drawn from the center to any point of 
the surface. The diameter^ or axis^ is a line 
passing through the center, and terminated 
each way by the surface. 

All the radii of a sphere are equal ; all the diameters are 
also equal, and each double of the radius. 

3. It will be shown (Prop. L), that every section of a 
sphere made by a plane is a circle. A great circle is a sec- 
tion made by a plane which passes through the center of the 
sphere. Any other section made by a plane is called a small 
circle. 

4. A plane touches a sphere, when it meets the sphere, but, 
being produced, does not cut it. 

6. The pole of a circle of a sphere, is a point in the surface 
equally distant from every point in the circumference of 
this circle. It will be shown (Prop. V.), that every circle, 
whether great or small, has two poles. 

6. A spherical triangle is a part of the sur- 
face of a sphere, bounded by three arcs of 
great circles, each of which is less than a semi- 
circumference. These arcs are called the sides 
of the triangle; and the angles which their 
planes make with each other, are the angles 
of the triangle. 

7. A spherical triangle is called right-angled, isosceles or 
equilateral, in the same cases as a plane triangle. 
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8. A spherical polygon is a part of the sur- 
face of a sphere bounded by several arcs of 
great circles. 



9. A lune is a part of the surface of a sphere in- 
cluded between the halves of two great circles. 

10. A spherical wedge^ or ungula^ is that portion 
of the sphere included between the same semicir- 
cleSy and has the lune for its base. 



11. A spherical pyramid is a portion of the 
sphere included between the planes of a solid 
angle, whose vertex is at the center. The base 
of the pyramid is the spherical polygon inter- 
cepted by those planes. 



12. A zone is a part of the surface of a 
sphere included between two parallel planes. 

13. A spherical segment is a portion of the 
sphere included between two parallel planes. 

14. The bases of the segment are the sec- 
tions of the sphere ; the altitude of the seg- 
ment, or zone, is the distance between the 
sections. One of the two planes may touch the sphere, in 
which case the segment has but one base. 

15. A spherical sector is a solid de- 
scribed by the revolution of a circular 
sector, in the same manner as the 
sphere is described by the revolution 
of a semicircle. 

While the semicircle ADB, revolving 
round its diameter AB, describes a 
sphere, every circular sector, as ACE 
or ECD, describes a spherical sector. 

16. Two angles which are together 
equal to two right angles ; or two arcs 
which are together equal to a semicircum'erence, ar« called 
the supplements of each other. « 
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PROPOSITION I. T'HEOBEM. 

Every section of a sphere^ made by t plane, is a circle 

Let ABD be a section, made by a 
plane, in a sphere whose center is C. 
From the point C draw CE perpendicu- -^ 
lar to the plane. ABD ; and draw lines 
CA, CB, GD, &c., to different points of 
the curve ABD which bounds the sec- 
tion. 

The oblique lines CA, CB, CD are 
equal, because they are radii of the 
sphere ; therefore they are equally distant from the perpen* 
dicular CE (Prop. V., Cor., B. VIL). Hence all the lines 
EA, EB, ED are equal ; and, consequently, the section ABD 
is a circle, of which E is the center. Therefore, every sec- 
tion, &c. « 

Cor. 1. If the section passes through the center of the 
sphere, its radius will be the radius of tiie sphere ; hence all 
great circles of a sphere are equal to each other. 

Cor. 2. Two great circles always bisect each other ; for, 
since they have the same center, their common section is a 
diameter of both, and therefore bisects both. 

Cor. 3. Every great circle divides the sphere and its sur- 
face into two equal parts. For if the two parts are separated 
and applied to each other, base to base, with their convexities 
turned the same way, the two surfaces must coincide ; oth- 
erwise there would be points in these surfaces unequally dis- 
tant from the center. 

Cor. 4. The center of a small circle, and that of the sphere, 
are in a straight line perpendicular to the plane of the small 
circle. 

Coi\ 5. The circle which is furthest from the center is the 
least ; for the greater the distance CE, the less is the chord 
AB, which is the diameter of the small circle ABD. 

Cor. 6. An arc of a great circle may be made to pass 
through any two points on the surface of a sphere ;'»for the 
two given points, together with the center of the sphere, 
make three points which are necessary to determine the posi- 
tion of a plane. If, however, the two given points were sit* 
uated at the extremities of a diameter, these two points and 
the center would then be in one straight line, and any num 
ber of great circles might be made to pass through them. . 
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PROPOSITION II. THEOEBM. 

Any two sides of a spherical triangle are greater than thM 
third. 

Let ABC be a spherical triangle; any 
two sides as, AB, BC, are together greater 
than the third side AC. 

Let D be the center of the sphere ; and 
join AD, BD, CD. Conceive the planes 
ADB, BDC, CDA to be drawn, forming a 
solid angle at D. The angles ADB, BDC, 
CDA will be measured by AB, BC, CA, 
the sides of the spherical triangle. But 
when a solid angle is formed by three plane angles, the sura 
of any two of them is greater than the third (Prop. XYIL, B. 
VII.) ; hence any two of the arcs AB, BC, CA must b 
greater than the third. Therefore, any two sides, &c. 



PROPOSITIDW III. THEOREM. 

The shortest path from one point to another on the surface 
of a sphere^ is the arc of a great circle joining the two given 
points. 

' Let A and B be any two points on the surface of 
a sphere, and let ADB be the arc of a great circle 
which joins them ; then will the line ADB be the 
shortest path from A to B on the surface of the 
sphere. 

For, if possible, let the shortest path from A to B 
pass through C, a point situated out of the arc of a 
great circle ADB. Draw AC, CB, arcs of great 
circles, and take BD equal to BC. 

By the preceding theorem, the arc ADB is less than AC-f 
CB. Subtracting the equal arcs BD and BC, there will re- 
main AD less than AC, Now the shortest path from B to C, 
whether it be an arc of a great circle, or some other line, is 
equal to the shortest path from B to D ; for, by revolving 
BC around B, the point C may be made to coincide with D, 
and thus the shortest path from B to C must coincide with 
the shortest path from B to D. But the shortest path from 
A to B was supposed to pass through C ; hence th6 shortest 
path from A to C, can not be greater than the shortest path 
from A to D. 




152 



GEOMETRY 



Now the arc AD has been proved to be less than AC ; and 
therefore if AC be revolved about A until the point C falls 
on the arc ADB, the point C will fall between D and B. 
Hence the shortest path from C to A must.be greater thaE 
the shortest path from D to A ; but it has just been proved 
not to be greater, which is absurd. Consequently, no point 
of the shortest path from A to B, can be out of the arc of a 
great circle ADB. Therefore, the shortest path, &c. 



PROPOSITION IV. THEOREM. 

The sum of the sides of a spherical polygoiif is less than the 
circumference of a great ciixle. 

Let ABCD be any spherical polygon ; 
then will the sum of the sides AB, BC, CD, 
DA be less than the circumfeience of a 
great circle. 

Let E be the center of the sphere, and 
join AE, BE, CE, DE. The solid angle 
at E is contained by the plane angles AEB, 
BEC, CED, DEA, which together are less 
than four right angles (Prop. XVIII., B. 
YIL). Hence the sides AB, BC, CD, DA, 
which are the measures of these angles, are 
together less than four quadrants described with the radius 
AE ; that is, than the circumfeience of a great circl-e. 
Therefore, the sum of the sides, &c. 




PROPOSITION V. THEOREM. 

The extremities of a diameter of a sphere, are the poles of aU 
circles perpendicular to that diameter. 

Let AB be a diameter perpendicu- 
lar to CDE, a great circle of a sphere, 
and also to the small circle FGH; 
then will A and B, the extremitiee of 
the diameter, be the poles of both 
these circles. 

For, because AB is perpendicular 
to the plane CDE, it is perpendicular 
to every- straight line CI, DI, EI, &c., 
drawn through its foot in the plane ; 
hence all the arcs AC, AD, AE. &c., are quarters of the cu 
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cumference. So, also, the arcs BC, BD, BE, &c., are quar- 
ters of the circumference ; hence the points A and B are 
each equally distant from all the points of the circumference 
CDE ; they are, therefore, the poles of that circumference 
(Def. 5). 

Secondly. Because the radius AI is perpendicular to the 
plane of the circle FGH, it passes through K, the center of 
that circle (Prop. I., Cor. 4). Hence, if we draw the oblique 
lines AF, AG, AH, these lines will be equally distant from 
the perpendicular AK, and will be equal to each other (Prop. 
v., B. VII.). But since the chords AF, AG, AH are equal, 
the arcs are equal ; hence the point A is a pole of the small 
circle FGH ; and in the same manner it may be proved that 
B is the other pole. 

Cor. 1. The arc of a great circle AD, drawn from the pole 
to the circumference of another great circle CDE, is a qua- 
drant; and this quadrant is perpendicular to the arc CD. 
For, because AI is perpendicular to the plane CDI, every 
plane ADB which passes through the line AI is perpendicu- 
lar to the plane CDI (Prop. VI., B. VII.) ; therefore the an- 
gle contained by these planes, or the angle ADC (Def. 6), is 
a right angle. 

Cor. 2. If it is required to find the pole of the arc CD, 
«lraw the indefinite arc DA perpendicular to CD, and take DA 
equal to a quadrant ; the point A will be one of the poles of 
the arc CD. Or, at each of the extremities C and D, draw 
the arcs CA and DA perpendicular to CD ; the point of inter 
section of these arcs will be the pole required. 

Cor. 3. Conversely, if the distance of the point A from 
each of the points C and D is equal to a quadrant, the point 
A will be the pole of the arc CD ; and the angles ACD, 
ADC will be right angles. 

For, let I be the center of the sphere, and draw the radii 
AI, CI, DI. Because the angles AIC, AID are right angles, 
the line Al.is perpendicular to the two lines CI, DI; it is, 
therefore, perpendicular to their plane (Prop. IV., B. VII.). 
Hence the point A is the pole of the arc CD (Prop. V.) ; and 
therefore the angles ACD, ADC are right angles (Cor. 1). 

Scholium. Circles may be drawn upon the surface of a 
sphere, with the same ease as upon a plane surface. Thus, 
by revolving the arc AF around the point A, the point F will 
describe the smail circle FGH ; and if we revolve the qua- 
drant AC around the point A, the extremity C will describa 
the great circle CDE. 

If it is required to produce the arc CD, or if it is required 
to draw an arc of a great circle through the two points C 
and D, then from the points C and D a& centers, with a radius 
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equal to a quadrant, describe two arcs intersecting each 
other :n A. The point A will be the pole of the arc CD ; 
and, therefore, if, from A as a center, with a radius equal to a 
quadrant, we describe a circle CDE, it will be a great circle 
passing through C and D. 

If it is required to let fall a perpendicular from any point 
G upon the arc CD ; produce CD to L, making GL equal to 
a quadrant ; then from the pole L, with the radius GL, de- 
scribe the arc GD ; it will be perpendicular to CD. 



PROPOSITION VI. THEOREM. 

A plane,perpendicular to a diameter at its extremity, touches 
the sphere. 

Let ADB be a plane perpendicular A_ 
to the diameter DC at its extremity; 
then the plane ADB touches the 
sphere. 

Let E be any point in the plane 
ADB, and join DE, CE. Because CD 
is perpendicular to the plane ADB, it 
is perpendicular to the line AB (Def. 
1, B. VIL) ; hence the angle CDE is a right angle, and the 
line CE is greater than CD. Consequently, the point E lies 
without the sphere. Hence the plane ADB has only the point 
D in common with the sphere ; it therefore touches the sphere 
(Def. 4). Therefore, a plane, &c. 

Cor. In the same manner, it may be proved that two 
spheres touch each other, when the distance between their 
centers is equal to the sum or difference of their radii ; in 
which case, the centers and the point of contact lie in one 
straight line. 



PROPOSITION VII. THEOREM. 

The angle formed by two arcs of great circles, is equal to 
the angle formed by the tangents of those arcs at the point of 
their intersection ; and is measured by the arc of a great cir- 
cle described from its vertex as a pole, and included between its 
sides. 

Let BAD be an angle formed by two arcs of great circles ; 
then will it be equal to the anfi^le EAF formed by the tan- 
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gents of these arcs at the point A, 
and it is measured by the aro-DB de- 
scribed from the vertex Ajas^ A pole. 

For the taiigent AE^ dra^^ii in the 
plane of the arc AB, is perpendicular 
to .theVradius -AC (Ptdp.^ IX.', B. III.) ; 
also,';tKe^ tangent. AF^ difaiwfi in the 
plane of the arc ADj is piBrpettdicular 
to thci -same radius AC* Hence the 
angle EAF is equal to the angle of the 
planes ACB, ACD (Def. 4, fi. VIL), which is the same as 
that of the arcs AB, AD. 

Also, if the arcs AB, AD are each equal to a quadrant, the 
lines CB, CD will be perpendicular to AC, and the angle 
BCD will be equal to the angle of the planes ACB, ACD 5 
hence the arc BD measures the angle of the planer, or th« 
angle BAD. 

Cor. 1. Angles of spherical triangles may be compal-ed 
with each other by means of arcs of great circles described 
from their vertices as poles, and included between their 
sides ; and thus an angle can easily be made equal to a given 
angle. 

Cor. 2. If two arcs of great circles AC, 
DE*cut each other, the vertical angles ABE, 
DBC are equal ; for each is equal to the an- 
gle formed by the two planes ABC, DBE. 
Also, the two adjacent angles ABD, DBC 
are together equal to two right angles. 






PROPOSITION VITI. THEOREM. 



If from the vertices of a given spherical triangle, as poles, 
arcs of great circles are described, a second triangle is formed, 
whose vertices are poles of the sides of the given triangle. 

Let ABC be a spherical triangle; 
and from the points A, B, C, as poles, 
let great circles be described inter- 
secting each other in D, E, and F ; 
then will the points D, E, and F be 
the poles of the sides of the triangle 
ABC. 

For, because the point A is the pole 
of the arc EF, the distance from A to ^ 
E is a quadrant. Also, because the -^ 
point C is the pole of the arc DE, the 
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distance frjom C to E is a quadrant. Hence the point E is at 
a quadrant's distance from each of the points A and C ; it is, 
therefore, the pole of the arc AC (Prop. V., Cor. 3). In the 
same manner, it may be proved that D is the pole of the arc 
BC, and P the pole of the arc AB. 

Scholium. The triangle DEF is called the polar triangle 
of ABC ; and so, also, ^C is the polar triangle of DEF. 

Several different triangles might be formed by producing 
the sides DE, EF, DF ; but we shall confine ourselves to the 
central triangle, of which the vertex D is on the same side 
of BC with the vertex A; E is on the same side of AC 
with the vertex B ; and F is on the same side of AB with 
the vertex C. 



PROPOSITION IX. THEOREM. 

The sides of a spherical triangle^are the supplements of the 
arcs which measure the angles of its polar triangle ; and con- 
versely. 

Let DEF be a spherical triangle, 
ABC its polar triangle ; then will the 
side EF be the supplement of the arc 
which measures the angle A ; and 
the side BC is the supplement of the 
arc which measures the angle D. 

Produce the sides AB, AC, if ne- 
cessary, until they meet EF in G and 
H. Then, because the point A is the 
pole of the arc GH, the angle A is 
measured by the arc GH (Prop. VII.). 
Also, because E is the pole of the arc AH, the arc EH is a 
quadrant ; and, because F is the. pole of AG, the arc FG is a 
quadrant. Hence EH and GF, or EF and GH, are together 
equal to a semicircumference. Therefore EF is the supple- 
ment of GH, which measures the angle A. So, also, DF is 
the supplement of the arc which measures the angle B ; and 
DE is the supplement of the arc which measures the angle C. 

Conversely. Because the point D is the pole of the arc BC. 
the angle D is measured by the arc IK. Also, because C is 
the pole of the arc DE, the arc IC is a quadrant ; and, be- 
cause B is the pole of the arc DF, the arc BK is a quadrant. 
Hence IC and BK, or IK and BC, are together equal to a 
semifcircumference. Therefore BC is the supplement of IK, 
which measures the angle D. So, also, AC is the supple- 
ment of the arc which measures the angle E ; and AB is the 
i»ipplement of the arc which measures the angle F. 
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PROPOSITION X. THEOREM 



T/ie sum of the angles of a spherical triangle^is greater than 
two, and less than six right angles. 

Let A, B, and C be the angles of a sphe'rical triangie. 
The arcs which measure the angles A, B, and C, together 
with the three sides of the pofar triangle, are equal to three 
semicircumierences (Prop. IX ). But the three sides of the 
polar triangle are less than two semicircumferences (Prop. 
IV.) ; hence the arcs which measure the angles A, B, and C 
are greater than one semicircumference ; and, therefore, the 
angles A, B, and C are greater than two right angles. 

Also, because each angle of a spherical triangle is less than 
two right angles, the sum of the three angles must be less 
than six right angles. 

Cor. A spherical triangle may have two, or 
even three, right angles ; also two, or even 
three, obtuse angles. If a triangle have three 
right angles, each of its sides will be a qua- 
drant, and the triangle is called a quadrantal 
triangle. The quadrantal triangle is contain- 
ed eight times in the surface of the sphere. 



PROPOSITION XI. THEOREM. 

If two triangles on equal spheres are mutually equilateral 
they are mutually equiangular. 

Let ABC, DEF be two triangles on equal spheres, having 
the sides AB equal to DE, AC to DF, and BC to EF ; then 
will the angles also be equal, each to each. 
A D 




B E 

Let the centers of the spheres be G and H, and draw th« 
radii GA, GB, GC, HD, HE, HF. A solid angle may be con 
reived as formed at G by the three plane angles AGB, AGG 
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BGC ; and another solid angle at H by the three plane an- 
gles DHE, DHF, EHF. Then, because the arcs AB, DE 
are equal, the angles AGB, DHE, which are measured by 
these arcs, are equal. For the same reason, the angles AGC, 
DHF are equal to each other ; and, also, BGC equal to EHF 

D 




Hence G and H are two solid angles contained by three equai 
plane angles ; therefore the planes of these equal angles are 
equally inclined tt> each other (Prop. XIX., B. VII.). That 
IS, the angles of the triangle ABC are equal to those of the 
triangle DEF, viz., the angle ABC to the angle DEF, BAG 
to EDF, and ACB to DFE. 

Scholium. It should be observed that the two triangles 
ABC, DEF do not admit of superposition, unless the three 
sides are similarly situated in both cases. Triangles which 
are mutually equilateral, but can not be applied to each othei 
so as to coincide, are called symmetrical triangles. 

PROPOSITION XII. THEOREM. 

If two triangles on equal spheres are mutually equiangula? 
tf\ey are mutually equilateral. 

Denote by A and B two spherical triangles which are mu- 
tually equiangular, and by P and Q their polar triangles^: ' 

Since the sides of P and Q are the supplements of the arcs 
which measure the angles of A and B (Prop. IX.), P and 
Q must be mutually equilateral. Also, because P and Q are 
mutually equilateral, they must be mutually equiangular 
(Prop. XL). But the sides of A and B are the supplements 
of the arcs which measure the angles of P and Q ; and; 
therefore, A and B are mutually equilateral. 



PROPOSITION XIII. THEOREM. 

If two triangles on equal spheres have two sides, and the in 
eluded angle of the one, equal to two sides and the included 
angle of the other, each to each, their third sides will be equals 
and their other angles will he equal, each to each. 
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Let ABC, DEP be two triangles, having the side AB equal 
lo DE, AC equal to DF, and the angle BAC equal to the an- 
gle EDF ; then will the side BC be equal to EF, the angle 
ABC to DEF, and ACB to DFE. 

If the equal sides in the two triangles are similarly sit- 
uated, the triangle ABC may be applied to the triangle DEF 
in the same manner as in plane tri- . 
angles (Prop. VL, B. I.) ; and the two 
triangles will coincide throughout. 
Therefore all the parts of the one tri- 
angle, will be equal to the correspond- 
ing parts of the other triangle. 

But if the equal sides in the two tri- 
angles are not similarly situated, then 
construct the triangle DF'E symmet- ^ 
rical with DFE, having DF' equal to 
DF, and EF' equal to EF. The two triangles DEF', DEt, 
oeing mutually equilateral, are also mutually equiangular 
(Prop. XL). Now the triangle ABC may be applied to the 
triangle DEF', so as to coincide throughout ; and hence all 
the parts of the one triangle, will be equal to the correspond-| 
ing parts of the other triangle. Therefore the side BC, be- 
ing equal to EF', is also equal to EF ; the angle ABC, being 
equal to DEF', is also equal to DEF ; and the angle ACB, 
being equal to DF'E, is also equal to DFE. Therefore, if 
two triangles, &c. 



PROPOSITION XIV. THEOREM. 

Tjf two triangles on equal spheres have two angles, and the 
included side of the one, equal to two angles and the included side 
of the other, each to each, their third angles will be equal, and 
their other sides will be equal, each to each. 

If the two triangles ABC, DEF A 
have the angle BAC equal to the an- 
gle EDP\ the angle ABC equal to 
DEF, and the included side AB equal 
to DE; the triangle ABC can be 
placed upon the triangle DEF, or 
upon its symmetrical triangle DEF', 
so as to coincide. Hence the remain- 
ing parts of the triangle ABC, will be B 
equal to the remaining parts of the triangle DEF ; that is, 
the side A 1 will be equal to DF, BC to EF, and the angle 
ACB to the angle DFE Thr^refore, if two triansrles, &c. 
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PROPOSITION XV. THEOREM. 




If two triangles on equal spheres are mviually equUatef^al 
they are equivalent 

Let ABC, DEF be two triangles 
which have the three sides of the 
one, equal to the three sides of the 
other, each to each, viz., AB to 
DE, AC to DF, and BC to EF; 
then will the triangle ABC be 
equivalent to the triangle DEF. 

Let G be the pole of the small 
circle passing through the three 
points A, B, C ; draw the arcs GA, GB, GC ; these arcs will 
be equal to each other (Prop. V.). At the point E, make the 
angle DEH equal to the angle ABG; make the arc EH 
^equal to the arc BG ; and join DH, FH. 

Because, in the triangles ABG, DEH, the sides DE, EH 
are equal to the sides AB, BG, and the included angle DEH 
is equal to ABG; the arc DH is equal to AG, and the angle 
DHE equal to AGB (Prop. XHL). 

Now, because the triangles ABC, DEF are mutually equi- 
lateral, they are mutually equiangular (Prop. XL) ; bence 
the angle ABC is equal to the angle DEF. Subtracting the 
equal angles ABG, DEH, the remainder GBC will be equal 
to the remainder HEF. Moreover, the sides BG, BC are 
equal to the sides EH, EF ; hence the arc HF is equal to the 
arc GC, and the angle EHF to the angle BGC (Prop. XIII.). 

Now the triangle DEH may be applied to the triangle 
ABG so as to coincide. For, place DH upon its equal BG 
and HE upon its equal AG, they will coincide, because the 
angle DHE is equal to the angle AGB ; therefore the two 
triangles coincide throughout, and have equal surfaces. For 
the same reason, the surface HEF is equal to the surface 
GBC, and the surface DFH to the surface ACG. Hence 

ABG+GBC-ACG=DEH+EHF~DFH ; 
or, ABC = DEF; 

that is, the two triangles ABC, DEF are equivalent. There 
fore, if two triangles, &c. 

Scholium. The poles G and H might be situated within 
the triangles ABC, DEF ; in which case it would be neces- 
sary to add the three triangles ABG, GBC, ACG to forci the 
triangle ABC; and alsD to add the three triangles DEH, 
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EHF, DFH to form the triangle DEF; otherwise the demon- 
Btration would be the same as above. 

Cor. If two triangles on equal spheres, are mutually equi- 
angular, they are equivalent. They are also equivalent, if 
they have two sides, and the included angle of the one, equal 
to two sides and the included angle of the other, each to 
each ; or two angles and the included side of the one, equal 
to two angles and the included side of the other 



PROPOSITION XVI. THEOREM. 

In an isosceks spherical triangle, the angles opposite the 
equal sides are equal; and, conversely, if two angles of a 
spherical triangle are equal, the triangle is, isosceles. 

Let ABC be a spherical triangle, having 
the side AB equal to AC ; then will the angle 
ABC be equal to the angle ACB. 

From the point A draw the arc AD to the 
middle of the base BC. Then, in the two tri- 
angles ABD^ ACD, the side AB is equal to 
AC, BD is equal to DC, and the side AD is ^^ 
common ; hence the angle ABD is equal to 
the angle ACD (Prop. XL). 

Conversely. Let the angle B be equal to the 
angle C ; then will the side AC be equal to 
the side AB. 

For if the two sides are not equal td each 
other, let AB be the greater ; take BE equal 
to AC, and join EC. Then, in the triangles 
EBC, ACB, the two sides BE, BC are equal to 
the two sides CA, CB, and the included angles B 
EBC, ACB are equal ; hence the angle ECB is equal to the 
angle ABC (Prop. XIIL). But, by hypothesis, the angle ABC 
is equal to ACB ; hence ECB is equal to ACB, which is ab- 
surd. Therefore AB is not greater than AC; and, in the 
same manner, it can be proved that it is not less ; it is, con- 
sequently, equal to AC. Therefore, in an isosceles spherical 
triangle, &c. 

Cor. The angle BAD is equal to the angle CAD, and the 
angle ADB to the angle ADC ; therefore each of the last two 
angles is a right angle. Hence the arc drawn from the vertex 
of an isosceles spherical triangle, to the middle of the base, if: 
perpendicular to the base, and bisects the vertical angle. 
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PROPOSITION XVII. THEOREM. 




In a spherical triangle, the greater side is opposite the greater 
€ngley and conversely. 

Let ABC be a spherical triangle, hav- 
ing the angle A greater than the angle 
B; then will the side BC be greater 
than the side AC. 

Dra^ the arc AD, making the angle 
BAD equal to B. Then, in the triangle 
ABD, we shall have AD equal to DB ^ 
(Prop. XVL) ; thatis, BC is equal to the sum of AD and DC 
But AD and DC are together greater than AC (Prop. II.) ; 
hence BC is greater than AC. 

Conversely. If the side BC is greater than AC, then will 
the angle A be greater than the angle B. For if the angle 
A is not greater than B, it must be either equal to it, or less. 
It is not equal ; for then the side BC would be equal to AC 
(Prop. XVI.), which is contrary to the hypothesis. Neither 
can it be less ; for then the side BC would be less than AC, 
by the first case, which is also contrary to the hypothesis. 
Hence the angle BAC is greater than the angle ABC. 
Therefore, in a spherical triangle, &c. 



PROPOSITION XVIII. THEOREM. 



The area of a lune is to the surface of the sphere, as t/ie an- 
gk of the lune is to four right angles. 

Let ADBE be a lune, upon a sphere 
whose center is C, and the diameter 
AB ; then will the area of the lune be 
to the surface of the sphere, as the an- 
gle DCE to four right angles, or as the 
arc DE to the circumference of a great 
circle. 

First. When the ratio of the arc to 
the circumference can be expressed in 
whole numbers. ■» 

Suppose the ratio of DE to DEFG to be as 4 to 25. Now 
if we divide the circumference DEFG in 25 equal parts, DE 
will contain 4 of those parts. If we join the pole A and the 
several points of division, by arcs of great circles, there will 
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be formed on the hemisphere ADEFG, 25 triangles, all equal 
to each other, being mutually equilateral. The entire sphere 
will contain 50 of these small triangles, and the lune ADBE 
8 of them. Hence the area of the lune is to the surface of 
the sphere, as 8 to 50, or as 4 to 25 ; that is, as the arc DE 
to the circumference. 

Secondly^ When the ratio of the arc to the circumference 
can not be expressed in whole numbers, it may be proved, asi 
in Prop. XIV., B. III., that the lune is still to the surface of 
the sphere, as the angle of the lune to four right angles. 

Cor. 1. On equal spheres, two lunes are to each other as 
the angles included between their planes. 

Cor. 2. We have seen that the entire surface of the sphere 
is equal to eight quadrantal triangles (Prop, X., Cor.). If 
the area of the quadrantal triangle be represented by T, the 
surface of the sphere will be represented by 8T. Also, if we 
take the right angle for unity, and represent the angle of the 
lune by A, we shall have the proportion 

area of the lune : 8T : : A : 4. 

Hence the area of the lune is equal to — , or 2A X T. 

4 

Cor. 3. The spherical ungula, comprehended by the planes 

ADB, AEB, is to the entire sphere, as the angle DCE is to 

four right angles. For the lunes being equal, the spherical 

ungulas will also be equal ; hence, in equal spheres, two un- 

gulas are to each other as the angles included between their 

planes. 



PROPOSITION XIX. THEOREM. 

If two great circles intersect each other on the surface of a 
hemisphere, the sum of the opposite triangles thus formed, is 
equivalent to a lune, whose angle is equal to the inclination of 
the two circles. 

Let the great circles ABC, DBE in- 
tersect each other on the surface of 
the hemisphere BADCE ; then will the 
sum of the opposite triangles ABD, 
CBE be equivalent to a lune whose 
angle is CBE. 

For, produce the arcs BC, BE till 
they nieet in F ; then will BCF be a 
semicircumference, as also ABC. Sub- 
tracting BC from each, we shall have CF equal to AB. For 
the same reason EF is equal to DB, and CE is equal to AD. 
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Hence the two trianeles ABD, CFE are mutualy equilat- 
eral ; they are, therefore, equivalent (Prop. XV.). But the 
two triangles CBE, CFE compose the lune BCFE, whose an- 
gle is CBE ; hence the sum of the triangles ABD, CBE is 
equivalent to the lune whose angle is CBE. Therefore, if 
two great circles, &c. 



PROPOSITION XX, THEOREM. 

The surface of a spherical triangle is measured by the eX" 
cess of the sum of its angles above two right angles^ multiplied 
by the quadrantal triangle. 

Let ABC be any spherical triangle ; its 
surface is measured by the sum of its an- 
gles A, B, C diminished by two right an- 
gles, and multiplied by the quadrantal tri- 
angle. 

Produce the sides of the triangle ABC, 
until they meet the great circle DEG, 
drawn without the triangle. The two 
triangles ADE, AGH are together equal 
to the lune whose angle is A (Prop. XIX.) ; and this lune is 
measured by 2A X T (Prop. XVIIL, Cor. 2). Hence we have 

ADE+AGH=2AxT. 
For the same reason, 

BFG+BDI=2BxT; 
ilso, CHI+CEF=2CxT. 

But the sum of these six triangles exceeds the surface of 
the hemisphere, by twice the triangle ABC ; and the hemi- 
sphere is represented by 4T ; hence we have 

4T+2ABC=2AxT+2BxT+2CxT; 
or, dividing by 2, and then subtracting 2T from each ol 
these equals, we have 

ABC=AxT+BxT+CxT— 2T, 
= (A+B+C-2)xT. 
Hence every spherical triangle is measured by the sum of 
its angles diminished by two right angles, and multipb'ed by 
the quadrantal triangle. 

Cor, If the sum of the three angles of a triangle is equal 
to three right angles, its surface will be equal to the quad- 
rantal triangle ; if the sum is equal to four right angles, the 
surface of the triangle will be equal to two quadrantal trian- 
gles ; if the sum is equal to five right angles, the surface will 
be equal to three quadrantal triangles, etc. 
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PROPOSITION XXI. THEOREM. 

JTie surface of a spherical polygon is measured by the sum 
uf its angles^ diminished by as many times two right angles as 
U has sides less two^ multiplied by the quadrantal triangle. 
■\ 

Let ABODE be any spherical polygon. 
From the vertex B draw the arcs BD, 
BE to the opposite angles; the polygon 
will be divided into as many triangles as 
it has sides, minus two. But the surface 
of each triangle is measured by the sum 
of its angles minus two right angles, mul- 
tiplied by the quadrantal triangle. Also, 
the sum of all the angles of the triangles, is equal to the sum 
of all the angles of the polygon ; hence the surface of the 
polygon is measured by the sum of its angles, diminished by 
as many times two right angles as it has sides less two, mul- 
tiplied by the quadrantal triangle. 

Cor. If the polygon has five sides, and the sum of its an 
gles is equal to seven right angles, its surface will be equal to 
the quadrantal triangle ; if the sum is equal to eight right an- 

§Ies, its surface will be equal to two quadrantal triangles ; if 
le sum is equal to nine right angles, the surface will be 
equal to three quadrantal triangles, etc. 
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BOOK X. 

THE THREE ROUND BODIES. 
Definitions. 

1. A cylinder is a solid described by the revolu- 
tion of a rectangle about one of its sides, which 
remains fixed. The bases of the cylinder are the 
circles described by the two revolving opposite 
sides of the rectangle. 

2. The cusis of a cylinder is the fixed straight 
line about which the rectangle revolves. The op- 
posite side of the rectangle describes the convex 
surface, 

3. A cone is a solid described by the revolu- 
tion of a right-angled triangle about one of the 
sides containing the right angle, which side re- 
mains fixed. The base of the cone is the cir- 
cle described by that side containing the right 
angle, which revolves. 

4. The axis of a cone is the fixed straight 
line about which the triangle revolves. The 
hypothenuse of the triangle describes the convex surface. 
The side of the cone is the distance from the vertex to the 
circumfer^ce of the base. 

5. A frustum of a cone is the part of a cone next the 
base, cut off by a plane parallel to the base. 

6. Similar cones^nd cylinders are those which have their 
axes and the diameters of their bases proportionals. 



PROPOSITION I. THEOREM. 

The convex surface of a cylinder is equal to the product of 
its altitude by the circumference of its base. 

Let ACE-G be a cylinder whose base is the circle ACE 
and altitude AG; then will its convex -surface be equal to 
the product of AG by the circumference ACE. 
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In the circle ACE inscribe the regular 
polygon ABCDEF; and upon this polygon 
.et a right prism be constructed of the same 
altitude with the cylinder. The edges AG, 
BH^ CK, &c., of the prism, being perpen- 
dicular to the plane of the base, will be con- 
tained in the convex surface of the cylinder. 
The convex surface of this prism is equal to 
the product of its altitude by the perimeter 
of its base (Prop. I., B. VIII.). Let, now, 
the arcs subtended by the sides AB, BC, &c., be bisected, 
and the number of sides of the polygon be indefinitely in- 
creased ; its perimeter will approach the circumference of the 
circle, and will be ultimately equal to it (Prop. XL, B. VI.),- 
and the convex surface of the prism will become equal to 
the convex surface of the cylinder. But whatever be the 
number of sides of the prism, its convex surface is equal to 
the product of its altitude by the perimeter of its base ; hence 
the convex surface of the cylinder is equalto the product of 
its altitude by the circumference of its base. 

Cor, If A represent the altitude of a cylinder, and R the 
radius of its base, the circumference of the base will be repre- 
sented by 2TrR (Prop. XIII., Cor. 2, B. VL) ; and the convex 
surface of the cylinder by 27rRA. 



a 



PROPOSITION II. THEOREM. 

The solidity of' a cylinder is equal to theprodtcct of its has^ 
by its altitude. 

Let ACE-G be a cylinder whose base is 
the circle ACE and altitude AG ; its solidity 
is equal to the product of its base by its al- 
titude. 

In the circle ACE inscribe the regular 
polygon ABCDEF ; and upon this polygon 
let a right prism be constructed of the same 
altitude with the cylinder. The soliditv of 
this prism is equal to the product of its base 
by its altitude (Prop. XL, B. VIIL). Let, 
now, the number of sides of the polygon be indefinitely in 
creased ; its area will become equal to that of the circle, and 
the solidity of the prism becomes equal to that of the cylinder. 
But whatever be the number of sides of the prism, its sohdity 
is equal to the product of its base by its altitude ; hence the 
solidity of a cylinder is equal to the product of its base by its 
altitude 
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Cor. 1. If A represent the altitude of a cylinder, and K 
the radius of its base, the area of the base will be represent- 
ed by ttR* (Prop. XIIL, Cor. 3, B. VI.) ; and the solidity of 
the cylinder will be ttR'A. 

Cor. 2. Cylinders of the same altitude, are to each otaer 
as their bases ; and cylinders of the same base, are to each 
other as their altitudes. 

Cor. 3. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the diameters of their 
bases. For the bases are as the squares of their diameters ; 
and since the cylinders are similar, the diameters of the bases 
are as their altitudes (Def. 6). Therefore the bases are as 
the squares of the altitudes ; and hence the products of the 
bases by the altitudes, or the cylinders themselves, will be as 
the cubes of the altitudes. 



PROPOSITION III. THEOREM. 

The convex surface of a cone is equal to the product of haif 
its side, by the circumference of its base. 

Let A-BCDEFG be a cone whose base is 
the circle BDEG, and its side AB ; then will 
its convex surface be equal to the product 
of half its side by the circumference of the 
circle BDF. 

In the circle BDF inscribe the regular 
polygon BCDEFG; and upon this polygon 
let a regular pyramid be constructed having b^ 
A for its vertex. The edges of this pyramid 
will lie in the convex surface of the cone. 
From A draw AH perpendicular to CD, one of the sides of 
the polygon. The convex surface of the pyramid is equal to 
the product of half the slant height AH by the perimeter of 
its base (Prop. XIV., B. VIII.). Let, now, the arcs subtend- 
ed by the sides BC, CD, &c., be bisected, and the number 
of sides of the polygon be indefinitely increased, its perimeter 
will become equal to the circumference of the circle, the slant 
height AH becomes equal to the side of the cone AB, and 
he convex surface of the pyramid becomes equal to the con- 
vex surface of the cone. But, whatever be the number of 
faces of the pyramid, its convex surface is equal to the prod- 
act of half its slant height by the perimeter of its base ; hence 
the convex surface of the cone, is equal to the product of 
half its side by the circumference of its base. 

Cor. If S represent the side of a cone, and R the radiui* 
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of its base, then the circumference of the base will be repre- 
sented by 2nR, and the convex surface of the cone by 
STrRx^S, orTrRS. 



PROPOSITION IV. THEOREM. 

The convex surface of a frustum of a cone is equal to the 
vroduct of its side, by half the sum of the circumferences of iu 
ewo bases. 

Let BDF-bdf be a frustum of a cone 
whose bases are BDF, bdf and Bb its A 

side ; its convex surface is equal to the M\ 

product of Bb by half the sum of the cir- /f '^\ 

cumferences BDF, bdf. If, j\ \ 

Complete the cone A-BDF to which the hP^Mt^^e 
frustum belongs, and in the circle BDF A^i^^^^i^A 
mscribe the regular polygon Bl'DEFG ; / J^^ \ 
and upon this polygon let a regular pyr- /^:^^""'"^Pf^^:A 
amid be constructed having A for its B<^ / \ ^EI 

vertex. Then will BDF-6(^ be a frus- ^^^^U«.,,..=z..:J^ 
ium of a regular pyramid, whose convex ^ . 

surface is equal to the product of its slant height by half the 
sum of the perimeters of its two bases (Prop. XIV., Cor. 1, B. 
VIII.). Let, now, the number of sides of the polygon be in- 
definitely increased, its perimeter will become equal to the 
circumference of the circle, and the convex surface of the 
yramid will become equal to the convex surface of the cone. 

ut, whatever be the number of faces of the pyramid, the con- 
vex surface of its frustum is equal to the product of its slant 
neight, by half the sum of the perimeters of its two bases- 
Hence the convex surface of a frustum of a cone is equal to 
the product of its side by half the sum of the circumferences 
of its two bases. 

Cor. It was proved (Prop. XIV., Cor. 2, B. VIII.), that the 
convex surface of a frustum of a pyramid is equal to the 
product of its slant height, by the perimeter of a section at 
equal distances between its two bases ; hence the convex sur- 
face of a frustum of a cone is equal to the product oj its side, 
oy the circumference of a section at equal distances between the 
two bases 

H 
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PROPOSITION V. THEOREM. 



The solidity of a cone is equal to one third of the product of 
its base and altitude. 

Let A-BCDF be a cone whose base is the ^ 

circle BCDEFG, and AH its altitude ; the 
Bolidity of the cone will be equal to one thira 
of the product of the base BCDF by the al- y 

titude AH. . / 

In the circle BDF inscribe a regular poly- / , 
gon BCDEFG, and construct a pyramid L<^ 
whose base is the polygon BDF, and having Br' i 
its vertex in A. The solidity of this pyra- ^^^^^Lzizzzzs^ 
mid is equal to one third of the product of ^ 

the polygon BCDEFG by its altitude AH (Prop. XVIL, B. 
VIIL). Let, now, the number of sides of the polygon be in- 
definitely increased ; its area will become equal to the area 
of the circle, and the solidity of the, pyramid will become 
equal to the solidity of the cone. But, whatever be the 
number of faces of the pyramid, its solidity is equal to one 
third of the product of its base and altitude ; hence the soHdity 
of the cone is equal to one third of the product of its base and 
altitude. - 

Cor. 1. Since a cona is one third of a cylinder having the 
same base and altitude, it follows that cones of equal alti 
jtudes are to each other as their bases ; cones of equal bases 
are to each other as their altitudes ; and similar cones are as 
the cubes of their altitudes, or as the cubes of the diameters 
of their bases. 

Cor. 2. If A represent the altitude of a cone, and R the 
radius of its base, the solidity of the cone will be represented 
byTfR'x^A, or IttR^'A. 



PROPOSITION VI. THEOREM. 

A frustum of a cone is equivalent to the sum of three cones, 
having the same altitude with the frustum, and whose bases are 
the lower base of the frustum, its upper base, and a mean pro- 
portional between thern^ 



Let BDF-^^f be any frustum of a cone. Complete the 
coae to which the frustum belongs, and in the circle BDF ia 
scribe the regular polygon BCDEFG; and upon this poly 
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gon let a regular pyramid be construct- 
ed having its vertex in A. Then will 
BGBEFG-bcdefg be a frustum of a reg- 
ular pyramid, whose solidity is equal to 
three pyramids having the same altitude 
with the frustum, and whose bases are 
the lower base of the frustum, its upper 
base, and a mean proportional between 
them (Prop. XVIIL, B. VIII.). Let, now, 
the number of sides of the polygon be in- 
definitely increased, its area will become 
equal to the area of the circle, and the 
frustum of the pyramid will become the frustum of a cone 
Hence the frustum of a cone is equivalent to the sum of three 
cones, having the same altitude with the frustum, and whose 
bases are the lower base of the frustum, its upper base, and 
a mean proportional between them. 




PROPOSITION VII. THEOREM. 



The surface of a sphere is equal to the product of its diame 
Ur by the circumference of a great circle. 

Let ABDF be the semicircle by the revo- 
lution of which the sphere is described. In- 
scribe in the semicircle a regular semi-poly- 
gon ABCDEF, and from the points B, C, D, 
E let fall the perpendiculars BG, CH, DK, 
EL upon the diameter AF. If, now, the 
polygon be revolved about AF, the lines AB, 
EF will describe the convex surface of two 
cones; and BC, CD, DE will describe the 
convex surface of frustums of cones. 

From the center I, draw IM perpendicular 
to BC ; also, draw MN perpendicular to AF, 
and BO perpendicular to CH. Let circ. MN represent the 
circumference of the circle described by the revolution of 
MN. Then the surface described by the revolution of BC, 
will be equal to BC, multiplied by circ. MN (Prop. IV., 
Cor.). 

Now, the triangles JMN, BCO are similar, since their sides 
are perpendicular to each other (Prop. XXL, B. IV.) ; whence 
BC : BO or GH : : IM : MN, 

: : circ. IM : circ. MN. 
Hence (Prop. I., B. II.), 

BCX circ. MN==GHX arc. IM. 
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Therefore the surface described by BC, is 
equal to the altitude GH, multiplied by circ, 
IM, or the circumference of the inscribed 
circle. 

In like manner, it may be proved that the 
surface described by CD is equal to the alti- 
tude HK, multiplied by the circumference of 
he inscribed circle; and the same may be 
proved of the other sides. Hence the entire 
surface described by ABCDEF is equal to 
the circumference of the inscribed circle, mul- 
tiplied by the sum of the altitudes AG, GH, ^ 
HK, KL, and LF ; that is, the axis of the polygon. 

Let, now, the arcs AB, BC, &c., be bisected, and the num- 
ber of sides of the polygon be indefinitely increased, its pe- 
rimeter will coincide with the circumference of the semicircle, 
and the perpendicular IM will become equal to the radius of 
the sphere ; that is, the circumference of the inscribed circle 
will become the circumference of a great circle. Hence the 
surface of a sphere is equal to the product of its diameter by 
the circumference of a great circle. 

Cor, 1. The area of a zone is equal to the product of its al 
titude by the circumference of a great circle. 

For the surface described by the lines BC, CD is equal to 
the altitude GK, multiplied by the circumference of the in- 
scribed circle. But when the number of sides of the polygon 
is indefinitely increased, the perimeter BC+CD becomes the 
arc BCD, and the inscribed circle becomes a great circle. 
Hence the area of the zone produced by the revolution of 
BCD, is equal to the product of its altitude GK by the cir 
cumference of a great circle. 

Cor. 2. The area of a great circle is equal to the prod- 
uct of its circumference by half the radius (Prop. XIL, B. 
VI.), or one fourth of the diameter ; hence the surface of a 
sphere is equivalent to four of its great circles. 

Cor. 3. The surface of a sphere is equal to the convex sur 
face of the circumscribed cylinder. 

For the latter is equal to the product of its 
altitude by the circumference of its base. But 
its base is equal to a great circle of the sphere, 
and its altitude to the diameter ; hence the 
convex surface of the cylinder, is equal to the 
product of its diameter by the circumference 
of a great circle, which is also the measure of 
the surface of a sphere. 

Cor. 4. Two zones upon equal spheres, are to each othex 
as their altitudes ; and any zone is to the surface of its 
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sphere, as the altitude of the zone is to the diameter of the 
sphere. 

Cor. 5. Let R denote the radius of a sphere, D its diame- 
ter, C the circumference of a great circle, and S the surface 
of the sphere, then we shall have 

C=27rR, or ttD (Prop. XIIL, Cor. 2, B. VI.). 
Also, S =27rR X 2R = 47rR% or ttD*. 
If A reprelsents the altitude of a zone, its area will be 

27rRA. 



PROPOSITION VIII. THEOREM. 

The solidity of a sphere is equal to one third the product oj 
Its surface by the radius. 

Let ACEG be the semicircle by the revo- 
lution of which the sphere is described. In- ^ 
scribe in the semicircle a regular semi-poly- 5<*^ 
gon ABCDEFG, and draw the radii BO, J^\ \ 
CO,DO, &c. c/ \ 

The solid described by the revolution of / \. '*• 

the pblyffon ABCDEFG about AG, is com- fr [^ 

posed of the solids formed by the revolu- |" 
tion of the triangles ABO, BCO, CDO, &c., \ 
about AG. A 

First. To find the value of the solid form- ^^ 
ed by the revolution of the triangle ABO. p*'**^;^ 

From O draw OH perpendicular to AB, ^ 

and from B draw BK perpendicular to AO. 
The two triangles ABK, BKO, in their revolution about AO, 
will describe two cones having a common base, viz., the cir- 
cle whose radius is BK. Let area BK represent the area 
of the circle described by the revolution of BK. Then the 
solid described by the triangle ABO will be represented by 
Area BKx^AO (Prop, V.). 

Now the convex surface of a cone is expressed by ttRS 
(Prop. III., Cor.) ; and the base of the cone by nR\ Hence 
the convex surface : base : : ttRS : ttR", 

: : S : R (Prop. VIIL, B. II.). 

But AB describes the convex surface of a cone, of which 
BK describes the base ; hence 
the surface described by AB : area BK : : AB BK 

: : AO : OH, 
because the triangles ABK, AHO are similar. Hence 

Area BKx A0= OHx surface described by AB, 
or Area BK x iAO=* jOH x surface described by AB. 




174 GEOMETRY. 

But we have proved that the solid de- 
scribed by the triangle ABO, is equal to 
area BKx^AO; it is, therefore, equal to 
lOH X surface described by AB. 

Secondly. To find the value of the solid 
formed by the revolution of the triangle 
BCO. 

Produce BC until it meets AG produced 
in L. It is evident, from the preceding 
demonstration, that the solid described by 
the triangle LCO is equal to 

|0M X surface described by LC ; 
and the solid described by the triangle LBO 
is equal to 

|0M X surface described by LB ; 
hence the solid described by the triangle BCO is equal to 
|0M X surface described by BC. 

In the same manner, it may be proved that the solid de- 
scribed by the triangle CDO is equal to 

iON X surface described by CD ; 
and so on for the other triangles. But the perpendiculars 
OH, OM, ON, &c., are all equal ; hence the^ solid described 
by the polygon ABCDEF6,is equal to the surface described 
by the perimeter of the polygon, multiplied by |0H. 

Let, now, the number of sides of the polygon be indefinite- 
ly increased, the perpendicular OH will become the radius 
OA, the perimeter ACEG will become the semi-circumference 
ADG, and the solid described by the polygon becomes a 
sphere ; hence the solidity of a sphere is equal to one third 
»f the product of its surface by the radius. 

Cor. 1. The solidity of a spherical sector is equal to the prod- 
uct of the zone which forms its base, by one third of its radius. 

For the solid described by the revolution of BCDO i«» 
equal to the surface described by BC+CD, multiplied bj 
JOM. But when the number of sides of the polygon is in 
definitely increased, the perpendicular OM becomes the 
radius OB, the quadrilateral BCDO becomes the sector 
BDO, and the solid described by the revolution of BCDO 
becomes a spherical sector. Hence the solidity of a spheri- 
cal sector is equal to the product of the zone which forms its 
base, by one third of its radius. 

Cor. 2. Let R represent the radius of a sphere, D its di- 
ameter, S its surface, and V its solidity, then we shall have 

S=47rR» or 7rD» (Prop. VII., Cor. 5). 
Also, V= |R X S = AttR' or ^ttD' ; 

hence the solidities of sphei^es are to each other as the cubes of 
their radii 
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If we put A to represent the altitude of the zone which 
forms the base of a sector, then the solidity of the sector will 
De represented by -i 

2TrRAxjR = |TrR»A. 

Cor. 3. Every sphere is two thirds of the circumscribed 
cylinder. 

For, since the base of the circumscribed cylinder is equal 
lo a great circle, and its altitude to a diameter, the solidity 
of the cylinder is equal to a great circle, multiplied by the 
diameter (Prop. IL). But the solidity of a sphere is equal 
to four great circles, multiphed by one third of the radius ; or 
one great circle, multiplied by | of the radius, or f of the 
diameter. Hence a sphere is two thirds of the circumscribed 
cylinder. 



PROPOSITION IX. THEOREM. 

A spherical segment with one base, is equivalent to half oj 
a- cylinder having the same base and altitude, plus a sphere 
4)hose diameter is thq altitude of the segment. 

Let BD be the radius of the base of the 
segment, AD its altitude, and let the segment 
be generated by the revolution of the circu- 
lar half segment AEBD about the axis AC. 
Join CB, and from the center C draw CF per- 
pendicular to AB. 

The solid generated by the revolution of 
the segment AEB, is equal to the difference of the solids gen- 
erated by the sector ACBE, and the triangle ACB. Now, 
the solid generated by the sector ACBE is equal to 

fTrCB'x AD (Prop. VIIL, Cor. 2). 
And the solid generated by the triangle ACB, by Prop. VIIL, 
is equal to ^CF, multiplied by the convex surface described 
by AB, which is 27rCF x AD (Prop. VII.), making for the solid 
generated by the triangle ACB, 

IttCF'xAD. 
Therefore the solid generated by the segment AEB, is equal 
to |7rADx(CB'-CF^), 

or IttADxBF''; 

that is, IttADxAB", 

because CB'— CF' is equal to BF% and BF' is equal to one 
fourth of AB'. 

Now the cone generated by the triangle ABD is equal to 
IttAD X BD' (Prop. V., Cor. 2). 
Therefore the spherical segment in question, which is the 
sum of the solids described by AEB and ABD, is equal to 
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i7rAD(2BD'+AB0 ; 
that is, f7rAD(3BD'+ AD''), 

because AB'' is equal to BD'+AD'. 

This expression may be separated into the two parts 
iTADxBD', 
and |rrAD'. 

The first part represents the solid- 
ity of a cylinder having the same 
base with the segment and half its 
altitude (Prop. II.) ; the other part 
represents a sphere, of which AD is 
the diameter (Prop. VIIL, Cor. 2). 
segment, &c. 

Cor, The solidity of the spherical seg- 
ment of two bases, generated by the revolu- 
tion of BCDE about the axis AD, may be 
found by subtracting that of the segment of 
one base generated by ABE, from that of the 
segment of one base generated by ACD. 




Therefore, a spherical 




CONIC SECTIONS. 



There are three curves whose properties are extensively 
applieii in Astronomy, and many other branches of science, 
which, being the sections of a cone made by a plane in dif 
ferent positions, are called the conic sections, The«<9 are 

The Parabola, 

The Ellipse, and 

The Hyperbola. 



PARABOLA. 



Definitions, 

1. A parabola is a plane curve, every point of which is 
equally distant from a fixed point, and a given straight line. 

2. The fixed point is called the focus of the parabola and 
the given straight line is called the directrix. 

Thus, if F be a fixed point, and BC a 3^ 
given line, and the point A «iove about F 
in such a manner, that its distance from F ^' 
is always equal to the perpendicular dis- 
tance from BC, the point A will describe 
a parabola, of which F is the focus, and 
BU the directrix. 

3. A diameter is a straight line drawn 
through any point of the curve perpen- 
dicular to the directrix. The vertex of 
the diameter is the point in which it cuts 
the curve. 

Thus, through any point of the curve, as A, draw a line 
DE perpendicular to the directrix BC ; DE is a diameter of 
the parabola, and the point A is the vertex of this diameter. 

4. The axis of the parabola is the diameter which passes 
through the focus ; and the point in which it cuts the curve 
is called the principal vertex. 

Thus, draw a diameter of the parabola, GH, through the 




178 



CONIC SECTIONS. 



H 





focus F ; GH is the axis of the parabola, B 
and the point V, where the axis cuts the e . 
curve, is called the principal vertex of 
the parabola, or simply the vertex. 

It is "evident from Def. 1, that the line 
FH is bisected in the point V. 

5. A tangent is a straight line wrhich E- 
meets the curve, but, being produced, does 
not cut it. C 

6. An ordinate to a diameter, is a straight line drawn from 
any point of the curve to meet that diameter, and is parallel 
to the tangent at its vertex. 

Thus, let AC be a tangent to the 
parabola at B, the vertex of the di- 
ameter BD. From any point E of the 
curve, draw EGH parallel to AC ; 
then is EG an ordinate to the diame- 
ter BD. 

It is proved in Prop. IX., that EG 
is equal to GH ; hence the entire line 
EH is called a double ordinate. 

7. An abscissa is the part of a diameter intercepted be- 
tween its vertex and an ordinate. 

Thus, BG is the abscissa of the diameter BD, correspond- 
ing to the ordinate EG. 

8. A subtangent is that part of a diameter intercepted be- 
tween a tangent and ordinate to the point of contact. 

Thus, let EL, a tangent to the curve at E, meet the di- 
ameter BD in the point Li ; then LG is the subtangent of BD, 
corresponding to the point E. • 

9. The parameter of a diameter is the double ordinat«i 
which passes through the focus. 

Thus, through the focus F, draw IK parallel to the tan- 
gent AC ; then is IK the parameter of the diametef BD. 

10. The parameter of the axis is called the principal pa- 
rameter, or latus rectum. 

1 1. A normal is a line dravni perpendicular to a tangent 
from the point of contact, and terminated by the axis. 

12. A subnormal is the part of the axis 
intercepted between the normal, and the 
corresponding ordinate. 

Thus, let AB be a tangent to the 
parabola at any point A. From A 
draw AC perpendicular to AB ; draw, 
also, the ordinate AD. Then AC is the 
normal, and DC is the subnormal cor- 
responding to the point A 
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PROPOSITIOW I. PROBLEM. 

To describe a parabola. 

Let BC be a ruler laid upon a plane, ^ 
and lei DEG be a square. Take a bj- 
thread equal in length to EG, and attach s|p_ 
one extremity at G, and the other at 
some point as F. Then slide the side 
of the square DE along the ruler BC, 
and, at the same time, keep the thread 
continually tieht by means of the pencil 
A ; the pencil will describe one part of 
a parabola, of which F is the focus, and 
BC the directrix. For, in every posi- 
tion of the square, 

AF+AG=AE+AG, 
and hence AF=AE; 

that is, the point A is always equally distant from the f<5cu8 
F and directrix BC. 

If the square be turned over, and moved on the other side 
jf the point F, the other part of the same parabola may be 
lescribed. 




PROPOSITION II. THEOREM. 



A tangent to the parabola bisects the angle formed at the 
point of contact, by a perpendicular to the directrix, and a Uvm 
drawn to the focus. 

Let A be any point of the parabola 
aY, from which draw the line AF to 
the focus, and AB perpendicular to the 
directrix, and draw AC bisecting the an- 
gle BAF ; then will AC be a tangent to 
the curve at the point A. 

For, if possible, let the line AC meet 
the curve in some other point as D. 
Join DF, DB, and BF ; also, draw DE 
perpendicular to the directrix. 

Since, in the two triangles ACB, ACF, AF is equal to AB 
(Def. 1), AC is common to both triangles, and the angle CAB 
is, by supposition, equal to the angle CAF ; therefore CB li 
equal to CF, and the angle ACB to the angle ACF. 
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Again, in the two triangles DCB, DCF, because BC is 
equal to CF, the side DC is common to both triangles, and 
the angle DCB is equal to the angle DCF ; therefore DB is 
equal to DF. But DF is equal to DE (Def. 1) ; hence DB 
is equal to DE, which is impossible (Prop. XVII., B. L). 
Therefore the line AC does not meet the curve in D ; and in 
the same manner it may be proved that it does not meet the 
curve in any other point than A ; consequently it is a tangent 
to the parabola. Therefore, a tangent, &c. 

Cor, 1. Since the angle FAB continually increases as the 
point A moves toward V, and at V becomes equal to two 
right angles, the tangent at the principal vertex is perpendicu- 
lar to the axis. The tangent at the vertex V is called the 
vertical tangent. 

Cor, 2. Since an ordinate to any diameter is parallel to 
the tangSnt at its vertex, an ordinate to the axis is perpen 
dicular to the axis. 



PROPOSITION III. THEOREM. 

Tfie lotus rectum is equal to four times the distance from the 
focus to the vertex. 

Let AVB be a parabola, of which P is the 
focus, and V the principal vertex ; then the ^ 
latus rectum AFB will be equal to four 
times FV. 

Let CD be the directrix, and let AC be 
drawn perpendicular to it; then, according D 
to Def. 1, AF is equal to AC or DF, because 
ACDF is a parallelogram. But DV is equal 
to VF ; that is, DF is equal to twice VF. 
Hence AF is equal to twice "VF. In the 
same manner it may be proved that BF is equal to twice 
VF ; consequently AB is equal to four times VF. There- 
fore, the latus rectum, &c. 



PROPOSITION IV. THEOREM. 

If a tangent to the parabola cut the axis produced^ the 
points of contact and of intersection are equally distant from 
the focus. 

Let AB be a tangent to the parabola GAH at the point A, 
and let it cut the axis produced in B ; also, let AF be drawn 
to the focus ; then will the line AF be equal to BF. 
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Draw AC perpendicular to the di- 
rectrix ; then, since AC is parallel to 
BF, the angle BAC is equal to ABF. 
But the angle BAC is equal to BAF 
(Prop. II.) ; hence the angle ABF is -^^ 
equal to BAF, and, consequently, AF 
is equal to BF. Therefore, if a tan- 
gent, &c. 

Cor. 1. Let the normal AD be 
drawn. Then, because BAD is a 
right angle, it is equal to the sum of the two angles ABD 
ADB, or to the sum of the two angles BAF, ADB. Take 
away the common angle BAF, and we have the angle DAF 
equal to ADF. Hence the line AF is equal to FD. There- 
fore, if a circle be described with the center F, and radius FA, 
it will pass through the three points B, A, D. 

Cor. 2. The normal bisects the angle made by the diameter 
at the point of contact, with the line drawn from that point to 
the focus. 

For, because BD is parallel to CE, the alternate angles 
ADF, DAE are equal. But the angle ADF has been proved 
equal to DAF ;, hence the angles DAF, DAE are equal to 
each other. 

Scholium. It is a law in Optics, that the angle made by a 
ray of reflected light with a perpendicular to the reflecting 
surface, is equal to the angle which the incident ray makes 
with the sajfne perpendicular. Hence, if GAH represent a 
concave parabolic mirror, a ray of light falling upon it in the 
direction EA would be reflected to F. The same would be 
true of all rays parallel to the axis. Hence the point F, in 
which all the rays would intersect each other, is called the 
focus, or burning point 



PROPOSITION V. THEOREM. 

The subtangent to the axis is bisected by the vertex. 

Let AB be a tangent to the parab- 
ola ADV at the point A, and AC 
an ordinate to the axis; then wi.l 
BC be the subtangent, and it will be 
bisected at the vertex V. 

For BF is equal to AF (Prop. 
IV.) ; and AF is equal to CE, which 
is the distance of the point A from 
the directrix. But CE is equal to 
the sum of CV and VE. or CV and VF. Hence BF. oi 
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BV+VF is iqual o CV+VF ; that is, BV is equal to CV 
Therefore, the sublangent, &c. 

Cor, 1. Hence the tangent at D, the extremity of the latui 
-ectum, meets the axis in E, the same point with the direc- 
trix. For, by Def. 8, EF is the subtangent corresponding to 
the tangent DE. 

Cor. 2. Hence, if it is required to draw a tangent to the 
curve at a given point A, draw the ordinate AC to the axis. 
Make BV equal to VC ; join the points B, A, and the line 
BA will be the tangent required. 



PROPOSITION VI. THEOREM. 



The subnormal is equal to half the Idtus rectum. 

Let AB be a tangent to the parab- 
ola AV at the point A, let AC be 
he ordinate, and AD the normal from 
the point of contact ; then CD is the 
subnormal, and is equal to half the 
latus rectum. 

For the distance of the point A 
from the focus, is equal to its distance 
from the directrix, which is equal to 
VF+ VC, or 2VF+FC ; that is, 

FA=2VF+FC, 
or 2VF=FA-FC. 

Also, CD is equal to FD— FC, which is equal to FA— FG 
(Prop. IV., Cor. 1). Hence CD is equal to 2VF, which ia 
equal to half the latus rectum (Prop. III.). Therefore, the 
subnormal, &c. 




PROPOSITION VII. THEOREM. 

If a perpendicular be drawn from the focus to any tangent^ 
the point of intersection will be in the vertical tangent. 

Let AB be any tangent to the pa- 
rabola AV, and FC a perpendicular let 
fall from the focus upon AB ; join VC ; 
then will the line VC be a tangent to 
the curve at the vertex V. 

Draw the ordinate AD to the axis 
Since FA is equal to FB (Prop. IV.), 
and FC is drawn perpendicular to 
AB. it divide? the triangle AFB into 
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two equal parts, and, therefore, AC is equal to BC. Bu* 
BV is equal to VD (Prop. V.) ; hence 

BC : CA : : BV : VD, 
and, therefore, CV is parallel to AD (Prop. XVL, B. IV.). But . 
AD is perpendicular to the axis BD ; hence CV is also per 
pendicular to the axis, and is a tangent to the curve at the 
point V (Prop. II., Cor. 1). Therefore, if a perpendicular, 
&c. 

Cor. 1. Because the triangles FVC, FCA are similar, we 
have FV:FC::FC: FA; 

that is, the perpendicular from the focus upon any tangent^ is a 
mean proportional between the distances of the focus from the 
vertex, and from the point of contact 

Cor. 2. It is obvious that FV : FA : : FC" : FA'. 

Cor. 3. From Cor. 1, we have 

FC»=FVxFA. 
But FV remains constant for the same parabola ; therefore 
the distance from the focus to the point of contact, varies as the 
square of the perpendicular upon the tangent. 



PROPOSITION VIII. THEOEEM. 

The square of an ordinate to the axis, is equal to the product 
of the latus rectum by the corresponding abscissa. 

Let AVC be a parabola, and A any point 
of the curve. From A draw the ordinate 
AB ; then is the square of AB equal to the 
product of VB by the latus rectum. 

For AB» is equal to AF»-FB\ 
But AF is equal to VB-fVF, and FB is 
equal to VB— VF. 

Hence AB»=(VB+VF)'-(VB-VF)% 
which, according to Prop. IX., Cor., B. IV., 
is equal to 

4VBXVF, 
or VB X the latus rectum (Prop. III.). 

Therefore, the square, &c. 

Cor. 1. Since the latus rectum is constant for the same 
parabola, the squares of ordinates to the axis, are to each other 
a? their corresponding abscissas. 

Cor. 2. The preceding demonstration is equally applicable 
to ordinates on either side of the axis ; hence AB is equal to 
BC, and AC is called a double ordinate. The curve is sym- 
metrical with respect to the axis, and the whole parabola ii 
bisected by the axis. 
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PKOPOSITION IX. THEOREM. 

Tlie square of an ordinate to any diameter^ is equal to four 
times the product of the corresponding abscissa, by tlie distance 
froTH the vertex of that diameter to the focus. 

Let AD be a tangent to the 
parabola VAM at the point 
A; through A draw the di- 
ameter HAC, and through h 
any point of the. curve, as B, 
draw BC parallel to AD; 
draw also AF to the^focus; G" 
then will the square of BC be 
equal to 4 AFx AC. K 

Draw CE parallel, and EBG 
perpendicular to the directrix HK ; and join BH, BF, HP. 
Also, produce CB to meet HF in L. 

Because the right-angled triangles FHK, HCL are simi- 
lar, and AD is parallel to CL, we have 

HF : FK : : HC : HL 
: : AC : DL. 
Hence (Prop. I., B. IL), 

HFxDL= FKxAC, 
or 2HFxDL=2FKxAC, or 4VFxAC. 

But 2HF X DL= HL'-LP (Prop. X., B. IV.) 

=HB»— BF» 
=HG' or CE\ 
Hence CE' is equal to 4VFxAC. 
Also, because the triangles BCE, AFD are similar, we have 

CE : CB : : DF : AF. 
Therefore CE' : CB' : : DF^ : AF (Prop. X„ B. IL) 
: : VF : AF (Prop. VII., Cor. 2) 
::4VFxAC:4AFxAC. 
But the two antecedents of this proportion have been provea 
to be equal ; hence the consequents are equal, or 

BC'=4AFXAC. 
Therefore, tne square of an ordinate, &c. 

Cor. In like manner it may be proved that the square of 
CM is equal to 4AF x AC. Hence BC is equal to CM ; and 
since the same may be proved for any ordinate, it follows 
fchat every diameter h\sects its double ordinates. 
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PROPOSITION X. THEOREM. 



The pai-armter of any diameter, is equal to four tiAies the 
distance from its vertex to the focus. 

Lot BAD be a parabola, of which 
P is the focus, AC is any diameter, 
and BD its parameter ; then is BD 
equal to four times AF. 

Draw the tangent AE ; then, since 
AEFC is a parallelogram, AC is equal 
to EF, which is equal to AF (Prop. 
IV.). 

Now, by Prop. IX., BC is equal to 
4AF X AC ; that is, to 4AF''. Hence 
BC is equal to twice AF, and BD is equal to four times AF 
Therefore, the parameter of any diameter, <&c. 

Cor. Hence the square of an ordinate to a diameter, is 
equal to the product of its parameter by the corresponding 
abscissa. 




PROPOSITION XI. THEOREM. 

If a cone be cut by a plane parallel to its side, the section is 
a parabola. 

Let ABGCD be a cone cut by a plane 
VDG parallel to the slant side AB ; then 
will the section DVG be a parabola. 

Let ABC be a plane section through 
the axis of the cone, and perpendicular to 
the plane VDG ; then VE, which is their 
common section, will be parallel to AB. 
Let bgcd be a plane parallel to the base 
of the cone ; the intersection of this plane 
with the cone will be a circle. Since the 
plane ABC divides the cone into two 
equal parts, BC is a diameter of the circle 

BGCD, and be is a diameter of the circle bgcd. Let DEG, 
deg be the common sections of the plane VDG with the 
planes BGCD, bgcd respectively. Then DG is perpendicular 
to the plane ABC, and, consequently, to the lines VE, BC. 
For the same reason, dg is perpendicular to the two lines 
VE.b€. 
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Now, since be is parallel to BE, and 
6B to eE, the figure bBEe is a parallelo- 
gram, and be is equal to BE. But be- 
cause the triangles Vec, VEC are similar, 
we have 

6c : EC : : Ve : VE ; 
andtaiultiplying the first and second terms 
of this proportion by the equals be and 
BE, we have 

beXeciBExECiiYeiYE. 
But since be is a diameter of the circle 
bgcd, and de is perpendicular to be (Prop. 
XXIL, Cor., B. IV.), 

beXec =de'. 
For the same reason, BExEC«=DE'. 

Substituting these values of beXec and BExEC in the pre- 
cedinff proportion, we have 

&':DE'::Ve:VE; 
that is, the squares of the ordinates are to each other as the 
corresponding abscissas ; and hence the curve is a parabola, 
whose axis is VE (Prop. VIII., Cor. 1.). Hence the parab- 
ola is called a conic section, as mentioned on page 177. 




PROPOSITION XII. THEOREM. 



Every segment of a parabola is two thirds of its circum 
scribing rectangle. 

Let AVD be a segment of 
a parabola cut oflT by the 
straight line AD perpendicu- 
lar to the axis; the area of 
AVD is two thirds of the cir- 
cumscribing rectangle ABCD. 

Draw the line AE touching 
the parabola at A, and meet- 
ing the axis produced in E; 
and take a point H in the 
curve, so near to A that the 
tangent and curve may be regarded as coinciding. Through 
H draw KL perpendicular, and MN parallel to the axis, 
"''hen the 




rectangle AL : rectahgle AM 



AGxGL: 
AGxGE; 
GE AB, 



ABxAN 
ABxAG 
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oecause GL or NH : AN : : GE : AG. ^ But GE is equal to 
twice GV or AB (Prop. V.) ; hence 

AL : AM : : 2 : 1 ; 
that is, AL is double of AM. 

Hence the portion of the parabola included between two or- 
dinates indefinitely near, is double the corresponding portion 
of the external space ABV. Therefore, since the same is 
true for every point of the curve, the whole space AVG is 
double the space ABV. Whence AVG is two thirds of 
ABVG ; and the segment AVD is two thirds of the rectan- 
gle ABCD. Thereiore, every segment, dtc. 
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ELLIPSE. 

Definitions, 

1 . An ellipse is a plane curve, in which the sum of the dis- 
tances of each point from two fixed points, is equal to a given 
line. 

2. The two fixed points are called the /oci. 
Thus, if F, F' are two fixed points, 

and if the point D moves about F in 
such a manner that the sum of its dis- 
tances from F and F' is always the 
same, the point D will describe an 
ellipse, of which F and F' are the foci. 

3. The center is the middle point of 
the straight line joining the foci. 

4. The eccentricity is the distance from the center to either 
focus. 

Thus, let ABA'B' be an ellipse, 
F and F' the foci. Draw the line 
FF' and bisect it in C. The point 
C is the center of the ellipse ; and 
CF or CF' is the eccentricity. 

5. A diameter is a straight 
drawn through the center, 
terminated both ways by 
curve. 

6. The extremities of a diameter are called its vertices. 
Thus, through C draw any straight line DD' terminated 

by the curve ; DD' is a diameter of the ellipse ; D and D' 
are its vertices. 

7. The major axis is the diameter which passes through 
the foci ; and its extremities are called the principal vertices. 

8. The minor axis is the diameter which is perpendicular 
to the major axis. 

Thus, produce the line PF' to meet the curve in A and 
A' ; and through C draw BB' perpendicular to AA' ; then is 
AA' the major axis, and BB' the minor axis. 

9. A tangent is a straight line which meets the curve, but, 
being produced, does not cut it 
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10. An ordinate to a diameter, is a straight line drawn 
from any point of the cti-ve to the diameter, parallel to the 
tangent at one of its vertices. 

Thus, let DD' be any diameter, 
and TT' a tangent to the ellipse 
at D. From any point G of the 
curve draw GKG' parallel to TT' 
and cutting DD' in K ; then is 
GK an ordmate to the diameter 
DD'. 

It is proved in Prop. XIX., Cor. 
1, that GK is equal to G'K ; hence the entire line GG' is call- 
ed a double ordinate. 

11. The parts into which a diameter is divided by an or- 
dinate, are called abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' 
corresponding to the ordinate. GK. 

12. Two diameters are conjugate to one another, when 
each is parallel to the ordinates of the other. 

Thus, draw the diameter EE' parallel to GK, an ordinate 
to the diameter DD', in which case it will, of course, be par- 
allel to the tangent TT' ; then is the diameter EE' conju- 
gate to DD'. 

13. The latus rectum is the double ordinate to the major 
axis which passes through one of the foci. 

Thus, through the focus F' 
draw LL' a double ordinate to 
the major axis, it will be the latus 
rectum of the ellipse. 

14. A svbtangent is that part 
of the axis produced which is in- 
cluded between a'tangent and the 
ordinate drawn from the point of 
contact. 

Thus, if TT' be a tangent to tre curve at D, and DG an 
ordinate to the major axis, then GT is the corresponding 
bubtangent ' 
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PROPOSITION I. PROBLEM. 

To describe an ellipse* 

Let F and F' be any two fixed 
points. Take a thread longer than 
the distance FF^ and fasten one of 
Its extremities at F, the other at F'. 
Then let a pencil be made to glide 
along the thread so as to keep it al- 
ways stretched; the curve described 
by the point of the pencil will be an 
ellipse. For, in every position of the 
pencil, the sum of the distances DF, DF' will be the same, 
viz., equal to the entire length of the string. 




PROPOSITION II. THEOREM. 

The sum of the two lines drawn from any point of an ellipse 
to the foci, is equal to the major axis. 

Let ADA' be an ellipse, of 
which F, F' are^ the foci, AA' is 
the major axis, and D any point of 
the curve ; then will DF+DF' be 
equal to AA'. 

For, by Def. 1, the sum of the 
distances of any point of the curve 
from the foci, is equal to a given line. Now, when the point 
D arrives at A, FA+F'A or 2AF+FF' is equal to the given 
line. And when D is at A', FA'+F'A' or 2A'F'+FF' is 
equal to the same line. Hence 

2AF+FF'=2A'F'+FF ; 
consequently, AF is equal to A'F'. 

Hence DF-f DF', which is equal to AF+AF', must be equal 
to AA'. Therefore, the sum of the two lines, &c. 

Cor, The major axis is bisected in the center. For, by Def. 
3, CF is equal to CF' ; and we have just proved that AF is 
equal to A'F' ; therefore AC is equal to A'C. 
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PROPOSITION III. THEORBM. 

Ervcry diameter is bisected in the cenier. 

Let D be any point of an ellipse ; 
Join DF, DF', and FF'. Complete the 
parallelogram DFD'F', and join DD'. 

Now, becai'se the opposite sides of 
a parallelogra»'P a-re equal, the sum of 
DF and IJF' i« equal to the sum of 
D'F and D'F' i hence D' is a point in 
the ellipse. But the diagonals of a parallelogram bisect each 
other ; therefore FF' is bisected in C ; that is, C is the center 
of the ellipse, and DD' is a diameter bisected in C. There- 
fore, every diameter, &c. 





PROPOSITION IV. THEOREM. 

The distance from either focus to the extremity of the minor 
axis, is equal to half the major axis. 

Let F and F' be the foci of an 
ellipse, AA' the major axis, and 
BB' the minor axis ; draw the 
straight lines BF, BF' ; then BF, ^ 
BF' are each equal to AC. 

In the two right-angled trian- 
gles BCF, BCF', CF is equal to 
CF', and BC is common to both 
triangles ; hence BF is equal to BF'. But BF+BF' is equal 
to 2AC (Prop. IL) ; consequently, BF and BF' are each 
equal to AC. Therefore, the distance, &c. 

Cor. 1. Half the minor axis is a mean proportional between 
the distances from either focus to the principal vertices. 

For BC» is equal id BF»-FC» (Prop. XL, B. IV.), which 
is equal to AC— FC* (Prop. IV.). Hence (Prop. X., B. IV.), 
BC»-=(AC+FC) x(AC-FC) 
= AF' X AF ; and, therefore, 
AF : BC : : BC : FA'. 

Cor. 2. The square of tlie eccentricity is equal to the differ- 
ence of the squares of the semi-axes. 

For FC" is equal to BF'— BC, which \s equal to AC— 
BC. 
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PROPOSITION V. THEOREM. 

A tangent to the ellipse makes equal angles with straight 
Hues drawn from the point of contact to the foci. 

Let F, F' be the foci of an ellipse, t' 

and D any point of the curve ; if ^^sE a 

through the point D the line TT' ^^-^ ^^^^^^>^^ 
be drawn, making the angle TDF /^ r:::^^^^^'''''''"'^!'^^ 
equal to T'DF', then will TT' be [ ^^'^'"''^'^^^ 'i/j ^ 

a tangent to the ellipse at D. y^' Sw 

For if TT' be not a tangent, it \^^^ >^ 

must meet the curve in some other ^ -"^'^^ 

point than D. Suppose it to meet the curve in the point E. 
Produce F'D to G, making DG equal to DF ; and join EF, 
EF', EG, and FG. 

Now, in the two triangles DFH, DGH, because DF is equal 
to DG, DH is common to both triangles, and the angle FDH 
is, by supposition, equal to F'DT', which is equal to the ver- 
tical angle GDH ; therefore HF is equal to HG, arid the an- 
gle DHF is equal to the angle 1)HG. Hence the line TT' 
is perpendicular to FG at its middle point ; and, therefore, 
EF is equal to EG. 

Also, F'G is equal to FD+DF, or F'E+EF, from the na- 
ture of the ellipse. But F'E+EG is greater than F'G (Prop. 
VIIL, B. I.) ; it is, therefore, greater than F'E+EF. Con- 
sequently EG is greater than EF; which is impossible, for 
we have just proved EG equal to EF. Therefore E is not 
a point of the curve, and TT' can not meet the curve in any 
other point than D ; hence it is a tangent to the curve at the 
point D. Therefore, a tangent to the ellipse, &c. 

Cor. 1. The tangents at the vertices of the axes, are per- 
pendicular to the axes ; and hence an ordinate to either axis 
IS perpendicular to that axis. 

Cor. 2. If TT' represent a plane mirror, a ray of light 
proceeding from F in the direction FD, would be reflected in 
the direction DF', making the angle of reflection equal to the 
angle of incidence. And, since the ellipse may be regarded 
as coinciding with a tangent at the point of contact, if rays 
of light proceed from one focus of a concave ellipsoidal mir- 
ror, they will all be reflected to the other focus. For this 
reason, the points F, F' are called the/ocf, or burning points* 
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PROPOSITION VI. THEOBEM. 

Tangents to the ellipse at tlie vertices of a diameter ^ are pat* 
dUel to eath other. 

Let DD be any diame- 
ter of an ellipse, and TT' 
W tangents to the curve 
at the points D, D' ; then 
will they be parallel to each 
other. 

JoinDF,DF',D'F, D'F'; 
then, by the preceding Prop- 
osition, the angle FDT is 
equal to F'DT', and the an- 
gle FD'V is equal to F'D'V/. But, by Prop. III., DFD'F is 
a parallelogram ; and since the opposite angles of a parallelo- 
gram are equal, the angle FDF' is equal to FD'F' ; therefore 
the angle FDT is equal to F'D'V (Prop. II., B. I.). Also, 
since FD is parallel to F'D', the angle FDD' is equal to 
F'D'D ; hence the whole angle D'DT is equal to DD'V ; 
and, consequently, TT' is parallel to W. Therefore, tan- 
gents, &c. 

Cor. If tangents are drawn through the vertices of any 
two diameters, they will form a parallelogram circumscribing 
the ellipse. 



PROPOSITION VII. THEOREM. ^ 

If from the vertex of any diameter ^ straight lines are drawn 
through the fociy meeting the conjugate diameter^ the part in 
tercepted by the conjugate is equal to half the major axis. 

Let EE' be a diameter conju- 
gate to DD', and let the lines DF, 
DF' be drawn, and produced, if 
necessary, so as to meet EE' in 
H and K ; then will DH or DK 
be equal to AC. 

Draw FG parallel to EE' or 
TT'. Then the angle DGF :s 
equal to the alternate angle 
F'DT', and the angle DFG is equal to FDT. But the angles 
FDT, F'DT' are equal to each othe. (Prop V.) ; hence the 

I 
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angles DGF, DFG are equal to each other, and DG is equa, 
to DF. Also, because CH is parallel to FG, and CF is equa 
to CF' ; therefore HG must be equal to HF'. 

Hence FD+F'D is equal to 2DG+2GH or 2DH. But 
FD+F'D is equal to 2AC. Therefore 2AC is equal to 2DH, 
or AC is equal to DH. 

Also, the angle DHK is equal to DKH ; and hence DK is 
equal to DH or AC. Therefore, if from the vertex, &c. 



PROPOSITION VIII. THEOREM, 

Perpendiculars drawn from the foci upon a tangent to the 
ellipse, meet the tangent in the circumference of a circle, whose 
diameter is the major axis. 

Let TT' be a tangent to the 
ellipse at D, and from F' draw 
F'E perpendicular to T'T ; the 
point E will be in the circum- 
ference of a circle described 
up^n A A' as a diameter. 

Join CE, FD, F'D, and pro- 
duce F'E to meet FD produced 
inG. 

Then, in the two triangles 
DEF', DEG, because DE is com- 
mon to both triangles, the angles 
at E are equal, being right angles ; also, the angle EDF' i? 
equal to FDT (Prop. V.), which is equal to the vertical an- 
gle EDG ; therefore DF' is equal to DG, and EF' is equal 
to EG. 

Also, because F'E is equal to EG, and F'C is equal to CF, 
CE must be parallel to FG, and, consequently, equal to half 
ofFG. 

But, since DG has been proved equal to DF', FG is equal 
to FD+DF', which is equal to AA'. Hence CE is equal to 
half of AA' 6v AC ; and a circle described with C as a cen- 
ter, and radius CA, will pass through the point E. The same 
may be proved of a perpendicular let fall upon TT' from the 
focus F. Therefore, perpendiculars, <fec. 

Cor. CE is paralldL to DP, and if CH be joined, CH will 
be parallel to DF'. 
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PROPOSITION IX. THEOREM. 

The product of the perpendiculars from the foci upon a tan 
gentf is equal to the square of half the minor axis. 

Let TT' be a tangent to the 
ellipse at any point E, and let 
the perpendiculars FD, F'G be 
drawn from the foci ; then will 
the product of FD by F'G, be 
equal to the square of BG. 

On AA', as a diameter, de- 
scribe a circle ; it will pass 
hrough the points D and G 
(Prop. VIIL). Join CD, and 
produce it to meet GF' in D'. 
Then, because FD and F'G are perpendicular to the same 
straight line TT', they are parallel to each other, and the al- 
ternate angles CFD, CF'D' are equal. Also, the vertical 
angles DCF, D'CF' aia equal, and OF is equal to OF'. 
Therefore (Prop. VII., B.I.) DF is equal to D'F', and CD is 
equal to CD' ; that is, the point D' is in the circumference of 
the circle ADGA'. 

Hence DFxGF' is equal to D'F'xGF', which is equal to 
A'FxF'A (Prop. XXVIL, B. IV.), which is equal to BC* 
(Prop. IV., Cor. 1). Therefore, the product, &c. 

Cor. The triangles FDE, F'GE are similar ; hence 
FD : F'G : : FE : F'E ; 
that is, perpendiculars let fall from the foci upon a tangent^ 
are to each other as the distances of the point of contact from 
the foci 




PROPOSITION X. THEOREM. 

If a tangent and ordinate be drawn from the same point of 
an ellipse^ meeting either axis produced^ half of that axis unU 
be a mean proportional between the distances of th6 two inter 
tfictions from the center. 

Let TT' be a tangent to the ellipse, and DG an ordinate 
to the major axis from the point ot contact ; then we shall 
have CT:CA::CA :CG. 

Join DF, DF' ; then, since the exterior angle of the trian 
gle FDF' is bisected by DT (Prop. V.), we have 
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FT : FT : : FD : FD (Prop. XVII., Sch., B. IV.). 
Hence, by Prop. VII, Cor., B. IL, 

FT+FT : FT— FT : : FD+FD : FD— FD, 
or 2CT : F'F : : 2CA : FD— FD ; 

that is, 2CT : 2CA : : F'F : F'D-FD. (1) 

Again, because DG is drawn from the vertex of the trian« 
gle FDF' perpendicular to the base FF', we have (Prop. 
XXXL, Cor., B. IV.), 

FF : FD— FD : : F'D+FD : FG— FG, 
or F'F : FD-FD : : 2CA : 2CG. (2) 

Comparing proportions (1) and (2), we have 
2CT : 2CA : : 2CA : 2CG, 
or CT : CA : : CA : CG. 

[t may also be proved that 

CT' : CB 2 : CB : ^G'. 
Therefore, if a tangent, &c. 



PROPOSITION XI. THEOREM. 

The subtangent of an ellipse^ is eqiial to the corresponding 
subtangeni of the circle described upon its major axis. 

Let AEA' be a circle de- 
scribed on AA', the major 
axis of an ellipse ; and from 
any point E in the circle, 
draw the ordinate EG cut- 
ting the ellipse in D. Draw 
DT touching the ellipse at 
D ; join ET ; then will ET 
5 a tangent to the circle at E. 

loin CE. Then, by the last Proposition, 
CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT : CE : : CE : CG. 
Hence the triangles CET, CGE, having -the angle at C com 
*»on, and the sides about this angle proportional, are similar 
r«ierefore the angle CET, being equal to the angle CGE, ii 
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a right angle ; that is, the line ET is perpendicular to the 
radius CE, and is, consequently, a tangent to the circle (Prop, 
IX., B. III.). Hence GT is the subtangent corresponding to 
each of the tangents DT and ET. Therefore, the subtan- 
gent, &c. 

Cor. A similar property may bo proved of a tangent to the 
ellipse meeting the minor axis. 



PROPOSITION XII. THEOREM. 

The square of either axis, is to the square of the other, as the 
rectangle of the abscissas of the former , is to the square of thei^ 
ordinate. 



Let DE be an ordinate to the 

major axis from the point D; 

then we shall have 

CA« : CB^ : : AExEA' : DE*. 

Draw TT' a tangent to the 

ellipse at D, then, by Prop. X., 

CT : CA : : CA : CE. 
Hence (Prop. XII., B. II.), 

CA«:CE*::CT:CE; 
and, by division (Prop. VIL, B. 
II.), CA« : CA'-CE' 

Again, by Prop. X., 

CT' : CB 2 : CB 
Hence (Prop. XII., B. II.), 

CB« : DE* : : 
But, by similar triangles, 

CT/ : DE 
therefore CB* : DE* 




: : CT 2 ET. 
: CE/ or DE. 
CT/ : DE. 



(2) 



CT : ET ; 
CT:ET. 

Comparing proportions (1) and (2), we have 
CA* : CA*-CE* : : CB* : DE*. 
But CA*— CE* is equal to AExEA/ (Prop. X., B. IV.); 
hence CA* : CB* : : AE xEA/ : DE*. 

In the same manner it may beproved that 

. CB* : CA* : : BE' xE/B/ : DE/*. 
Therefore, the square, &c. 

Cor. 1. CA* : CB* : : CA*-CE* : DE*. 

Cor. 2. The squares of the ordinates to either axis, are to 
each other as the rectangles of their abscissas. 

Cor. S.Ifa circle be described on either axis, then any or- 
dinate in the circle, is to the corresponding ordinate in the 
ellipse, as the axis of that ordinate, is to the other axis. 
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For, by the Proposition, 

CA» : CB' : : AE xEA' : DE'. 

But AE X EA' is equal to GE* 

(Prop. XXII., Cor., B. IV.). 

Therefore CA« : CB» : : GE* : DE", X 

or CA:CB::GE:DE. 

In the same manner it may be 

proved that 

CB : CA : : G^E' : DE'. 




PROPOSITION XIII. THEOREM. 



T%e latus rectum is a third proportional to the major ana 



minor axes. 



Let LL' be a double ordinate to 
the major axis passing through the 
focus F ; then we shall have 

AA' : BB' : : BB' : LL'. 
Because LF is an ordinate to the 



major axis, 
AC* 



BC« 




AFxFA/ : LF« (Prop. XIL). 
: : BC» : LP (Prop. IV., Cor. 1). 
Hence AC : BC : : BC : LF, 

or AA' : BB' : : BB' : LL'. 

Therefore, the latus rectum, &c. 



PROPOSITION XIV. THEOREM. 

If from the vertices of two conjugate diameters^ ordinates are 
drawn to either axis, the sum of their squares will be equal to 
the square of half the other axis. 

Let DD', EE' be any 
two conjugate diameters, 
DG and EH ordinates to 
the major axis drawn 
from their vertices ; in 
which case, CG and CH 
will be equil to the ordi- 
nates to the minor axis 
drawn from the same points ; then we shall have 
CA»=CG»+Cff, and CB»= DGHEff . 

Let DT be a tangent to the ellipse at D, and ET' a tan 
gent at E. Then, by Prop. X., 
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CG XCT is equal to CA% or CH XCT' ; 
whence CG : CH : : CT' : CT ; or, by similar triangles^ 
: : CE : DT ; that is, 
: : CH : GT. 
Hence CH«= GT xCG, 

= (CT-CG)XCG 
= CG xCT-CG* 
= CA'~CG' (Prop. X.) ; 
that iS, CA»= CG^+Cff. 

In tiie same manner it may be proved that 

CB'=DGHEH». 
Therefore, if from the vertices, &c. 

Cor. 1. CH" is equal to CA'— CG*; that is, CGxGT« 
hence (Prop. XII., Cor. 1), 

CA':CB»::CGXGT:DG*. 

Cor. 2. CG* is equal to CA*— CH" or AHxHA^ hence 

CA" . CB" : : CG" : EH". 



PROPOSITION XV. THEOREM. 



The sum of the squares of any two conjugate diameters^ iv 
equal to the sum of the squares of tjie axes. 

Let DD', EE' be any two con- 

Cigate diameters ; then we shall 
ave 

DD'"+EE'"= AA'"+BB'". 
Draw DG, EH ordinates to the 
major axis. Then, by the prece- 
ding Proposition, 

CG"-fCH"=CA", 
and DG"+EH"=CB". 

Hence CG"+DG"+CH"+EH"=CA"+CB", 

or CD"+CE"==CA"+CB"; 

that is, ♦ DD'»+EE'"=AA'"+BB'». 

Therefore, the sum of the squares, &c. 




PROPOSITION XVI. THEOREM. 



The parallelogram formed by drawing tangents through the 
vertices of two conjugate diameters^ is equal to the rectangle of 
the axes. 

Let DED'E' be a parallelogram, formed by drawing tan- 
gents to the eMipse through the vertices of two conjugate 
diameters DD', EE' ; its area is equal to AA'xBB'. 
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Let the tangent at D, meet the major axis produced in T • 
join E'T, and draw the ordinates DG, E'H. ' 

Then, by Prop. XIV., Cor. 2, we have 
CA* : CB» : : CG» : E'H% 
or CA : CB : : CG : E'H. 

But CT : CA : : CA : CG (Prop. X.) ; 

hence CT : CB : : CA : E'H, 

or CA X CB is equal to CT x E'H, 

which is equal to twice the triangle CE'T, or the parallelo- 
gram DE'; since the triangle and parallelogram have the 
same base CE', and are between the same parallels. 

Hence 4CAxCB or AA'xBB', is equal to 4DE', or the 
parallelogram DED'E'. Therefore, the parallelogram, &c. 



PROPOSITION XVII. THEOREM. 

If from the vertex of any diameter^ straight lines are drawn 
to thefoch their product is eqtcal to the square of half the con* 
jugate diameter. 

Let DD', EE' be two conjugate 
diameters, and from D let lines 
be drawn to the foci ; then will 
FD X F'D be equal to EC. 

Draw a tangent to the ellipse 
at D, and upon it let fall the per- 

Emdiculars FG, F'H ; draw, also, 
K perpendicular to EE'. 
Then, because the triangles 
DFG, DLK, DF'H are similar, we have 

FD:FG::DL:DK. 
Also, F'D : F'H : : DL : DK. 

Whence (Prop. XL, B. II.), 

FD xF'D : FGxF'H : : DL» : 
But, by Prop. XVI AC x BC=EC x DK ; 
whence AC or DL : DK : : EC : BC, 

and DL" : DK' : : EC : BC". . 




DK'. 



0) 



(2) 



ELLIPSE. 



201 



Comparing proportions (1) and (2), we have 
FD X FD : FG X F'H : : EC : BC*. 
But FGxFH is equal to BC" (Prop. IX.) ; hence FDxFD 
u equal to EC. Therefore, if from the vertex, &c. 



PROPOSITION XVIII. THEOREM. 

If a tangent and ordinate he drawn from the same point oj 
an ellipse to any diameter, half of that diameter will be a mean 
proportional between the distances of the two intersections from 
the center. 

Let a tangent EG and an ordinate EH be drawn from the 
same point E of an ellipse, meeting the diameter CD pro^ 
dnced ; then we shall have 

CG : CD : : CD : CH. 




O MNAX I. 

Produce EG and EH to meet the major axis in K and L ; 
draw DT a tangent to the curve at the point D, and draw 
DM parallel to GK. Also, draw the ordinates EN, DO. 
By Prop. XIV., Cor. 1, CA' : CB' : : COxOT : DO', 

::CNxNK:EN\ 
Hence 
COxOT : CNxNK : : DO* : EN" 

: : OT* : NL', by similar triangles. 
Also, by similar triangles, OT : NL : : DO : EN 

: : OM : NK. 
Multiplying together proportions (I) and (2) (Prop. XL, 
B. II.), and omitting the factor OT' in the antecedents, and 
NKxNL in the consequents, we have 

CO:CN::OM:NL; 
and, bj composition, CO : CN : : CM : CL. 
Also, by Prop. X., CKxCJN=CA«=CTxCO; 
hence CO : CN : : CK : CT. 



0) 
(2) 



Comparing proportions (3) and (4), we have 



(3)8 

M: 



(3) 
(4i 



cKjc: 

But CK : CM 

and CT : CL 

hence CG : CD 

Therefore, if a tangent, &c. 



CT : CL. 
CG : CD, 
CD : CH ; 
CD : CH. 
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PROPOSITION ^IX. THEOREM. 



The square of any diameter^ is to the square of its conjugate, 
as the rectangle of its abscissas, is to the square of their or- 
dinate. 

Let DD', EE' be two conjugate ^, 
diameters, and GH an ordinate to S?^^^^!^^^^^^^''^ -- ^ 
DD' ; then X^^T XJ\< 

DD'* : EE'" : : DH X HD' : GH'. / *"\ ...^-^^^C\ 
Draw TT' a tangent to the ( ^,^^^^C \j 
curve at the point G, and draw \^.>'^'^'^ N. y^ 
GK an ordinate to EE'. Then, ^^^\_ ^x/ 

by Prop. XVIIL, ' "^ 

CT : CD : : CD 2 CH, 
and CD' : CH" : : CT : CH (Prop. XII., B. II.) ; 

whence, by division, 

^ CD' : CD'-CH' : : CT : HT. (1) 

Also, by Prop. XVIIL, 

CT/ : CE : : CE : CK, 
and CE' : CK' : : CT' : CK or GH, 

: : CT : HT. (2) 

Comparing proportions (1) and (2), we have 

CD' : CE' : : CD'-CH' : CK' or GH', 
or DD" 2 EE" : : DH x HD' : GH'. 

Therefore, the square, &c. 

Cor. 1. In the same manner it may be proved that 
DD" : EE'' : : DHxHD' : G'H'; hence GH is equal to G'H, 
or every diameter bisects its double ordinates. 

Cor. 2. The squares of the ordinates to any diameter, are 
to each other as the rectangles of their abscissas. 



PROPOSITION XK. THEOREM. 

If a cone be cut by a plane, making an angle with the base 
less than that made by the side of the cone, the section is an 
ellipse. 

Let ABC be a cone cut by a plane DEGH, making an an- 
gle with the base, less than that made by the side of the cone ; 
the section DeEGH^ is an ellipse. 

Let ABC be a section through the axis of the cone, and 
perpendicular to the plane DEGH. Let EMHO, emho be 
circular sections parallel to the base ; then EH, the intersec- 
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tion of the planes DEGH, EMHO, will 
be perpendicular to the plane ABC, 
and, consequently, to each of the lines 
DGy MO. So, also, eh will be perpen- 
dicular to DG and mo. 

Now, because the triangles DNO, 
Dno are similar, as also the triangles 
6MN, Gwin, we have the proportions, 

NO :no : : DN : D«, 
and MN : mn : : NG : wG. 
.Hence, by Prop. XL, B. II., 

MNxNO : mnxno : : DNxNG : DnxnG. 
But since MO is a diameter of the circle EMHO, and EN ia 
perpendicular to MO, we have (Prop. XXIL, Cor., B. IV.), 

MNxNO=EN«. • 
For the same reason, mnxno=^en^. 

Substituting these values of MNxNO and mnxno^ in the 
preceding proportion, we have 

EN" : 671" : : DNxNG : DnxnG; 
that is, the squares of the ordinates to the diameter DG, are 
to each other as the products of the corresponding abscissas. 
Therefore the curve is an ellipse (Prop. XlL, Cor. 2) whose 
major axis is DG. Hence the ellipse is called a conic section^ 
as mentioned on page 177. 



PHOPOSITION XXI. THEOREM. 



The area of an ellipse is a mean proportional between the 
two circles described on its axes. 



Let AA' be the major axis of an 
ellipse ABA'B'. On AA' as a di- 
ameter, describe a circle ; inscribe 
in the circle any regular polygon 
AEDA', and from the vertices E, 
D, &c., of the polygon, draw per- 
pendiculars to AA'. Join the 
points B, G, &c., in which these 
perpendiculars intersect the ellipse, 
and there will be inscribed in the 
le a polygon of an equal num- 




ber of sides. 



Now the area of the trapezoid CEDH, is equal to (CE+ 
DH) X—-; and the area of the trapezoid CBGH, is equal to 
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CH ' 

,CB +GH) X . These trapezoids 

are to each other, as CE+DH to 
CB+GH, or as AC to BC (Prop. 
XII., Cor. 3). 

In the same manner it may be . 
proved that each of the trapezoids 
composing the polygon inscribed in 
the circle, is to the corresponding 
trapezoid of the polygon inscribed 
in the ellipse, as AC to BC. Hence, 
the entire polygon inscribed in the circle, is to the polygon m 
scribed in the ellipse, as AC to BC. 

Since this proportion is true, whatever be the number of 
sides of the polygons, it will be true when the number is in 
definitely increased ; in which case one of the polygons coin 
cides with the circle, and the other with the eUipse. Hence 
we have 

Area of circle : area of ellipse : : AC : BC. 

But the area of the circle is represented by ttAC* ; hence 
the area of the ellipse is equal to ttAC X BC, which is a mean 
prcportibnal between the two circles described on the axes. 



HYPERBOLA. 




Definitions. 

1. An hyperbola is a plane curve, in which the difference 
of the distances of each point from two fixed, points, is equal 
to a given line. 

2. The two fixed points are called the /oci. 
Thus, if F and F' are two fixed 

points, and if the point D moves 
about F in such a manner that the 
^f^ence of its distances from F and 
F*' is always the same, the point D 
will describe an hyperbola, of which 
F and F' are the foci. 

If the point D' moves about F' in 
such a manner that D'F— D'F' is 
always equal to DF' — DF, the point D' will describe a sec- 
ond hyperbola similar to the first. The two curves are call- 
ed opposite hyperbolas. 

3. The center is the middle point of the straight line join* 
ing the foci. 

4. The eccentricity is the distance firom the center to either 
focus. 

Thus, let F and F' be the foci of 
two opposite hyperbolas. Draw the 
line FF', and bisect it in C. The 
point C is the center of the hyperbola, 
and CF or CF' is the eccentricity. 

5. A diameter is a straight line 
dirawn through the center, and termi- 
nated by two opposite hyperbolas. 

6. The extremities of a diameter are 
called its vertices. 

Thus, through C draw aqy straight line DD' terminated 
by the opposite curves ; DD' is a diameter of the hyperbola ; 
D and D' are its vertices. 

7. The major axis is the diameter which, when produced, 
passes through the foci; and its extremities^ are called the 
princwal vertices. 

8. The minor axis is a line drawn through the center per- 
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pendicular t(x the major axis, and terminated by the circum- 
ference described from one of the principal vertices as a cen- 
(er, and a radius equal to the eccentricity. 

Thus, through C draw BB' perpendicular to AA', and witli 
A as a center, and with CF as a radius, describe a circum- 
ference cutting this perpendicular in B and B' ; then AA' is 
the major axis, and BB' the minor axis. 

If on BB' as a major axis, opposite hyperbolas are de- 
scribed, having AA' as their minor axis, these hyperbolas are 
said to be conjugate to the former. 

9. A tangent is a straight line which meets the curve, but, 
being produced, does not cut it. 

10. An ordinate to a diameter, is a straight line drawn 
from any point of the curve to meet the diameter produced, 
parallel to the tangent at one of its vertices. 

Thus, let DD' be any diame- 
ter, and TT' a tangent to the 
hyperbola at D. From any 
point G of the curve draw 
GKG' parallel to TT' and cut- 
ting DD' produced in K ; then 
is GK an ordinate to the di- 
ameter DD'. 

It is proved, in Prop. XIX., 
Cor. 1, that GK is equal to 
G'K ; hence the entire line GG' is called a double ordinate. 

11. The parts of the diameter produced, intercepted be 
tween its vertices and an ordinate, are called its abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' 
corresponding to the ordinate GK. 

12. Two diameters are conjugate to one another, when 
each is parallel to the ordinates of the other. 

Thus, draw the diameter EE' parallel to GK an ordinate 
to the diameter DD', in which case it will, of course, be par- 
allel to the tangent TT'; then is 
the diameter EE' conjugate to DD'. 

13. The latus rectum is the double 
ordinate to the major axis which 
passes through one of the foci. 

Thus, through the focus F' draw 
LL' a double ordinate to the major 
axis, it will be the latus rectum of 
the hyperbola. 
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15. A suhtangent is that part of the axis produced \yhich 
is included betwerai a tangent, and the ordinate drawn from the 
point of contact. 

Thus, if TT' be a tangent to the curve at D, and DG an 
ordinate to the major axis, then GT is the corresponding 
■ubtangent. 



PROPOSITION I. PROBLEM. 

^ To describe an hyperbola. 

Let F and F' be any two fixed 
points. Take a ruler longer than 
the distance FF', and fasten one 
of its extremities at the point F'. 
Take a thread shorter than the 
ruler, and fasten one end of it at 
F, and the other to the end H of the 
ruler. Then move the ruler HDF' 
about the point F^ while the thread is kept constantly sti-eiched 
by a pencil pressed against the ruler ; the curve described by 
the point of the pencil, will be a portion of an hyperbola. 
For, in every position of the ruler, the difference of the lines 
DF, DF' will be the same, viz., the difference between the 
length of the ruler and the length of the string. 

If the ruler be turned, and move on the other side of the 
point F, the other part of the same hyperbola may be de- 
scribed. Also, if one end of the ruler be fixed in F, and that 
of the thread in F', the opposite hyperbola may be described. 



PROPOSITION II. THEOREM. 

The difference of the two lines drawn from any point of an 
hyperbola to thefoci^ is equal to the major axis. 

Let F and F' be the foci of two 
opposite hyperbolas, AA' the major 
axis, and D any point of the curve ; 
.hen will DF'-DF be equal to A A'. 

For, by Def. 1, the difference of the 
distances of any point of the curve 
from the foci, is equal to a given line. 
Now when the point D arrives at A, 
F'A— FA, or AA'+F'A'— FA, is equal to the given line. 
And when D is at A', FA'— FA', or AA'J-AF- A'P, it 
equal to the same line. Hence 
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AA'-fAF-A'F-AA'+r'A'— FA, 
or 2AF=2A'F' ; 

that w, AF is equal to A'F'. 

Hence DF'— DF, which is equal t AF'— AF, must be 
equal to AA'. Therefore, the difference of the two lines, &c, 

Cor. The major axis is bisected in the center. For, by 
Def. 3, CF is equal to CF' ; and we have just proved that 
AF IS equal to A'F' ; therefore AC is equal to A'C. 



PROPOSITION III. THEOREM. 

Every diameter is bisected in the center. 

Let D be any_point of an hyper- 
bola ; loin DF, DF', and FF'. Com- 
plete the parallelogram DFD'F', and 
join DD'. 

Now, because the opposite sides of 
a parallelogram are equal, the differ- 
ence between DF and DF' is equal 
to the difference between D'F and 
D'F' ; hence D' is a point in the opposite hyperbola. But 
the diagonals of a parallelogram bisect each other ; there- 
fore FF' is bisected in C ; that is, C is the center of the hy- 
perbola, and DD' is a diameter bisected in C. Therefore, 
every diameter, &c. 




PROPOSITION IV. THEOREM. 

Half the minor axis is a mean proportional between the dis-- 
tancesfrom either focus to the principal vertices. 

Let F and F' be the foci of opposite 
hyperbolas, AA' the major axis, and BB' 
the minor axis ; then will BC be a mean 
proportional between AF and A F. 

Join AB. Now BC is equal to AB' — 
AC, which is equal to FC?— AC (Def. 
8). Hence (Prop. X., B. IV.), 

BC«(FC-AC) X (FC+AC) 
=AFxA'F; 
and hence AF : BC : : BC : A'F. 

Cor. The square of the eccentricity is equal to the sum of ttu 
squares of the semi-axes. 

For FC« is equal to AB' (Def. 8), which is equal to AC+ 
BC . 
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PIOFOSITION V. THEOREM. 




A tangent to the hyperbola bisects the angle contained by 
lines drawn from the point of contact to the foci. 

Let F, F' be the foci of two 
opposite hyperbolas, and D any 
point of the curve ; if through the 
point D, the line TT' be drawn 
bisecting the angle FDF'; then 
will TT' be a. tangent to the hy- 
perbola at D. 

For if TT' be not a tangent, let 
it meet the curve in some other 

B)int, as E. Take D6 equal to 
F ; and join EF, EF', EG, and FG. 

Now, in the two triangles DPH, DGH, because DF is 
equal to DG, DH is common to both triangles, and the angle 
FDH is, by supposition, equal to GDH ; therefore HF is 
equal to HG, and the angle DHF is equal to the angle DHG. 
Hence the line TT' is perpendicular to FG at its middle 
point ; and, therefore, EF is equal to EG. 

Now F'G is equal to F'D— DF, or F'E-EF, from the 
nature of the hyperbol^. But F'E— EG is less than F'G 
(Prop. VIIL, B. 1.) ; it is, therefore, less than F'E— EF. 
Consequently, EG is greater than EF, which is impossible, 
for we have just proved EG equal to EF. Therefore E is 
not a point of the curve ; and TT' can not meet the curve in 
any other point than D ; hence it is a tangent to the curve 
at the point D. Therefore, a tangent to the hyperbola, &c. 
Cor. 1. The tangents at the vertices of the axes, are per 
pendicular to the axes ; and hence an ordinate to either axis 
is perpendicular to that axis. 

Cor. 2. If TT' represent a plane mirror, a ray of light 
proceeding from F in the direction FD, would oe reflected in 
a line which, if produced, would pass through F', making the 
angle -of reflection equal to the angle of incidence. And, 
since the hyperbola may be regarded as coinciding with a 
tangent at the point of contact, if rays of light proceed from 
one focus of a concave hyperbolic mirror, they will be re- 
flected in lines diverging from the other focus. For thii 
reason, the points F, F' are callsd the /ocf. 
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PROrOSITION VI. THEOREM. 



Tangents to the hyperbola at tlie vertices of a diameter, ar9 
parallel to each other. 

Let DD' be any diameter of an 
hyperbola, and TT', VV tangents 
to the curve at the points D, D' ; 
then will they be parallel to each 
other. 

Join DF, DF', D'F, D'F'. Then, 
by Prop. III., FDF'D' is a paral- 
lelogram; and, since the opposite 
angles of aparallelogram are equal, 
the angle FDF is equal to FD'F'. 
But the tangents TT', VV bisect the angles at D and D' 
(Prop, v.); hence the angle F'DT', or its alternate angle 
FT'D, is equal to FD'V. But FT'D is the exterior angle op^ 
posite to FD'V ; hence TT' is parallel to VV. Therefore 
tangents. <fec. 

Cor. If tangents are drawn through the vertices of any 
two diameters, they will form a parallelogram. 




art 



PROPOSITION VII. THEOREM. 

If through the vertex of any diameter, straight lines art 
drawn from the foci, meeting the conjugate diameter, the part 
intercepted by the conjugate is equal to half of the major axis. 

Let EE' be a diameter conjugate to 
DD', and let the lines DF, DF' be 
drawn, and produced, if necessary, so 
as to meet EE' in H and K ; then will 
DH or DK be equal to AC. 

Draw F'G parallel to EE' or TT', 
meeting FD produced in G. Then the 
angle DGF' is equal to the exterior 
angle FDT' ; and the angle DF'G is 
equal to the alternate angle F'DT'. 
But the angles FDT', F'DT' are equal 
to each other (Prop. V.) ; hence the 
angles DGF', DF'G are equal to each other, and DG is equal 
to DF'. Also, because CK is parallel to F'G, and CF is equal 
to CF' ; therefore FK mrst be equal to KG. 
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Hence F'D-PD is equal to GD— FD or GF— 2DF; that 
is, 2KF— 2DF or 2DK. But F'D—FD is equal to 2AC. 
Therefore 2 AC is equal to 2DK, or AC is equal to DK. 

Also, the angle DHK is equal to DKH ; and hence DH is 
equal to DK or AC. Therefore, if through the vertex, &c. 



PROPOSITION VUI. THEOREM. 

Perpendiculars drawn from the foci upon a tangent to Uie 
hyperbola^ meet the tangent in the circumference of a circle 
whose diameter is the major axis. 

Let TT' be a tangent to the hyper- 
bola at D, and from F draw FE per- 
Eendicular to TT' ; the point E will 
e in the circumference of a circle de- 
scribed upon AA' as a diameter. 

Join CE, FD, F'D, and produce FE r^ 
to meet F'D in G. 

Then, in the two triangles DEF, 
DEG, because DE is common to both 
triangles, the angles at E are equal, be- 
ing right angles; also, the angle EDF is equal to EDG 
(Prop. V.) ; therefore DF is equal to DG, and BF to EG. 

Also, because FE is equal to EG, and CF is equal to CF', 
CE must be parallel to F'G, and, consequently, equal to half 
ofF'G. 

But, since DG has been proved equal to DF, F'G is equal 
to F'D— FD, which is equal to AA'. Hence CE is equal to 
half of AA' or AC ; and a circle described with C as a cen- 
ter, and radius CA, will pass through the point E. The same 
may be proved of a perpendicular let fall upon TT' from the 
focus F'. Therefore, perpendiculars, &c. 



PROPOSITION IX. THEOREM. 

The product of the perpendiculars from the foci upon a tan* 
gent^ is equal to the square of half the minor axis. 

Let TT' be a tangent to the hyperbola at any point E, 
and let the perpendiculars FD, F'G be drawn from the foci ; 
then will the product of FD by F'G, be equal to the squara 
ofBC. 

On AA' as a diameter, describe a circle ; it will pass 
through the points D and G (Prop. VIII.). Join CD, and 
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produce it to meet GF' in D'. Then, 
because FD and F'G are perpendicu 
lar to the same straight line TT', they 
are parallel to each other, and the al- 
ternate angles CFD, CFD' are equal. 
Also, the vertical angles DCF, D'CF' 
are equal, and CF is equal to CF'. 
Therefore (Prop. VII., B. I.), DF is 
equal to D'F, and CD is equal to CD' ; 
that is, th& poiht D' is in the circum- 
ference of the circle ADA'G. 

Hence DFxGF' is equal to D'F'xGF', which is equal to 
A'F'xF'A (Prop. XXVIIL, Cor. 2, B. IV.), which is equal 
to BC (Prop. IV.). Therefore, the product, &c. 

Cor. The triangles FDE, F'GE are similar ; hence 
FD : F'G : : FE : F'E ; 
that is, perpendiculars let fall from the foci upon a tangent^ are 
to each other as the distances of the point of contact from the 
foci. 




PROPOSITION X. THEOREM. 



If a tangent and ordinate be drawn from the same point of 
an hyperbola, meeting either axis produced, half of that axis 
will be a mean proportional between the distances of the two in^ 
tersections from the center. 

Let DTT' be a tangent to the 
hyperbola, and DG an ordinate to 
the major axis from the point of 
contact ; then we shall have 
CT : CA : : CA : CG. 
Join DF, D^' ; then, since the 
angle FDF' is bisected by DT 
(Prop, v.), we have 

F'T : FT : : F'D : FD 
(Prop. XVII., B. IV.). 
Hence, by Prop. VII., Cor., B. II., 

F'T— FT : F'T+FT : : F'D— FD : F'D+FD, 
or 2CT : F'F : : 2CA : F'D+FD ; 

that is, 2CT : 2CA : : F'F : F'D+FD. (1) 

Again, because DG is drawr. from the vertex of the trian 
gle PDF' perpendicular to the base FF' produced, we hav« 
(Prop. XXXL, Cor., B. IV.), 

PF . F'D+FD : . F'D-FD : F'G+FG, 
OP F'F : F'D+FD j : 2CA : 2CG. (2) 
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Comparing prcp'ortions (1) and (2), we have 
2CT : 2CA : : 2CA : 2CG, 
or CT: CA:: CA: CG. 

It may also be proved that 

CT' : CB : : CB : CG'. 
Therefore, if a tangent, &c. 



PROPOSITION XI. THEOREM. 

The subtangent of an hyperbola, is equal to the correspoiup» 
ing subtangent of the circle described upon its major axis. 

Let AEA' be a circle described on 
A A' the major axisr of an hyperbola ; 
and from any point E in the circle, 
draw the ordinate ET. Through T 
draw the line DT touching the hyper- 
bola in D, and from the point of con- 
tact draw the ordinate DG. Join GE ; 
then will GE be a tangent to the cir- 
cle at E. 

Join CE. Then, by the last Proposition, 
CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT : CE : : CE : CG. 

Hence the triangles CET, CGE having the angle at C 
common, and the sides about this angle proportional, are simi- 
lar. Therefore the angle CEG, being equal to the angle 
CTE, is a right angle ; that is, the line GE is perpendicular 
to the radius CE, and is, consequently, a tangent to the cir- 
cle (Prop. IX., B. III.). Hence GT is the subtangent cor- 
responding to each of the tangents DT and EG. Therefore, 
the subtangent, &c. 



PROPOSITION XII. THEOREM. 

The square of either axist is to the square of the other, as ths 
rectangle of the abscissas of the former, is to the square of their 
ordinate. 

Let DE be an ordinate to the major axis from the point 
D ; then we shall have 

CA*:CB»:: AExEA':DE». 

Draw DTT' a tangent to the hyperbola at D ; then, by 
Prop. X., CT : CA : : CA : CE. 
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Hence (Prop. XIL, B. II.) 

CA* : CE* : : CT : CE ; 
and, by division (Prop. VII., B. II.), 
CA*:CE«-CA»::CT;ET. (1) 
Again, by Prop. X., 

CT' : CB : : CB : CE' or DE. 
Hence (Prop. XIL, B. IL), 

CB« : DE' : : CT' : DE. 
But, by similar triangles, 

CT' : DE : : CT : 
therefore CB' : DE» : : CT : 

Comparing proportions (1) and (2), we have 
CA» : CE'— CA» : : CB* : DE'. 
But CE'— CA' is equal to AE x EA' (Prop. X., B. IV.) ; hence 

CA'rCB':: AExEA'iDE'. 
in the same manner it may proved that 

CB' : CA' : : BE' xE'B': D'E''- 
Therefore, the square, &c. 

Cor. 1. CA' : CB' : : CE'-CA' : DE'. 

Cor. 2. The squares of the ordinates to either axis, are to 
each other as the rectangles of their abscissas. 

Cor. 3. If a circle be described on 
the major axis, then any tangent to 
the circle, is to the corresponding or- 
dinate in the hyperbola, as the major 
axis is to the minor axis. 
For, by the Proposition, 
CA'rCB':: AExEA':DE'. 
But AE xEA' is equal to GE' (Prop. 
XXVIII. B. IV.). 

Therefore ' ' CA' : CB' : : GE' : DE', 
or CA : CB : : GE : DE. 




PROPOSITION XIII. THEOREM. 

The latus rectum is a third proportional to the major and 
minor axes. 



Let LL' be a double ordinate to 
^e major axis passing through the 
focus F ; then we shall have 

AA' : BB' : : BB' : LL'. 
Because LF is an ordinate to the ma- 
jor axis, 

AC : BC : : AF X FA' : LF' (Prop. XIL) 
::BC':LF (Prop. IV.) 
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Hfence AC : BC : : BC : LF, 

or AA' : BB' : : BB' : LL'. 

Therefore, the latus rectum, &c. 




PROPOSITION XIV. THEOREM. 

If from the vertices of two conjugate diameters, ordinates are 
drawn to either axis, the difference of their squares will Tfe 
equal to the square of half the other axis. 

Let DD', EE' be auy two conju- 
gate diameters, DG and EH ordinates 
to the major axis drawn from their 
vertices, in which case, CG and CH 
will be equal to the ordinates to the 
minor axis drawn from the same 
points ; then we shall have 
CA«=CG'-.CH% and CB'=Eff-DG». 
Let DT be a tangent to the curve at 
D, and ET' a tangent at E. Then, by Prop. X., 

CG X CT is equal to CA', or CH X CT' ; 
whence 

CG : CH : : CT' : CT ; or, by similar triangles, 
: : CE : DT ; that is, 
: : CH : GT. 
Hence CH'=GTxCG 

= (CG— CT)xC6 
=CG»-CGxCT 
=CG"-.CA*(Prop. X.); 
that is CA»=CG»-CH«. 

In the same manner it may be proved that 
CB"=Eff-DG". 
Therefore, if from the vertices, &c. 

Cor. 1. CH» is equal to CG* ~CA» ; that is, CG X GT ; henc© 
(Prop. XIL, Cor. 1), 

^ - — CGxGT:DG». 



CA» : CB' 
Car. 2. By Prop. XIL, 
CB» : CA' 
By composition, 

CB* : CA' : J EH 
Hence CA" : CB* ; 



EH'— CB* : CH'. 

CA'+Cff or CG\ 
CG* : EH*. 
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PROPOSITION XV. TfiEOREM. 

The difference of the squares of any two conjtigate dicmeters^ 
ts equal to the difference of the squares of the axes. 

Let DD', EE' be any two conju- 
gate diameters ; then we shall have 
DD'*-EE'»-AA'*-BB'«. 

Draw D6, EH ordinates to the ma- 
jor axis. Then, by the preceding 
Proposition, 

CG'-CH»=CA% 
and EH*-DG»=CB\ 

Hence CG»+DG»-Cff-Eff =CA»~CB», 
or CD'-CE*=CA''-CB» ; 

that is, DD'*— EE'»=AA'"— BB'". 

Therefore, the difference of the squares, &c. 




PROPOSITION XVI. THEOREM. 

The parallelogram formed by drawing tangents through the 
vertices of two conjugate diameters, is equal to the rectangle of 
the axes. 

Let DED'E' be a parallelogram, 
formed by drawing tangents to the 
conjugate hyperbolas through the 
vertices of two conjugate diame- 
ters DD^ EE' ; its area is equal to 
AA'xBB'. 

Let the tangent at D meet the 
major axis in T ; join ET, and draw 
the ordinates DG, EH. 

Then, by Prop. XIV., Cor. 2, w^ have 
CA» : CB» : : CG' : LH', 
or CA : CB : : CG : EH. 

But CT : CA : : CA : CG (Prop. X.) ; 

hence CT : CB : : CA : EH, 

or CA X CB is equal to CT x EH, 

which is equal to twice the triangle CTE^ or the parallelo- 
gram DE; since the triangle and parallelogram have the 
same base CE, and are between the same parallels. 

Hence 4CAxCB or AA'xBB' is equal to 4DE, or the 
oarallelogram DED'E'. Therefore, the parallelogram, &c. 
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PROPOSITION ItVII. THEOREM. 

If from tie vertex of any diameter^ straight lines are drawn 
to the foci, their product is equal to the square of half the con- 
jugate diameter. 

Let DD', EE' be two conjugate 
diameters, and from D let lines 
be drawn to the foci ; then will 
FD xF D be equal to EC". 

Draw a tangent to the hyper- 
bola at D, and upon it let fall the 
perpendiculars FG, F'H ; draw, 
also, DK perpendicular to EE'. 

Then, because • the triangles 
DFG, DLK, DF'H are similar, 
we have 

FD 

Also, FD 

Whence (Prop. XL, B. 

FDxFD 



DL 
DL 




DL' : DK*, 



:FG 
:PH: 

IL), 

: FGxF'H 
But, by Prop. XVI., ACxBC=ECxDK; 
whence AC or DL : DK : : EC : BC, 

and DL' : DK» : : EC : BC\ 

Comparing proportions (1) and (2), we have 
FDxF'D : FGxF'H : : EC : BC». 
But FGxFH is equal to BC» (Prop. iX.) ; hence PDxFD 
•s equal to EC*. Therefore, if from the vertex, &c. 



(1) 



(2) 



PROPOSITION XVIII. THEOREM. 

If a tangent and ordinate he drawn from the same point of 
an hyperbola to any diameter, half of that diameter will he a 
mean proportional between the distances of the two intersections 
from the center. 

Let a tangent EG and an ordinate EH be drawn from the 
same point E of an hyperbola, meeting the diameter CD 
produced ; then we shall have 

CG : CD : : CD : CH. 
Produce GE and HE to meet the major axis in K and L ; 
draw DT a tangent to the curve at the point D, and draw 
DM/irallel toGK. Also, draw the ordinates EN, DO. 
B/ »rop. XIV., Cor. 1, CA» : CB- : : COxOT : DOS 

::CNxNK:EN'. 

K 
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^A 


G>^^ 


/ 


C' 


T L KANM 



Hence 

COxOT : CNxNK : : DO' : EN' 

: : OT" : NL% by similar triangles. (1) 
Also, by similar triangles, OT : NL : : DO : EN 

: : OM : NK. (2) 

Multiplying together proportions (1) and (2) (Prop. XL, 
B. II.)» and omitting the factor OT' in the antecedents, and 
NK X NL in the consequents, we have 

CO:CN::OM:NL; 
and, by division, CO : CN : : CM : CL. (3) 

Also, by Prop. X., CKxCN=CA'=CTxCO; 
hence CO : CN : : CK : CT. (4) 

Comparing proportions (3) and (4), we have 
CK:CM: — " 



But CK : CM : 

and CT : CL : 

hence • CG : CD : 

Therefore, if a tangent, &c. 



CT 
CG: 
CD 
CD; 



CL. 
CD, 
CH; 
CH. 



PROPOSITION XIX. THEOREM. 

The square of any diameter^ is to the square of its conjugatBt 
as the rectangle of its abscissas, is to the square of their ordintzie. 

Let DD^ EE' be two conju- 
gate diameters, and GH an or- 
dinate to DD' ; then 
DD'' : EE^' : : DH X HD' : GH'. 

Draw GTT' a tangent to the 
curve at the point G, and draw 
6K an ordinate to EE^ Then, 
by Prop. XVIIL, 

CT : CD : : CD : CH 
and CD' : CH' : : CT : CH 
(Prop. XIL. B. IL), 
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whence, by division, CD' : CH'-CD" : : CT : HT. (I) 
Also, by Prop. XVIIL, CT' : CE : : CE : CK, 
and CE' : CK' : : CT' : CK or GH, 

: : CT : HT. (2) 

Comparing proportions (1) and (2), we have 

CD' : CE' : : CH'-CD' : CK' or GH', 
or DD'' : EE'' : : DH x HD' : GH'. 

Therefore, the square, &c. 

Cor. 1. In the same manner it may be proved that DD" : 
EE'' : : DHxHD' : G'H'; hence GH is equal to G'H, or 
every diameter bisects its double ordinates. 

Cor. 2. The squares of the ordinates to any diameter, arit 
to each other as the rectangles of their abscissas. 



PROPOSITION XX. THEOREM. 

If a cone be cut by a plane^ not passing through the vertex^ 
and making an angle with the base greater than that made by 
the side of the cone^ the section is an hyperbola. 

Let ABC be a cone cut by a plane 
D6H, not passing through the vertex, 
and making an angle with the base 
greater than that made by the side of 
the cone, the section DHu is an hyper- 
bola. 

Let ABC be a section through the axis 
of the cone, and perpendicular to the 
plane HDG. Let bgcd be a section 
made by a plane parallel to the base of 3^ 
the cone; then DE, the intersection of 
the planes HDG, BGCD, will be perpen- 
dicular to the plane ABC, and, consequently, to each of the 
lines BC, HE. So, also, de will be perpendicular to be and 
HE. Let AB and HE be produced to meet in L. 

Now, because th% triangles LBE, Ue are similar, as also 
the triangles HEC, Hec, we have the proportions 
BE : ie : : EL : eL 
EC : cc :: HE : He. 
Hence, by Prop. XL, B. II., 

BExEC ibeXec:: HExEL: HcXcL. 
But, since BC is a diameter of the circle BGCD, and DE if 
pefpendicular to BC, we have (Prop. XXII., Cor., B. IV,), 
BExEC=DE'. 

For the same reason, 

bexec^de\ 




92a 



CONIC BECnONS. 



Substituting these values of BE xEC and fte Xec, in the pre- 
ceding proportion, we have 

DE*:de"::HExEL:HcxcL; 
that is, the squares of the ordinates to the diameter HE, are 
to each other as the products of the corresponding abscissas. 
Therefore the curve is an hyperbola (Prop. XlL, Cor. 2) 
whose major axis is LH. Hence the hyperbola is called a 
conic section^ as mentioned on page 177. 



OF THE ASYMPTOTEa 

Definition. — An asymptote of an hyperbola is a straight 
line drawn through the center, which approaches nearer the 
curve, the further it is produced, but being extended ever so 
far, can never meet the curve. 



PBOPOSITION XXI. THEOREM. 

If tangents to four conjugate hyperbolas be drawn through 
the vertices of the axes, the diagonals of the rectangle so formed 
%re asymptotes to the curves. 

Let AA', BB' be the axes of 
four conjugate hyperbolas, and 
through the vertices A, A', B, 
B', let tangents to the curve be 
drawn, and let CE, CE' be the 
diagonals of the rectangle thus 
formed; CE and CE' will be 
asymptotes to the curves. 

From any point D of one of the 
curves, draw the ordinate. DG, 
and produce it to meet CE in H. 
Then, from similar triangles, we shall have 
CG* : GH« : : CA* : AE' or CB% . 

: : CG«-CA« : DG" (Prop. X!L, Cor. 1). 

Now, according as the ordinate DG is drawn at a greater 
distance from the vertex, CG* increases in comparison with 
CA'; that is, the ratio of CG' to CG"— CA* continually ap- 
proaches to a ratio of equality. But however much CG may 
be increased, CG'— CA" can never become equal to CG'; 
hence DG can never become equal to HG, but approaches 
continually nearer to an equality with it, the further we re- 
cede from the vertex. Hence CH is an asymptote of the 
hyperbola ; since it is a line drawn through the center, which 




HYPERBOLA. 



221 



approaches nearer the curve, the further it is produced, but 
being extended ever so far, can never meet the curve. 

In the same manner it may be proved that CH- is an 
asymptote of the conjugate hyperbola. 

Cof . 1. The two asymptotes make equal angles with the 
major axis, and also with, the minor axis. 

Cor. 2. The line AB joining the vertices of the two axes, ii 
bisected by one asymptote, and is parallel to the other. 

Cor. 3. All lines perpendicular to either axis, and termi- 
nated by the asymptotes, are bisected by that axis 



PEOPOSITION XXII. THEOREM. 

If an ordinate to either axis be produced to meet the asymp* 
totes, the rectangle of the segments into which it is divided by 
the curve, will be equal to the square of half the other axis. 

Let DG be an ordinate to the 
major axis, and let it be produced 
to meet' the asymptotes in H and 
H' ; then will the rectangle HD X 
DW be equal to BC». 

For, by Prop. XIL, Cor. 1, 
CA'' : AE' : : CG^'-CA'' : DG» ; 
or, by similar triangles, 

: : CG» : GH\ 
Hence 

CG* : GH« : : CG'- 
and, by division, 

CG« : GH« : : CA' : Gff-DG% or asOA' : AE'. 
Since the antecedents of this proportion are equal to each 
other, the consequents must be equal ; that is, 

AE' or EC is equal to GH»— DG" ; 
which is equal to HD X DH'. 

So, also, it may be proved that 

CA»=D'KXD'L. 
Cor. HDxDH'=BC»=KMxMK'; that is, if ordinates to 
the major axis be producea to meet the asymptotes, the rect- 
angles of the segments into which these lines are divided by 
the curve, are equal to each other. 
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PROPOSITION XXIII. THEOREM. 



All the paraUelograms formed by drawing lines from any 
point of an hyperbola parallel to the asymptotes^ are equal to 
each other. 

Let CH, CH' be the asymptotes 
of an hyperbola ; let the lines AK, 
DL be drawn parallel to CH', and 
the lines AK', DL' parallel to CH ; 
then will the parallelogram CLDL' 
be equal to the parallelogram 
CKAK'. 

Through the points A and D 
draw EE', HH', perpendicular to 
the major axis ; then, because the 
triangles AEK, DHL are similar, 
as also the triangles AE'K', DH'L', 
we have the proportions 

AK : AE : : DL : DH. 
Also, AK' : AE' : : DL' : DH'. 
Hence (Prop. XL, B. U.), 

AKxAK' : AExAE' : : DLxDL' : DHxDH'. 
But, by Prop. XXIL, the consequents of this proportion are 
equal to each other ; hence 

AK X AK' is equal to DL X DL'. 

But. the parallelograms CA, CD being equiangular, are as 
the rectangles of the sides which contain the equal angles 
(Prop XXIIL, Cor. 2, B. IV.) ; hence the parallelogram CD 
is equal to the parallelogram CA. 

Cor. Because the area of the rectangle DLxDL' is con 
stant, DL varies inversely as DL' ; that is, as DL' increases, 
DL diminishes ; hence the asymptote continually approaches 
the curve, but never meets it. The asymptote CH may, 
therefore, be considered as a tangent to the curve at a pcint 
infinitely distant from C. 
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I vox 9» Def. III. — ^For the sake of breyity, the word lime is often used to des 
igm '« a straight line. 

P 12, Ax. II. — This axiom, when applied to geometrical magnitadeS; most be 
ond< rstood to refer simply to equality of areas. It is not designed to assert that, 
•rhe.i equal triangles are united to equal triangles, the reralting figures will 
idmi* of coincidence by superposition. 

P. 32, Prop. XXVIII. — When this proposition is applied ^ v 

*o pi>lygons which have re-enterinr angles, each of these an- 
^les is to be regarded as ^eater than two right angles. But, 
«n onJer to avoid ambiguity, we shall confine our reasoning 
to polygons which have only MaHent angles, and which may 
be called coacto polygons. Every convex polygon is such, 
that a straight line, nowever drawn, can not meet the pe- 
limeter of me polygon in more than two points. 

P. 32, Cor. 2. — This corollary supposes that all the sides of the polygon are 
produced outward in the Mame direeHon. 

P. 53, Props. XIL and XIII. — It vnll be perceived that the relative situation 
of two circles may present five cases. 

1st. When the distance between their centers is greater than the sum of their 
radii, there can be neither contact nor intersection. 

2d. When the distance between their centers is equal to the- sum of their 
radii, there is an external contact. 

3d. When the distance between their centers is less than the sum of their 
radii, but greater than their difference, there is an intersection. 

4th. When the distance between their centers is equal to the difference of 
their radii, there is an internal contact 

5th. When the distance between their centers is less than the difierence of 
their radii, there can be neither contact nor intersection. 

P. 55. Cor. 1. — An angle inscribed in a segment is the angle contained by two 
straight lines drawn from any point in the circumference of the segment to the 
extremities of the chord, which is the base of the segment. 

P. 63, Prop. VIII. — Every right-angled parallelogram, or reetangUt is said to be 
contained by any two of the straight hues which are about one of we right angles 

P. 70, Scholium, — By the segments of a line we understand the portions into 
which the line is divided at a given point. So, also, by the segments of a line 
produced to a given point, we are to understand the distances between the giv 
en point and the extremities of the line. 

P. 71, Props. XVIII. and XIX.-— It wHlbe perceived by these two propositions, 
that when the angles of one triangle are respectively equal to those of another, 
the sides of the former are proportional to those of the latter, and conversely ; 
so that either of these conditions is sufficient to determine the similarity of two 
triangles. This is not true of figures having more than three sides; for with re 
spect to those of only four sides, or quadrilaterals, we may 
alter the proportion of the sides vnthout changing tho ^ 

angles, or cluuise the angles without altering the sides; /^v^ 

thus, because &.e angles are equal, it does not follow 
that the sides are proportional, or the converse. It is 
3vident, for example, that by drawing EF parallel to 
BC, the angles of the quadrilateral AEFD are equal to 
those of the <|uadrilateral ABCD, but the proportion of 
the sides is different Also, without changing the four j- 
•ides AB, BO, OD, DA, we can make the point A ap- '^ 
preach 0, or recede from it, which would change tho angles. 

These two propositions, which, properly speaking, form but one, togethet 
with Prop. XI., are the most important and the most fruitful in results of any in 
(Geometry. They are almost sufficient of themselves for all subsequent appuca- 
dons. and for tiie resolution of every problem. The reason is, that all figures 
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may be divided Into triangles, and any triangle into two iight-ao^led trianglee 
Thus, the general properties of triangtes involve those of all rectibneal figures. 

Page 113, Prop. II. — In this and the following pippositions, the planes spokea 
of are supposed to be of indefinite extent. ^ 

P. 157, Prop. X. — ^In all the preceding propositions it has been supposed, in 
conformity with Dtf, 6, that spherical triangles always have each of their sides 
less than a semicuncamference ; in which case their angles are always less than 
two ri^ht angles. For if the side AB is loss than 
a semicircumference, as also AO, both of these 
arcs most be produced, in order to meet in D. 
Now the two angles ABC, DBO, taken together, 
are e<|aal to two right angles ; therefore the angle 
ABO IS by itself less than two right angles. 

It shomd, however, be remarked that there 
are spherical triangles, of which certain sides are 
greater than a semicircomference, and certain an- 
gles greater than two right angles. For if we 
produce the side AO so as to form an entire cir- 
cumference, AGDE, the part which remains, after 
taking fix)m ihe surfiice of the hemisphere the triangle ABC, is a new triangle, 
which may also be designated by ABO, and the sides of which are AB, BC, 
CDEA. Here we see that the side ODEA is greater than the semicircumfer- 
ence DEA, and at the same time the opposite angle ABO exceeds two right 
angles by the quantity OBD. 

Triangles whose sides and angles are so large have been excluded by the 
definition, because their solution always reduces itself to that of triangles em^- 
braced in the, definition. Thus, if we know the sides and angles of the triande 
ABC, we shall know immediately the sides and angles of the triangle of the 
same name, which is the remainder of the surface of the hemisphere. 

P. 178. — The iubtangaU is so called because it is below the tangent, being 
limited by the tangent and ordinate to the point of contact. The subnormal i« 
so called because it is below the normal, being limited by the normal and rrdi- 
nate. The subtansent and subnormal may be regarded as the projections v J *iia 
tangent and normskl upon a diameter. 



P. 179, Prop. I. — By the method here indicated a 
parabola may be described with a continuous motion. 
It may, however, be described by points as follows: 

In the axis produced take VA equal to YF, the focal 
distance, and draw any number of lines, BB, B'B' 
eto., perpendicular to the axis AD; then, with the ^"^ 
distances AO, AO', AC", eto., as radii, and the locus 
F as a center, describe arcs intersecting the perpen- 
diculars in B, B', ete. Then, with a steady hand, 
draw the curve through all the points B, B', B", etc. 



P. 179, Prop. II.— It may be thought that if the 
point D can not lie on the curve, it may fall wkhin 
It, as is represented in the annexed figure. This 
may be proved to be impossible, as follows : 

Let the line DE, perpendicular to the directrix, 
meet the curve in G, and join FG. Now, by Prop. 

vm., B. I., 

FG+GD>FD. 
Hence FG>FD-GD, 

>ED-GD, 
that is, FG is greater than EG, which is contrary to 
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Page 183, Prop. VIII. — Aa no attempt is here made to compare fignret by Ra* 
pexposition, the eqaality spoken of is only to be miderstood as implying equal 
areas. Thron^hbut the remainder of this treatise the word eqaal is employed 
mstead of equvalent. 

P. 185p Prop. XL — ^The conclnsion that DVG is a parabola would not be 
Legitimate, onless it was proved that the jproperty that ** the squares of the ordi 
nates are to each other as the correspondms abscissas" a 

is peetdiar to the parabola. That sach is uie case, ap- ^ 

pears fit)m the &ct that, when the axis and one point 
of a parabola are given, this property wiU determine 
the position of every other point. Thos, let VE be 
the axis of a parabola, and g any point of the cnrve, 
from which maw the ordinate ge. Take any other _ 
point in the axis, as £, and make GE of such a length '^ 
that Ye : VB : : ge* : GE«. 

Since the first three terms of this proportion are given, the fourth is de- 
termined, and the same proportion will determine any number of points of the 
curve. 

A similar remark is applicable to Prop. XX. of the Ellipse and Hyperbola. 

P. 196, Prop. X.— It may be proved tliat CT' : OB : : CB : OG* in the follow 
ing manner. Draw DH perpendic- 
ular to TT', and it will bisect the 
aneleFDF'. 

Hence 

rn : HF : : TD : DF, 
: : F^T : FT. 
Therefore, Prop. VII., Cor. B. II., 

2CF : 2CH : : 2CT : 20F. 
Whence CTX0H=CF«. 
But we have proved that 
0TXCG=0A«. 
Hence CTxGH=CA«— CFa=OB». 

Again, because the triangles CTT' and DGH are similar, we have 
OT : CT' : : DG : GH. 
Whence CT x GH=CT' X DG=OT' X CG' ; 

Therefore, CT' X CG'=OB«, 

or CT' : CB : : CB : CG'. 

The following demonstration of Prop. X. was suggested to me by Professor 
J. H. Coffin. 

Let TT' be a tangent to the ellipse, andDG an ordinate to the major axis from 





the point of contact; then we shall have 

CT : OA : : CA : CG. 
From F draw FH perpendicular to TV, and jom DF, DF', CH, and GH. Then, 
by Prop. VIII., Cor., CH is parallel to DF' ; and since DGF, DHF are both right 
angles, a circle described on DF as a diameter will pass through the points G ■ 
and H. Therefore, the angle HGF is equal to the angle HDF (Prop. XV., Cor. 1» 
B. m), which is equal to T'DF' or DHC. Hence the angles CGH and CHT 
which are the supplements of HGF and DHC, are equal. And since the angle 
C is common to the two triangles CGH, CHT, they are equiangular, and we 
have CT : CH : : CH : CG. 

But OH is equal to OA (Prop. VIH) ; therefore 

CT : CA : : OA : OG. 
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198, Prop. XIV.— That the triangles CDT, GET' are sm Uar, may b« 
I as follows : 

AG.GA'=CA«-CG» 

=CG.CT-GG», Prop. X. 

=CG.GT. (1) 

In the same manner, AH.HA'=CH.HT. 
Since the triangles DGT, EHG are similar, 

GT:GH::DG:EH; 
or GT* : GH« : : DG« : EH" ; 

: : AG.GA' : AH.HA . Prop. XII., Cor. 2 
: : GG.GT : CH.HT , by Equation (1), 
Therefore, CG : HT' : : GT : CH 
: : BG : EH. 
Hence the triangles CDG, EHT' are similar ; and, therefore, the whole trinni^lefl 
GBT, GET' are similar. 

Fa^o 207, Prop. I. — The hyperbola may be 
described by points, as follows : 

In the major axis AA' produced, take the foci 
F, F' and any point D. Tnen, with the radii AD, 
A'D, and centers F, F', describe arcs intersecting 
each odier in E, which will be a point in the 
curve. In like manner, assuming other points, 
\y, D", etc., any number of points of the curve 
may be found. Then, with a steady hand, draw 
the curve through all the points E, E', E", etc. 

In the same manner may be constructed the 
two conjugate hyperbolas, employing the axis BB'. 

P. 209, Projp. V — It may be thou^t 
that if the pomt E can not lie on me 
curve, it may fall toUkiu it, as is repre- 
sented in the annexed figure. This may 
be proved to be impossible, as follows : 

Join EF', meetmg the curve in E, and. 
loin KF. Now, by Prop. VIU., B. I., 

FK>BF-EK; 
therefore, 

F'K-FK<F'K+EK-BF 
<EF'-EF; 
But EF'-BF=F'G=DF'-DF. 
Hence F'K-FK<DF'-DF, 
which Is contraiy to Def, 1. 

P. 212, Prop. X. — This proposition may b« otherwise demonstrated like 
Prop X. ^4 the Elllpso. 
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GEOMETRICAL EXERCISES. 



A PEW theorems without demonstrations, and problems 
without solutions, are here subjoined for the exercise of the 
pupil. They will be found admirably adapted to familiarize 
the beginner with the preceding principles, and to impart dex- 
terity in their application. No general rules can be prescribed 
which will be found applicable in all cases, and infallibly lead 
to the demonstration of a proposed theorem, or the solution 
of a problem. The following directions may prove of some 
service. 

ANALYSIS OF THEOREMS. 

1. Construct a diagram as directed in the enunciation, and 
assume that the theorem is true. 

2. Consider what consequences result from this admission, 
by combining with it theorems which have been already 
proved, and which are applicable to the diagram. 

3. Examine whether any of these consequences are already 
known to be true or to he false. 

4. If any one of them be false, we have arrived at a reduc- 
tio ad absurduniy which proves that the theorem itself is false, 
as in Book I., Prop. 4, 16, etc. 

6. If none of the consequences so deduced be known to be 
either true or false, proceed to deduce other consequences 
from all or any of these until a result is obtained which is 
known to be either true or false. 

6. If we thus arrive at some truth which has* been previous- 
ly demonstrated, we then retrace the steps of the investiga- 
tion pursued in the analysis, till they terminate in the theorem 
which was assumed. This process will constitute the demon- 
stration of the theorem. 

ANALYSIS OF PROBLEMS. 

1. Construct the diagram as directed in the enunciation, 
and suppose the solution of the problem effected. 

2. Examine the relations of the lines, angles, triangles, etc., 
in the diagram, and find the dependence of the assumed solu- 
tion on some theorem or problem in the Geometry. 
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3. If such can not be found, draw other lines, parallel or 
perpendicular, as the case may require ; join given points or 
points assumed in the solution, and describe .circles if neces- 
sary ; and then proceed to trace the dependence of the as- 
sumed solution on some theorem or problem in Geometry. 

4. If we thus arrive at some previously demonstrated or ad, 
mitted truth, we shall obtain a direct solution of the problem 
by assuming the last consequence of the analysis as the first 
step of the process, and proceeding in a contrary order through 
the several steps of the analysis, until the process terminate in 
the problem required. 

It may perhaps be expedient to defer attempting the solu- 
tion of tne following problems, until Book V. has been studied. 



GEOMETRICAL EXEBCISES^'ON BOOK L 
THEOREMS. 

Prop. 1. The difference between any two sides of a trian- 
gle is less than the third side. 

Prop, 2. The sum of the diagonals of a quadrilateral is less 
than the sum of any four lines that can be drawn from any 
point whatever (except the intersection of the diagonals) to 
the four angles. 

Prop. 3, If a straight line which bisects the vertical an- 
gle of a triangle also bisects the base, the triangle is isos- 
celes. 

Prop, 4- If the base of an isosceles triangle be produced, 
twice the exterior angle is greater than two right angles by 
the vertical angle. 

Prop. 5. In any right-angled triangle, the middle point of 
the hypothenuse is equally distant from the three angles. 

Prop. 6. If on the sides of a square, at equal distances 
from the four* angles, four points be taken, one on each 
side, the figure formed by joining those points will also be a 
square. 

Prop. 7. If one angle of a parallelogram be a right angle, 
the parallelogram will be a rectangle. 

Prop. 8. If the diagonals of a quadrilateral bisect each oth- 
er, the figure is a parallelogram. 

Prop- 9. The parallelogram whose diagonals are equal is 
rectangular. 

Prop. 10. Any line drawn through the centre of the diag- 
onal of a parallelogram to meet the sides, is bisected in that 
point, and also bisects the parallelogram. 
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PROBLEMS. 

Prop. 1. On a given line describe an isosceles triangle, each 
of whose equal sides shall be double of the base. 

Prop, 2. On a given line describe a square, of which the 
line shall be the diagonal. 

Prop. 3. Divide a right angle into three equal angles. 

Prop. 4. One of the acute angles of a right-angled triangle 
is three times as great as the other ; trisect the smaller of 
these. 

Prop. 5. Construct an equilateral triangle, having given 
the length of the perpendicular drawn from one of the angles 
on the opposite side. 

GEOMETRICAL EXERCISES ON BOOK m. 
THEOREMS. 

Prop. 1. Every chord of a circle is less than the diameter. 

Prop. 2. Any two chords of a circle which cut*a diameter 
in the same point, and at equal angles, are equal to each 
other. 

Prop. 3. The straight lines joining toward the same parts, 
the extremities of any two chords in a circle equally distant 
from the centre, are parallel to each other. 

Prop. 4. The two right lines which join the opposite ex- 
tremities of two parallel chords, intersect in a point in that 
diameter which is perpendicular to the chords. 

Prop* 5. All the equal chords in a circle may be touched 
by another circle. 

Prop. 6. The lines bisecting at right angles the sides of a 
triangle, all meet in one point. 

Prop. 7. If two opposite sides of a quadrilateral figure in- 
scribed in a circle are equal, the other two sides will be par- 
allel. 

Prop. 8. If an arc of a circle be divided into three equal 
parts by three straight lines drawn from one extremity of the 
arc, the angle contained by two of the straight lines will be 
bisected by the third. 

Pr(yp. 9. If the diameter of a circle be one of the equal sides 
of an isosceles triangle, the base will be bisected by the cir- 
cumference. 

Prop. 10. If two circles touch each oth^r externally, and 
parallel diameters be drawn, the straight line joining the op- 
posite extremities of these diameters will pass through the 
point of contact. 
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Prop. 1 1 . The lines which bisect the angles of any paral- 
lelogram form a rectangular parallelogram, whose; diagonals 
are parallel to the sides of the former. 

Prop. 12. If two opposite sides of a parallelogram be bi- 
sected, the lines drawn from the points of bisection to the op- 
posite angles will trisect the diagonal. 

PROBLEMS. 

Prop. 1 . From a given point without a given straight line, 
draw a hne making a given angle with it. 

Prop. 2. Through a given point within a circle, draw a 
chord which shall be bisected in that point. 

Prop. 3. Through a given point within a circle, draw the 
least possible chord. 

Prop* 4. Two chords of a circle being given in magnitude 
and position, describe the circle. 

Prop. 5. Describe three equal circles touching one anoth- 
^ er ; and also describe another circle which shall touch them 
all three. 

Prop. 6. •How many equal circles can be described around 
another circle of the same magnitude, touching it and one an- 
other? 

Prop. 7. With a given radius, describe a circle which shall 
pass through two given points. 

Prop. 8. Describe g. circle which shall pass through two 
given points, and have its centre in a given line. 

Prop. 9. In a given circle, inscribe a triangle equiangular to 
a given triangle. 

Prop. 10. From one extremity of a line which can not be 
produced, draw a line perpendicular to it. 

Prop. 11. Divide a circle into two parts such that the an- 
gle contained in one segment shall equal twice the angle con- 
tained in the other. 

Prop. 12. Divide a circle into two segments such that the 
angle contained in one of them shall be five times the angle 
contained m the othier. 

Prop. 13. Describe a circle which shall touch a given cir- 
cle in a given point, and also touch a given straight line. 

Prop. 14. With a given radius, describe a circle which shall 
pass through a given point and touch a given line. 

Prop. 15. With a given radius, describe a circle which 
shall touch a given line, and have its centre in another given 
line. 
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GEOipTEICAL EXERCISES ON BOOK IV. 
THEOREMS. 

Prop. 1. The area of a triangle is equal to its perimeter 
multiplied by half the radius of the inscribed circle. 

Prop. 2. If from any point in the diagonal of a parallelo- 
gram, lines be drawn to the angles, the parallelogram will be 
divided into two pairs of equal triangles. 

Prop. 3. If the sides of any quadrilateral be bisected, and 
the points of bisection joined, the included figure will be a 
parallelogram, and equal m area to half the original figure. 

Prop. 4. Show how the squares in Prop. XL, Book IV., 
may be dissected, so that the truth of the proposition may be 
made to appear by superposition of the parts. 

Prop. 5. In the figure to Prop. XL, Book IV., 

(^.) If BG and CH be joined, those lines will be parallel. 
lb.) If perpendiculars be let fall from F and I on BC pro- 
duced, the parts produced will be equal, and the perpendic- 
ulars together will be equal to BC. 

(c.) Jom GH, IE, and FD, and prove that each of the 

triangles so formed is equivalent to the given triangle ABC. 
(d.) The sum of the squares of GH, IE, and FD will be 

equal to six times the square of the hypothenuse. 

Prop. 6. The square on the base of an isosceles triangle 
whose vertical angle is a right angle, is equal to four times the 
area of the triangle. 

Prop. 7. If from one of the acute angles of a right-angled 
triangle, a straight line be drawn bisecting the opposite side, 
the square upon that line will be less than the square upon 
the hypothenuse, by three times the square upon half the line 
bisected. 

Prop. 8. In a right-angled triangle, the square on either of 
the two sides containing the right angle, is equal to the rect- 
angle contained by 'the sum and difference of the other sides. 

Prop. 9. In any triangle, if a perpendicular be drawn from 
the vertex to the base, the difference of the squares upon the 
sides is equal to the difference of the squares upon the seg- 
ments of the base.' 

Prop. 10. The squares of the diagonals of any quadrilateral 
figure are together double the squares of the two lines joining 
the middle points of the opposite sides. 

Prop. 11. If one side of a right-angled triangle is double 
the other, the perpendicular from the vertex upon the hypoth- 
enuse will divide the hypothenuse into parts which are in the 
ratio of 1 to 4, 
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Prop, 12. If two circles intersect, the common chord pro- 
duced will bisect the common tangent. 

Prop, 13. The tangents to a circle at X\m extremities of 
any chord, contain an an^le which is twice the angle contain- 
ed by the same chord and a diameter drawn from either of the 
extremities. 

Prop. 14. If two circles cut each other, and if from any 
point in the straight line produced which joins their intersec- 
tions, two tangents be drawn, one to each circle, they will be 
equal to one another. 

Prop, 15. If from a point without a circle, two tangents be 
drawn, the straight line which joins the points of contact will 
be bisected at right angles by a line drawn from the centre to 
the point without the circle. 

PROBLEMS. 

Prop, 1. Inscribe a square in a given right-angled isosceles 
triangle. 

Prop, 2. Inscribe a circle in a given rhombus. 

Prop, 3. Describe a circle whose circumference shall 
pass through one angle and touch two sides of a given 
square. 

Prop, 4. In a given square, inscribe an equilateral triangle 
. having its vertex in the middle of a side of the square. 

Prop, 5. In a given square, inscribe an equilateral triangle 
having its vertex in one angle of the square. 

Prop. 6. If the sides of a triangle are in the ratio of the 
numbers 2, 4, and 5, show whether it will be acute-angled or 
obtuse-angled. 

Prop. 7. Given the area and hypothenuse of a right-angled 
triangle, to construct the triangle. 

Prop, 8. Bisect a triangle by a line drawn from a given 
point m one of the sides. 

Prop. 9. To a circle of given radius, draw two tangents 
which shall contain an angle equal to a given angle. 

Prop 10. Construct a triangle, having riven one side, the 
angle opposite to it, and the ratio of the other two sides. 

jPrcjp. 1 1 . Construct a triangle, having given the perimeter 
and the angles of the trianrie. 

Prop, 12. Upon a given base, describe a right-angled trian- 
gle, having given the perpendicular from the right angle upon 
the h)rpothenuse. • 

Prop. 13. Construct a triangle, having given one angle, a 
side opposite to it, and the sum of the other two sides. 

Prop. 14. Construct a triangle, having given one angle, an 
adjacent side, and the sum of the other two sides 
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Prop. 15. Trisect a given straight line, and hence divide 
an equilateral triangle into nine equal parts. 
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Prop. 1. The square inscribed in a circle is equal to half 
the square described about the same circle. 

Prop. 2. Any number of triangles having the same base and 
the same vertical angle, may be circumscribed by one circle. 

Prop. 3. If an equilateral triangle be inscribed in a circle, 
each of its sides will cut off one fourth part of the diameter 
drawn through the opposite angle. 

Prop. 4. The circle inscribed in an equilateral triangle has 
the same centre with the circle described about the same tri- 
angle, and the diameter of one is double that of the other. 

Prop. 5. If an equilateral triangle be inscribed'in a circle, 
and the arcs cut ofiF by two of its sides be bisected, the line 
joining the points of bisection will be trisected by the sides. 

Prop. 6. The side of an equilateral triangle inscribed in a 
circle is to the radius, as the square root of three is to unity. 

Prop. 7. The sum of the perpendiculars let fall from any 
point w ithin an equilateral triangle upon the sides, is equal to 
the perpendicular let fall from one of the angles upon the op- 
posite side. 

Prop. 8. If two circles be described, one without and the 
other within a right-angled triangle, the sum of their diame- 
ters will be equal to the sum of the sides containing the right 
angle. 

Prop. 9. If a circle be inscribed in a right-angled triangle, 
the sum of the two sides containing the right angle will ex- 
ceed the hypothenuse, by a line equal to the diameter of the 
inscribed circle. 

Prop. 10. The square inscribed in a semicircle is to the 
square inscribed in the entire circle, as 2 to 5. 

Prop. 11. The square inscribed in a semicircle is to the 
square inscribed in a quadrant of the same circle, as 8 to 5. 

Prop. 12. The area of an equilateral triangle inscribed in a 
circle is equal to half that of the regular hexagon inscribed in 
the same circle. 

Prop. 13. The square of the side of an equilateral triangle 
inscribed in a circle is triple the square of the side of the reg- 
ular hexagon inscribed in the same circle. 

Prop. 14. The area of a regular hexagon inscribed in a 
circle is three fourths of the regular hexagon circumscribed 
about the same circle. 
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Prop. 15. The trianrie, square, and hexagon are the only- 
regular polygons by which the space about a point can be 
completely filled up. 

Prop. 16. .The perpendiculars let fall from the three an- 
gles of any triangle upon the opposite sides, intersect each 
other in the same point. 



PROBLEMS. 

Prop. 1. Trisect a given circle by dividing it into three 
equal sectors. 

Prop, 2. The centre of a circle being given, find two op- 
posite points in the circumference by means of a pair of com- 
passes only. 

Prop, 3. Divide a right angle into five equal parts. 

Prop. 4. Inscribe a square' in a given segment of a circle. 

Prop, 5. Having given the difference between the diagonal 
and side of a square, describe the square. 

Prop, 6. Inscribe a square in a given quadrant. 

Prop, 7. Inscribe a circle in a given quadrant. 

Prop, 8. Describe a circle touching three given straight 
lines. 

Prop, 9. Within a given circle describe six equal circles, 
touching each other and also the given circle, and show that 
the interior circle which touches them all, is equal to each of 
them. 

Prop. 10. Within a ^ven circle describe eight equal cir- 
cles, touching each other and the given circle. 

Prop, 11. Inscribe a regular hexagon in a given equilateral 
triangle. 

Prop. 12. Upon a given straight line describe a regular 
octagon. 



THE END. 
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' Thb Course of Mathemattes by Professor Looms has now been for several years before the 
Public, and has received the general approbation of Teachers throughout the country. The 
following are some of the institutions in which this Course has been introduced, either wholly 
or in part : Dartmouth College, N. H. ; Williams College, Massi-; Amherst College, Mass. ; 
Trinity College, Conn. ; Wesleyan University, Conn. ; Hamilton Cpllege, N. Y. ; Hobart Free 
College, N. Y. ; New York University, N. Y. ; Dickinson College, Penn. ; Jefferson College, 
Penn. ; Alleghany College, Penn. ; Lafayette College, Penn. ; St James's College, Md. ; Em- 
ory and Henry College, Va. ; Lynchburg College, Va. ; Bethany College, Va. ; South Carolina, 
College, S. C. ; Alabama University, Ala. ; La Grange College, Ala. ; Louisiana College, La. ; 
Transylvania University, Ky. ; Cumberland College, Ky. ; Western Reserve College, Ohio ; 
Marietta College, Ohio ; Oberlin College, Ohio ; Antioch College, Ohio ; Asbury University, 
Ind. : Wabash College, Ind. ; Illinois College, 111. } Shurtleff College, HI. ; McEendree Col- 
lege, IlL ; Knox College, 111. ; Missouri University, Mo. ; Univerdty of Michigan, Mich. ; Be- 
loit College, Wisconsin ; Iowa University, Iowa. 

Professor Loomis's text-books are distinguished by simplicity, neatness, and accuracy ; and 
are remarkably well adapted for recitation in schools and colleges. I am satisfied no books 
in use, either in America or England, are so well adapted to the circumstances and wai;|;s of 
American teachers and pupils.— W. C. Labbabeb, late Pro/easor qf Mathematica, Indiana As- 
bury Univeraify. 

Professor Loomis's text-books in Mathematics are models of neatness, precision, and practic- 
al adaptation to the wants of Btuients.-'Methodiat Quarterly Review. 

These books are terse in style, clear in method, easy of comprehension, and perfectly free 
from that useless verbiage with which it is too much the fashion to load school-books under 
pretense of explanation.— fifcott'e Weekly Paper y Cana/da. 

A Treatise on Arlthmetio. 

Theoretical and Practical. 12mo, 352 pages, Sheep extra, 75 cents. 

This volume explains, in a simple and philosophical manner, the theory of all the ordinary 
operations of Arithmetic, and illustrated them^by examples sufticiently numerous to impress them 
indelibly upon the mind of the pupiL It is designed for the use of advanced students in our 
public schools, and furnishes a complete preparation for the study of Algebra, as well as for 
the practical duties of the counting-house. 

The answers to about one third of the questions are given in the body of the work ; but, in 
order to lead the student to rely upon his own judgment, the answers to the remaining ques- 
tions are purposely omitted. For the convenience, however, of such teachers as may desire it, 
there is published a small edition containing all the answers to the questions. 

As an introduction to the author's incomparable series of mathematical works, and display- 
ing, as it does, like characteiistic excellences, judicious arrangement, simplicity in the state- 
ment, «nd cleameas and directness in the elucidation of principles, this work can not fail of a 
like flattering reception from the public — O. L. Castlk, Profeaaor of Rhetoric^ and Wabshic 
liXTEBKTr, A.M., Principal of Prep. Dep't, Shurtlef College^ llUnoia, 

We have used Loomis*s Arithmetic in this Institute since its publication, and I can truly say 
that, in arrangement, accuracy, and logical expression it is the best treatise on the subject 
with which I am acquainted. It has stood the' test of the class-room, and I am well pleased 
with the results.— N. B. Webbtxb, President of Virginia Collegiate Institute (Portsmouth). 

Professor Loomis has given us a work on Arithmetic which, for precision in language, com- 
prehensiveness of definitions, and suitable explanation, has no equal before the public. — P. £. 
WiLDBO, Oreenjield (III.) Male and Female Seminary. 

I have adopted Professor Loomis^s Arithmetic (as well as his entire Mathematical Series) as a 
text-book in this institution. The rules in this Arithmetic are demonstnfted with that unusual 
clearness and brev,ity which so pre-eminently distinguish Professor Loomis as a mathematical 
author. — J. M. Febbeb, A.M., Professor of Mathematies^ Dickinson Seminary (Pa.). 

In general arrangement and adaptation to the -wants of our schools, I have never seen any 
thing equal to Professor Loomis's Arithmetic. — Da.niei. MoBbids, Bell^onte (Pa.) Academy. 

We have taken some pains to examine Professor Loomis's Arithmetic, and find it has claims 
which are peculiar and pre-eminent. The principles are developed in their natural order; ev- 
ery rule is plainly, though briefly demonstrated, and the pupil is taught to express his ideas 
clearly and precisely.— ITeetem Literary Messenger. 

This work is calculated to make scholars thoroughly acquainted with the science of arith- 
metic. It is certainly superior to any we have ever seen. — LouisviUe Courier. 

The clearness and simplicity of Professor Loomis' s Arithmetic are in charming contrast with 
our own reminiscences of similar compilations in our school days, whereof the main and mis- . 
taken object was to baffle a child's comprehension.— 27i« Albion. 
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Elements of Algebra. 

Designed for the Use of Beginners. Twelfth Edition. 12mo, 281 page», 

Sheep extra, 62^ cents. 

ThiB volumti is intended for the use of students who have just completed the study of Arith- 
metic It is believed that it will be found sufficiently clear and simple to be adapted to the 
wants of a large class of students in our common schools. It explains the method of solving 
equations of the first degree, with one, two, or more unknown quantities ; the principles of in- 
volution and of evolution ; the solution of equations of the second degree ; the principles of ra- 
tio and proportion, with arithmetical and geometrical progression. Every principle is illus- 
trated by a copious collection of examples ; and two hundred miscellaneous problems will be 
found at the close of the book. 

I have used LuomiVs Elements of Algebra in my school for several years, and have found it 
fitted in a high degree to give the pupil a clear and comprehensive knowledge of the elements 
of the science. I believe teachers of Academies and High Schools will find it all that they 
can desire as a text-book on this branch of Mathematics.— Professor Alonzo Giiat, Brooklyn 
HeighU Seminary. 

I am so much pleased with Loomis's Elements of Algebra that I have introduced it as a 
text-book in the Institution under my care.— Kev. Gobham D. Abbott, Spingler Institute, y. V, 

lioomia's Elements of Algebra is worthy of adoption in our Academies, and will be found 
to be an excellent text-book The definitions and rules are expressed in simple and accurate 
language ; the collection of examples subjoined to each rule is sufficiently copious ; and as a 
book for beginners it is admirably adapted to make the learner thoroughly acquainted with 
the first piinciple.s of this important branch of science.— D. Maoaulat, lYincipal of the Poly- 
technic^ School, New Orleans. 

Loomis's Algebras form an excellent progressive course for the young student The "Ele- 
ments ' could be put with advantage into the hands of every child who has mastered the princi- 
ples of Arithmetic, and is admirably adapted for the u:'e of common schools. The explana- 
tions of the author are extremely hicid and comprehensive. — N. Y. Observer. 

I have carefully examined Loomia's Elements of Algebra, and cheerfully recommend it on 
acco'&nt of its superior arrangement and clear and full explanations.- Solojcon Jennxb, Prin- 
cipal fxf S. Y. Commercial School 

LoomWa Elements of .\lgubra is prepared with the care and judgment that characterize all 
the elementary works published by the same SMthoT.— Methodist Quarterly Review. 

A Treatise on Algebra. 

Eighteenth Edition. 8vo, 359 pages, Sheep extra, $1 00. 

This treatise is designed tb contain as much of algebra as can be profitably read in the time 
allotted to this study in most of our colleges, and those subjects have been selected which are 
most important in a course of raatberaatical study. Particular pains have been taken to culti- 
vate in the mind of the student a habit of generalization, and to lead him to reduce every prin- 
ciple to its most general form. It is believed that, in respect of difficulty, this treatise need 
not discourage any youth of fifteen yeara of age tfho possesses average abilities, while it is de- 
signed to form close habits of reasoning, and cultivate a truly philosophical spirit in more 
mature minds. In accordance with the expressed wish of many teachers, a cli^ified collec- 
tion of two hundred and fifty problems is appended to the last edition of this work. 

Professor Loomis has here aimed at exhibiting the first principles of Algebra in a form which, 
while level witli the capacity of ordinary students and the present state of the science, is fit- 
ted to elicit that degree of effort which educational purposes require. Throughout the work, 
whenever it can be done with advantage, the practice is followed of generalizing particular 
examples, or of extending a question propot^ed relative to a particular quantity, to the class of 
quantities to which it belongs, a practice of obvious utility, as accustoming the student to pass 
from the particular to tho general, and as fitted to impress a main distinction between the lit- 
eral and numerical calculus. The general doctrine of Equations is expuunded with clearness 
and independence. The author has developed this subject in an order of his own. We ven- 
ture to say that there will be but one opinion respecting the general character of the exposi- 
tion. — American Journal of Science and Arts. 

Professor Loomis'a Algebra is peculiarly well adapted to the wants of students in academies 
and colleges. The materials are well selected and well arranged; the rules and principles are 
stated with clearness and precision, and accompanied with satisfactory proofii, illustrations, and 
examples.— A. D. Stanley, late Professor of Mathematics in Yale College. 

1 have carefully examined the work of Professor Loomis on Algebra, and am mudi pleased 
with it The arran^ment is sufficiently scientific, yet the order of the topics is obviously, and, 
I think, judiciously, made with reference to the development of the powers of the pupiL The 
most rigorous modes of reasoning are designedly avoided in the earlier portions of the work, 
and defeired till the student is better fitted to appreciate them. All the principles are, howev- 
er, established with sufficient rigor to give satisfaction. On the whole, therefore, I think this 

wo; k better suited for the purposes of a text-book than any other I have seen Augubtus W. 

Smith, LL.D., President of WesUyan University. 

Professor Loomis's work is well calculated to impart a clear and correct knowledge of the 
principles of Algebra. The rules are concise, yet sufficiently comprehensive, containing in 
few words all that is necessiry, and nothing more; the absence of which quality mars many a 
scientific treatise. The collection of problems is peculiarly rich, adapted to impress the most 
important principles upon the youthful mind, and the student is led gradually and intelligent- 
IJ^}^ *^° ™°™ interesting and higher departments of the science.— John Bbocklksbt, A-M., 
Professor qf Mathematics and Natural Philosophy in Trinity College. 

I am much pleased with Professor Loomii*s Algebra. The arrangement of the aubject is, I 
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thinlc, an admirable one. The best proof I can ^ve of the estimation in which I hold it is, 
that I have taught it to several successive classes m this College. — John Tatlook, A.M., Pro- 
/esaor of Maihematics in WiUiama College, 

Professor Loomis*s work on Algebra is exeeedinglj well adapted for the purposes of instruc- 
tion. He has avoided the difficulties which result from too great conciseness, and aiming at 
the utmost rigor of demonstration ; and, at the same time, has furnished in his book a good 
and sufficient preparation for the subsequent parts of the mathematical course. I do not know 
of a treatise which, all things considered, keeps both these objects po steadily in view. — I. 
Waxd Andsbwb, Professor of MathematUsa and Natural Philosophy in Marietta College. 

I regard Piofessor Loomis's Algebra as altogether worthy of the high reputation its author 
deservedly enjoys. It possesses those qualities which are chiefly requisite in a college text- 
book. Its statements are clear and definite ; the more important principles are made so prom- 
inent as to arrest the pupil's attention ; and it conducts the pupil by a sure and easy path to 
those habits of generalization which the tsacher of Algebra has so much difficulty in imparting 
to his pupils — Julian M. Sttjbtbvakt, LL.D., PresMljent of lllinoie College. 

Elemtnts of Geometry and Conio Sections. 

Fifteenth Edition. Svo, 234 pages, Sheep extra, 75 cents. 

The arrangement of the propositions in this treatise is generally the same as in Legendre's 
Geometry, but the form of the demonstrations is reduced more nearlv to the model of Euclid. 
The propositions are all enunciated in general terms, with the utmost brevity which is con- 
sistent with clearness. The short treatise on Conic Sections appended to this volume is de- 
signed particularly for those who have not time or inclination for the study of analytical ge- 
ometry. The last edition of this work contains a collection of theorems without demonstra- 
tions, and problems without solutions, for the exercise of the pupil. 

Professor Loomis^s Geometry is characterized by the same neatness and elegance which were 
exhibited in his Algebra. While the logical form of argumentation peculiar to Playfair's Eu- 
clid is preserved, more completeness and symmetry is secured by additions in solid and spher- 
ical geometry, and by a different arrangement of the propositions. It will be a favorite with 
those who admire the chaste forms of argumentation of the old school; and it is a question 
whether these are not the best for the purposes of mental discipline.— ^ortA^m Christian Ad- 
vocate, 

I consider Loomis's Geometry and Trigonometry the best works that I have ever seen on 
any branch of elementary mathematics. — Jamxb B. Dodd, A.M., Professor of Mathemaiica, 
l^nsylvania University, 

Having used Loomis's Elements of Geometry for several years, carefully examined it, and 
compared it with Euclid and Legendre, I have found it preferable to either. Teachers will find 
the work an excellent text-book, suited to give a clear view of the beautiful science of which 
it treats. — Aix>nzo Gbat, A. M., Principal of Brooklyn Heights Seminary. 

Professor Loomis has made many improvements in L^endre's Geometry, retaining all the 
merits of that author without the defects. I have adopted his work as a text-book in this col- 
lege.— Thomas E. SuDLBE, A.M., Prof essor of Mathematics in Dickinson College. 

Every page of tliis book bears marks of careful preparation. Only those propositions are se- 
lected whicli are most important in themselves, or which are indispensable in the demonstra- 
tion of others. The propositions are all enunciated with studied precision and brevity. The 
demonstrations are complete without being encumbered with verbiage; and, unlike many 
works we could mention, the diagrams are good representations of the objects intended. We 
believe this book will take its place among the best elementary works which our country has 
produced. — American Review. 

The enunciations in Professor Loomis*s Geometry are concise and clear, and the processes 
neither too brief nor too diffuse. The part treating of solid geometry is undoubtedly superior, 
in clearness and arrangement, to any other elementary treatise among us. — N. Y. EvangelieL 

Trigonometry and Tables. 

Thirteenth Edition. 8vo, 360 pages, Sheep extra, $1 60. The Trigonometry 

and Tables bound separately. The Trigonometry $1 00; Tables, $1 00. 

This work contains an expouition of the nature and properties of logarithms; the principles 
of plane trigonometry; the mensuration of surfaces and solids; the principles of land survey- 
ing, with a full description of the instruments employed ; the elements of navigation, and of 
spherical trigonometry. The tables furnish the logarithms of numbers to 10,000, with the pro- 
portional parts for a fifth figure in the natural number; logarithmic sines and tangents for ev- 
ery ten seconds of the quadrant, with the proportional parts to single seconds ; natural sines 
and tangents for every minute of the quadrant; a traverse table; a table of meridional parts, 
&c. The last edition of this work contains a collection of one hundred miscellaneous prob- 
lems at the close of the volume. 

In this work, the prindples of Trigonometry and its applications are discussed with the same 
clearness that characterizes the previous volumes. The portion appropriated to Mensuration, 
Surveying, &c., will especially commend itself to teachers, by the judgment exhibited in the 
extent to which they are carried, and the practically useful character of the matter introduced. 
What I have particularly admired in this, as well as the previous volumes, is the constant rec- 
ognition of the difficulties, present and prospective, which are likely to embarrass the learner, 
and the skill and tact with which they are removed. The Logarithmic Tables will be found 
unsurpassed in practical convenience by any others of the same extent— Augustus W. Smith, 
LL.D., President of the WeeUyan University. 

Loomis's Trigonometry is sufficienUy extensive for collegiate purposes, and is every whers 
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clear and simple In its statements without being ledundant The learner will here find what 
he really needs without being distracted by what is superfluous or irrelevant — A. Cabwsll, 
D.D., Professor of Mathematics and Natural Phild^hy in Brown Univeraity. 

Loorais's Tables are vastly better than those in common use. The extension of the sines and 
tangents to ten seconds is a great improvement The tables of natural sines are indispensable 
to a good understanding of Trigonometry, and the natural tangents are exceedingly convenient 
in analytical geometry. — I. Wabd Ahbbbws, A.M., Prt^fesHor of MaJthematica and yatural 
Philoaophy in Marietta College. 

Locmis's Trigonometry and Tables are a great acquisition to mathematical schools. I know 
of no work in which the principles of Trigonometry are so well condensed and so admirably 
adapted to the course of instruction in the mathematical schools of our country. — Thomas E. 
SiTDLBB, A.M., Professor cf MatfienuOics in Dickinson College, 

I am so much pleased with Professor Loomis*B Trigonometry that I have adopted it as a text- 
book in this college.— John Bbooklbsbt, A.M.^ Prafesaor of Mathematics in Trinity CoUeae, 

Loomid*s Trigonometry is well adapted to give the student that distinct knowledge of the 
principles of the science so important in the ^rther prosecution of the study of mathematics. 
The description and representation of the inptmments used in surveying, leveling, &c., are suf- 
ficient to prepare the student to make a practical application of the principles he has learned. 
The Tables are Just the thing for college students.— John Tatlook, A.M., Professor of Mathe- 
matics in WiUiams College. 

Elements of Analytical Geometry, 

and of the DifTerential and Integral Calculas. Eleventh Edition. 8vo, 278 

pages, Sheep extra, $1 50. 

The first part of this volume treats of the application of algebra to geometry, the construc- 
tion of equations, the properties of a straight line, a circle, parabola, ellipse, and hyperbola ; the 
classification of algebraic curves, and the more important transcendental curves. The second 
part treats of the differentiation of algebraic functions, of Maclaurin*s and Taylor's Theorems, 
of maxima and minima, transcendental functions, theory of curves, and evolutes. The third 
part exhibits the method of obtaining the integrals of a great variety of differentials, and their 
application to tlie rectification and quadrature of curves, and the cuhature of solids. All the 
principles are illustrated by an extensive collection of examples, and a classified collection of 
a hundred and fifty problems will be found at the close of the volume. The work was pre- 
pared to meet the wants of the mass of college students of average abilities. 

Analytical Geometry is treated, amply enough for elementary instruction, in the short com- 
pass of 112 pages, so that nothing may be omitted, and the student can master his text-lx)ok. 
as a whole. The Calculus is treated in like manner in 167 pages, and the opening chapter 
makes the nature of the art as clear as it can possibly be made. We recommend this work, 
without reserve or limitation, as the best text-book on the subject we have yet seen. — Method- 
ist Qttarterly Review. 

Loomls's Analytical Geometry and Calculus is the best work on that subject for a college 
course and mathematical schools. It contains all the important principles and doctrines of 
the calculus, simplified and illustrated by well selected problems. — Thouab £. Sudleb, A.M., 
Professor of Mathematics in Dickinson College. 

Loomis's Calculus is better adapted to the capacities of young men than any book hereto- 
fore published on this subject— A. P. Hooke, Professor of Mathematics in Bethany College. 

I have examined Loomis's Analytical Geometry and Calculus with great satisfaction, and 
shall make it an indispensable part of our scientific course.— James B. Dodd, A.M., Professor 
of Mathematics in Transylvania University. 

I am well pleased with loomis's Analytical Geometrv and Calculus, as it brings the subjects 
within the powers of the miyority of our students, a thing certainly that very few authors on 
the Calculus try to do — James Cublet, Professor of Mathematics in Oeorgetovm College. 

No similar work is at the same time so concise and so comprehensive ; so well adapted for a 
college class, wherein every part can be taught in the time prescribed for this department. — ^L 
TowLBB, Professor of Mathematics in Hohirt Free College. 

Introduction to Practical Astronomy. 

With a Collection of Astronomical Tables. 8vo, 497 pages, Sheep extra, $1 60. 

This work furnishes a description of the instruments required in the outfit of an observatory, 
as also the methods of employing them, and the computations growing out of their use. It 
treats particularly of the Transit Instrument and of Graduated Circles; of the method of de- 
termining time, latitude, and longitude; with the computation of eclipses and occultations. 
The work is designed for the use of amateur observers, practical surveyors, and engineers, as 
well as students who are engaged in a course of training in our colleges. The tables which 
accompany this volume are such as have been found most useful in astronomical computatiouEt, 
and to them has been added a catalogue of 1500 stars, with the constants required for reducing 
the mean to the apparent places. 

Letters commendatory of this work have been received from G. B. Airy, Astronomer Royal 
of England; from William Whewell, D.D., Master of Trinity College, Cambridge, England; 
from Professor J. Challls, Plumian Professor of Astronomy in the University of Cambridge, 
England; from J. C. Adams, late President of the Royal Astronomical Society; from Augustus 
De Morgan, Professor of Mathematics in University College, London ; from M. J. Johnson, 
Director of the Radcliffe Observatory, Oxford, England; from William La8.=ell, Astronomer 
oi uverpool, England ; from C. Piazzi Smyth, Astronomer Royal fo- ScoUand ; from the Earl 
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of Rosae, Ireland; from Edward J. Cooper* of Markree Castle Observatory, Ireland; and from 
numerous astronomers from every part of the United States. 

Professor Loomis^s work on Practical Astronomy is likely to be extensively useAil, as contain- 
ing the most recent information on the subject, and giving the information in such a manner 
as to make it accessible to a large class of readers. I am of .opinion that Practical Astronomy 
is a good educational subject even for those who may never take observations, and that a work 
like this of Professor Loomis should be a text-book in every university. The want of such a 
work has long been felt here, and if my astronomical duties had permitted, I should have 
made an attempt to supply it. It is remarkable that in England, where Practical Astronomy 
is so much attended to, no book has been written which is at all adapted to mak ng a leai-ner 
acquainted with the recent improvements and actual state of the science. — Jameb Challib, 
jnumian Professor of Astronomy in the UniversUy of Ccmihridge^ England. 

Professor Ix)omi8*B volume on Practical Astronomy is by far the best work of the kind at 
present existing in the English language.— J. P. Miohol, LL.D, ProfeswrofPractieal Astron- 
amy in the University of Glasgow, Scotland. 

The science of the age was most assuredly in want of a work on Practical Astronomy, and 
I am delighted to find that want now supplied from America, and from the pen of Professor 
Loomis. I propose to make this volume a text-book for my class of Practical Astronomy in 
the University of Edinburgh. — C. Piazzi Shtth, AstronoTner Royal for Scotland. 

No work since that of Professor Woodhouse places the reader so directly in communication 
with the interior of the Observatory as the work on Practical Astronomy by Professor Loomis ; 
and he has supplied a want which young astronomers, actually wishing to observe, must have 
felt for a long time. It is mor^ than possible that this work may establish itself as a text-book 
in England. —AnavsTnB Ds Mobgan, Professor of MaihefmolUcs in University CoUege^ Lonr 
don. 

Re«ent Progress of Astronomy, 

especially in the United States. Eevlsed Edition. 12mo, 396 pages. Muslin, 

$100. 

This volume is designed to exhibit, in a popular form, the most important astronomical dis- 
coveries of the pa«it ten years. It treats particularly of the discovery of the planet Neptune, 
of the new asteroids, of the new. satellite, and the new ring of Saturn, of the great comet of 
1843, Biela*8 comet, Miss MitchelFs comet, &c ; of the parallax of fixed stars, motion of the 
stars, resolution of the nebules, &c. ; the history of American observatories, determination of 
longitude by the electric telegraph, manufacture of telescopes in the United States, &c. The 
new edition of this work has been mostly re-written and much enlarged, and contains the most 
important discoveries in Astronomy down to the present time. 

Professor Loomis^s view of the circumstances attending the discoveir of Neptune appears to 
me the truest and most impartial that I have seen. — J. Chai.lis, Plumian Professor of As- 
tronomy in the University of Cambridge, England. 

I thank you for your interesting little work on the Recent Progress of Astronomy : you have 
reason to be proud of the rapid advances which science in general, and especially Astronomy, 
has lately made in America. — J. C. Adamb, UUe President of the Jtoyal Astronomical Society. 

Professor Loomis' s volume on the Kecent Progress of Astronomy contains a great deal of use- 
ful and valuable information. "What is said about American observatories was in great part 
new to me. — J. Lahont, Director of the Astronomical Observatory, Munich, Bavaria. 

The design of this work is to exhibit, in a popular form, the most important astronomical 
discoveries of the last ten years. The author has executed the task with his usual thorough- 
ness and accuracy, and the student is here furnished, in a condensed and reliable form, with a 
large amount of important information, to collect which from the original sources would cost 
him much time and labor. — American Journal of Science and Arts. 

Loomis*B ** Recent Progress of Astronomy** has afforded me great interest, for it is admirably 
done. As a work to be read by a multitude of our intelligent people who are not adepts in as- 
tronomy, it has no competitor. It supplies a desideratum that was strongly felt, and must grat- 
ify numbers who are interested in the progress of astronomy in our own countiy. — Chestzb 
DswxY, LL.D., Professor in Rochester University. 

Elements of Natural Philosopliy and Astronomy, 

for the Use of Academies and High Schools. 12mo, Sheep. (In press.) 
This volume exhibits in a concise form the fundamental principles of Natural Philosophy 
and Astronomy, arranged in their natural order, and explained in a clear and scientific man- 
ner, without requiring a knowledge of the mathematics beyond that of the elementary branches. 
Special pains have been taken to make this work both practical and interesting by borrowing 
illustrations from common life, and by explaining phenomena which are familiar to all, but 
whose philosophy is not generally well understood. 

Fubllahed by HARPER & BROTHERS, 

Ftanklin Square, New York. 



Haspib & BuOTHBBi will Send either of the above Works by Mall, postage paid (for any dis- 
tance in the United States under 8000 mileb), on receipt of the Money. 
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A New Descbiftive Catauogue of Hasfeb & Bbothebs* 
Publications, with an Index and Classified Table of Contents, is 
now ready for Distribation, and may be obtained gratuitously on 
application to the Publishers personally, or by letter inclosing Su 
Gents in Postage Stamps.- 

The attention of gentlemen, in town or country, designing to form 
Libraries or enrich their Literary Collections, is respectfully invited 
to this Catalogue, which will be found to comprise a large propor- 
don of the standard and most esteemed works in English Literature 

— COMFBEHENOINQ MOBE THAN TWO THOUSAND VOLUMES — which 

are offered, in most instances, at less than one half the cost of sim- 
ilar productions in England. 

To Librarians and others connected with Colleges, Schools, Ac., 
47ho may not have access to a reliable guide in forming the true 
estimate of literary productions, it is believed this Catalogue will 
prove especially valuable as a roaviuftl of reference. 

To prevent disappointment, it is suggested that, whenever books 
can not be obtained through any bookseller or local agent, applit* 
tions with remittance should be addressed direct to the Publishers, 
#hich wiU be promptly attended to* 
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